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Abstract. This present study evaluates the effectiveness of a periodic acoustic metamaterial system comprised of
Herschel-Quincke (H-Q) ducts for noise control. The methodology employed is based on a transfer matrix (TM)
approach. The results regarding sound transmission loss are validated through finite element simulations carried
out in the Comsol multiphysics software. Furthermore, the Floquet-Bloch theory is utilized to identify bandgaps
in infinite periodic silencers, highlighting the frequency ranges where sound waves are significantly attenuated.
Additionally, several Herschel-Quincke tube models are proposed, incorporating variations in the number and
shape of H-Q tubes. This results in defining structural parameters that exhibit substantial improvements in their
sound attenuation capabilities, particularly in expanding the frequency range where attenuation occurs.
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1 Introduction

Acoustic filters have been studied over the past few decades, [1] evaluated the duct configuration known
as the Herschel-Quincke (HQ) filter, which consists of a main duct and a parallel duct (called the HQ duct) that
is of a different length than the main duct. When an acoustic wave propagates within the duct, a phase shift
occurs between the wave traveling in the main duct and the wave traveling in the HQ duct, resulting in destructive
interference of the acoustic waves when they meet, at certain frequencies.

The acoustic attenuation of the HQ duct occurs within specific frequency ranges, which consequently become
narrow, similar to the effect of local resonance. Due to this, various models have been proposed to enhance its
efficiency in attenuating acoustic waves [2–4].

One way to improve the narrow attenuation range of HQ ducts is by coupling them with other systems. For
example, [5] used a micro-perforated chamber muffler (MPCM) coupled with an HQ duct to passively control the
axial noise of a fan. In this study, various configurations of the HQ duct coupled with an MPCM were evaluated,
and a transfer matrix (TM) was formulated based on the equations governing acoustic systems. The results were
validated using the finite element method (FEM) with the Comsol Multiphysics software.

2 Transfer Matrix Formulation

In this section, the Transfer Matrix modeling for the acoustic ducts, HQ resonator, MPCM and its combi-
nations are reviwed and presented. The classical Herschel-Quincke duct model is combined with a MPCM. By
locally modeling the tranfer matrices and the continuity of pressure acoustic and particle velocity, the final struc-
tural model is achieved.

2.1 Modeling MPCM

The micro-perforated region of the duct is inside of an expansion chamber, that has the same length (Lc) of
the MPCM region, it can be seen in Figure 1.
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(a) Isometric view of the MPCM.
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(b) Schematic of the MPCM parameters.

Figure 1. Representation of a MPCM duct with an expansion chamber.

Considering that only plane waves propagate thought the duct, and the pressure at the inlet and outlet of the
MPCM are {p2 p

′

2} and the mass velocity {v2 v
′

2}, the equations that govern the system are [6]:
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in which Dc and Dd are the expansion chamber and the MPCM ,respectively, k is the wave number and z is the
specific acoustic impedance of the MPCM duct, given by [7]
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in this context, K = dh
√
ωρ/4η, η is the air viscosity, ρ is the air mass density, c is the sound velocity, dh the

diameter of the MPCM, th the wall thickness, σ = NfAf/Al is the porosity, where Nf is the number of holes, Af

is the area of the hole and Al is the duct surface area.
Acoustic pressure and mass velocity can be related by dp/dx = −jkY v, using the relationship, transformed

the Eqn.1 1 in state space formulation :
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wherein Y1 and Y2 are the characteristic impedance of the duct with the diameter Di and Dc, respectively. In
one-dimensional systems with length L, the input and output can be related by transfer matrix, give by:

y(L) = TGy(0), (4)

at which TG = eGL. A computationally efficient way to calculate this matrix is through the eigenvectors (Ψ)
and eigenvalues (λ), of the form TG = ΨeλLΨ−1. Since the wall is rigid, we have the mass velocity around it
(v

′

2(0) = 0) and (v
′

2(L) = 0), it can be reduced to:
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where Tm is the MPCM transfer matrix.

2.2 Modeling HQ resonator with MPCM

The transfer matrix of a circular tube can be written by [8]

Td =

cos(kl) iY sin(kl)

i sin(kl)Y cos(kl)

 , (6)

where l is the tube length, Y = ρc/S is the characteristic impedance with S as the cross-sectional area.
The upper tube in the HQ (B branch) is called the resonator, and the lower tube (A branch) which is called

the main duct. Figure 2 shows the Herschel-Quincke resonator (B branch), including an MPCM in the A branch.

Figure 2. Herschel-Quincke resonator including an MPCM in A branch.

The waves propagating from the states (1) split between (2) and (3). The waves coming from the state (3)
travel through the resonator (B branch) going to (4), and the waves coming from the state (2) travel through the
ducts and MPCM (A branch) going to (5). The waves from the states (5) and (4) meet at (6). It can be seen that
the pressure in the bifurcations is equal to p1 = p2 = p3 and p4 = p5 = p6. By the continuity, the volume velocity
of the states is related by v1 = v2 + v3 and v4 + v5 = v6. The resonator is a circular duct with the transfer matrix
given by Eq. (6), the relationship between the states (3)-(4) is given by, p3

v3

 = TB

 p4

v4

 , (7)

where TB = Td. The main duct now includes a duct before the MPCM, the MPCM itself, and a duct after MPCM.
Since the elements are in series the transfer matrix can be written as TA = TinTmTout, and the relationship
between the states (2)-(5) is given by,  p2

v2

 = TA

 p5

v5

 (8)

where Tin = Tout = Td. From the compatibility conditions and the Eqs. (7) and (8), it’s possible to obtain,

Tpo = pi (9)

where T is the system transfer matrix, po = {p6 v6 p2 v2 p3 v3 p4 v4 p5 v5}T is the output state vector and
pi = {p1 0 0 0 v1 0 0 0 0 0}T is the input state vector. Rearranging the Eq. (9), the transfer martix of the system
can be rewritten as:  p6

v6

 =

T−1(1, 1) T−1(1, 5)

T−1(2, 1) T−1(2, 5)

 p1
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 . (10)

CILAMCE-2024
Proceedings of the XLV Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
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From the transfer matrix of the system, it’s possible to find the sound transmission loss of the system by [8]

STL = 20 log10
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where Yin and Yout are the characteristics impedance of the inlet and outlet of the system, respectively.
The transfer matrix of the system (T) can relate the state on the right (qR) with the state on left (qL) by:

qL = TqR. (12)

By considering the system as a unit-cell of an infinity periodic system, then for m consecutive unit-cells, the Eq.
(12) can be rewritten as:

q
(m+1)
L = Tqm

R , (13)

The volume velocity and acoustic pressure compatibility and continuity condition between unit-cells produces
q
(m)
R = q

(m+1)
L , by substituting in the Eq.(13) it has:

q
(m+1)
L = Tqm+1

L , (14)

Abandoning the superscript of Eq. (14) and applying the Floquet-Bloch theorem, it has,

qL = eµqL, (15)

where µ = −ikLc is the constant of attenuation, k is the wavenumber, and Lc is the unit-cell length. Substituting
Eq. (12) in the Eq. (15) and abandoning the subscripts, produces:

Tq = eµq, (16)

or
(T− Ieµ)q = 0, (17)

which is the Bloch wave eigenproblem, where eµ are the eigenvalues or the Bloch wavenumbers, q are the corre-
sponding eigenvectors or Bloch waves vectors, and I is the identity matrix. The dispersion diagram (f × k) can be
obtained from the Bloch wavenumbers, and the bandgaps can be identified.

3 Simulated Results

The results of the analyzed system were made using the transfer matrix method (TM) in MatLab software
and verified by the finite element method (FEM) in COMSOL Multiphysics software.

The validation of Herschel-Quincke and the MPCM models was performed separately. The HQ resonator
dimensions are Lp = 0.8m, dp = 0.04m, Ld = 0.4m, and dd = 0.05m. Figure 3(a) shows STL results for the
HQ model calculated by TM and FEM. It can be observed that there is a very good agreement between methods.
The MPCM dimensions are th = 3mm, Dc = 50mm, Dd = 150mm, dh = 0.8mm, and Nf = 400 holes. Figure
3(b) shows the STL results for the MPCM model calculated by TM and FEM, where it can be seen a very good
agreement between methods. These results verify the TM computation code.

(a) HQ resonator STLs calculated by TM and FEM methods. (b) MPCM STLs calculated by TM and FEM methods.

Figure 3. Validation of HQ resonator and MPCM models by TM and FEM methods.
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Combining the HQ resonator (HQ) with the microperforated chamber muffler (MPCM), two new acoustic fil-
ters are proposed. One consists of including an MPCM in the A branch (MPCM+HQ-A) of the HQ resonator (Fig.
2), and the other includes an MPCM in the B branch (MPCM+HQ-B) of the HQ resonator. To evaluate the perfor-
mance of MPCM+HQ combinations, the STL results calculated by TM for the HQ, MPCM, and MPCM+HQ-A
and -B are compared.

(a) STL calculated by TM for HQ, MPCM and MPCM+PC-A. (b) STL calculated by TM for HQ, MPCM and MPCM+PC-B.

Figure 4. STL comparison between HQ, MPCM and MPCM+HQ-A and -B.

Figure 4(a) shows the STLs calculated by TM for the HQ, MPCM, and MPCM+HQ-A. It can be seen that
the STL performance of MPCM+HQ-A is inferior to that of HQ and MPCM, mainly at a low-frequency range
(about 200-1200 Hz). For higher-frequency bands (1.2-1.5 kHz) the MPCM presents inferior performance than
MPCM+HQ-A and HQ. Figure 4(b) shows the STLs calculated by TM for the HQ, MPCM, and MPCM+HQ-B.
It can be seen that for some frequency ranges (about 0-100, 300-600, 700-900 Hz), the MPCM+HQ-B model
presents superior STL performance than HQ and MPCM. Also, these frequency bands happen where the HQ and
MPCM present very low STL performances. These results indicate that this promising combination (MPCM+HQ-
B model) should be further explored.

Another filter is proposed, which consists of an in-series connection (MPCM+HQ-S) of one HQ resonator
(HQ) with one microperforated chamber muffler (MPCM). Figure 5 shows the STLs calculated by TM for the

Figure 5. STL comparison between HQ, MPCM, and MPCM+HQ in-series.

HQ, MPCM, and MPCM+HQ-S. As expected, it can be seen that this combination of HQ resonator in-series with
MPCM presents the best attenuation of the cases studied. This configuration is better than the resonator isolated
since the filtering effect in-series is added.

Using HQ resonator and MPCM this acoustic filtering concept is extended to consider a periodic acoustic
metamaterial with a unit-cell as a MPCM+HQ-S. Figure 6(b) shows the dispersion diagram for the metamaterial
with a unit-cell MPCM+HQ-S. It can be seen that some bandgap formations (ℑ(kL) ̸= 0) are due to local reso-
nance (negative acute peaks) and periodicity Bragg effect (negative smooth peaks). These results indicate that by
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(a) Dispersion Diagram. (b) STLs calculated by TM for the metamaterial with N =
1, 2, 3, 4 unit-cells.

Figure 6. Acoustic periodic metamaterial with a unit-cell MPCM+HQ-S.

using these acoustic devices in the right configuration, efficient metamaterials can be designed. Figure 6 shows the
STL performance of the metamaterial varying the number of unit-cells cells (N ). As expected, as the number of
cells increases the STL performance of metamaterial improves.

4 Conclusions

In the present work, the Herschel-Quincke (HQ) resonator combined with a multiperforated chamber muffler
(MPCM) in multiple spatial configurations is evaluated. The paper reviews the transfer matrix (TM) method
to model the HQ and MPCM acoustic devices to find the sound transmission loss (STL) of coupled systems.
Furthermore, the computational implementation of the TM method is validated using the finite element method of
COMSOL Multiphysics software.

Combining the HQ resonator with the microperforated chamber muffler (MPCM) included in the A branch
of the HQ resonator, its STL performance is inferior to that of HQ and MPCM at a low-frequency range, while
for higher-frequency bands the MPCM is inferior to the MPCM+HQ-A and HQ. The other configuration, which
includes the MPCM in the B branch of the HQ resonator, the STLs performance for some frequency ranges presents
superior STL performance than HQ and MPCM, and these frequency bands happen where the HQ and MPCM
present very low STL performances. These results indicate that this promising combination should be further
explored.

Another filter is proposed, which consists of an in-series connection (MPCM+HQ-S) of one HQ resonator
(HQ) with one microperforated chamber muffler (MPCM). As expected, this combination of HQ in-series with
MPCM presents the best attenuation of the cases studied since the filtering effect in-series is added, and the results
will be better than the resonators alone.

Using an HQ resonator and MPCM, this acoustic filtering concept is extended to consider a periodic acoustic
metamaterial with a unit-cell as an MPCM+HQ in-series. The results show that some bandgap formations are
obtained due to local resonance and periodicity. Results indicate that by using acoustic devices in the right con-
figuration, efficient metamaterials can be designed. As expected, as the number of cells in metamaterial increases,
the STL performance of metamaterial improves. Of course, these are preliminary results and more research needs
to be made and are underway.
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