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Abstract. A micromechanical model is formulated in this work to predict the effective elastic properties of fiber-
reinforced fractured cementitious materials. Fractures are discontinuities able to transfer stress and, therefore, can
be regarded from a mechanical viewpoint as interfaces endowed with a specific behavior under normal and shear
loading. Fibers correspond to three-dimensional materials widely used to reinforce cementitious materials, and
their presence minimizes the emergence and propagation of microfractures. This work employs a micromechanical
approach to formulate the homogenized elastic behavior of fiber-reinforced fractured cementitious materials. In the
context of Eshelby’s equivalent inclusion theory, the approach makes use of the Mori-Tanaka scheme to estimate
the homogenized elastic moduli. Fractures and fibers are modeled as oblate and prolate spheroids endowed with
appropriate elastic properties. Particular emphasis is given to the situation of a cementitious matrix reinforced by
aligned or randomly oriented fibers with randomly oriented microfractures.

Keywords: Micromechanics, Homogenization, Fiber-reinforced cementitious materials, Microfractures

1 Introduction

Most well-known solid materials exhibit heterogeneities at different scales with various sizes and orienta-
tions. Fiber-reinforced fractured cementitious materials represent a typical example of these materials. Fractures
correspond to zones of small thickness along which the mechanical and physical properties of the material are
degraded. Their presence is a fundamental weak component for the stability and safety of many engineering struc-
tures. Fiber-reinforced cementitious materials are cement-based composites with improved mechanical properties
in terms of tensile strength and fracture toughness. The presence of fibers enhances the post-cracking strength of
cementitious materials due to their bridging effect.

The assessment of the macroscopic properties of heterogeneous media, such as fiber-reinforced fractured
cementitious materials, is a complex task from a mathematical viewpoint due to their morphological complexity,
which makes them one of the major concerns in material and structural engineering. The homogenization theory
has proven to be an efficient tool for simplifying the mathematical treatment of heterogeneous media. Classical ho-
mogenization techniques aim to replace a complex heterogeneous material by a fictitious equivalent homogeneous
material that behaves globally in the same way [1].

A significant number of studies have demonstrated success in estimating the equivalent behavior of fractured
materials (see references [2–5]) and fiber-reinforced materials (see references [6–8]) using different homogeniza-
tion approaches. This work will address the particular situation of fiber-reinforced fractured cementitious ma-
terials. The applications extend mainly to cementitious matrix materials reinforced by any fiber type. For that,
we must quote the relevant contributions of Maghous et al. [2, 3] and Dutra et al. [7], which proposed general
micromechanics-based approaches for the poroelastic behavior of jointed rock and the fiber-reinforced concrete,
respectively. The main contribution of the present work is to extend the above formulations to the situation of a
cementitious matrix reinforced by aligned or randomly oriented fibers with randomly oriented fractures.

The micromechanical approach is briefly presented in section 2, followed by the formulation of the homog-
enized elastic behavior of fiber-reinforced fractured cementitious materials in section 3. Section 4 deals with
illustrative examples of a cementitious matrix reinforced by aligned or isotropic distributed fibers with isotropic
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distributed microfractures. Conclusions and recommendations are given in section 5.

2 Micromechanics

In this work, we addressed the mechanical behavior of fiber-reinforced cementitious materials with a isotropic
fracture distribution. In order to achieve mathematical simplicity in the following formulations, we will apply the
homogenization theory to assess the effective behavior of fiber-reinforced fractured materials through a continuous
formulation. For this purpose, we assume the existence of a volume with a sufficiently high number of fibers and
fractures that can represent the average behavior of the material at any point in the structure. Based on homog-
enization principles (Zaoui [1]), this volume is referred as the Representative Elementary Volume (REV), which
must meet the scale separation conditions: (d ≪ ℓ≪ L). The typical length scale ℓ of the REV should be small
enough as compared to the characteristic dimension L of the whole structure, to enable to use of the differential
tools of continuum mechanics. In addition, ℓ should also be large enough as compared to the characteristic length
d of the heterogeneities to ensure statistical representativeness.

2.1 Hill’s lemma for the fractured media

Let Ω denote the REV of a cementitious matrix Ωm reinforced by fibers Ωr = ∪iΩ
r
i cut by a discrete distri-

bution of microfractures ω = ∪iωi. At the microscopic scale, each fiber Ωr
i is modeled as an three-dimensional

material, and each microfracture is modeled as an interface ωi, geometrically described by a surface whose orien-
tation is defined by a normal unit vector ni, as depicted in Fig. 1.

Figure 1. Representative elementary volume and loading mode

The cementitious matrix reinforced by fibers fills the domain Ωm ∪Ωr = Ω\ω , where the symbol “\” stands
for the set difference. Note that strains and stresses within the heterogeneous medium are defined on the fiber-
reinforced cementitious matrix domain Ω\ω only, and not on the whole REV. Throughout the paper, the symbol
⟨·⟩ denotes the volume average over the fiber-reinfoced cementitious matrix:

⟨·⟩= 1
|Ω|

∫
Ω\ω

· dΩ (1)

To define a boundary value problem in REV a homogeneous deformation condition approach is used (Fig. 1)
which consists of prescribing the displacement field ξ at the boundary ∂Ω as follows:

ξ (x) = E · x ∀x ∈ ∂Ω (2)

where E represents the macroscopic strain and x denotes the position vector. Hill’s lemma extended to the fractured
medium, established by Maghous et al. [2], for any statically admissible stress field σ and any kinematically
admissible displacement field ξ takes the form:

〈
σ
〉

: E =
〈
σ : ε

〉
+

1
|Ω|

∫
ω

T · Jξ KdS (3)
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in which, the term T = σ ·ni is the stress vector acting upon the fracture and Jξ K is the displacement jump observed
at the fracture interface. It is noted that Σ =

〈
σ
〉

represents the macroscopic stress equilibrated by the microscopic
stress field σ defined in the REV Ω. Since Hill’s Lemma is valid for any stress and strain fields, not necessarily
correlated, taking a symmetric and uniform tensor σ , the macroscopic strain can be written as:

E =
〈
ε
〉
+

1
|Ω|

∫
ω

Jξ K
s
⊗n dS (4)

where the symbol
s
⊗ refers to the symmetric part of the tensorial product: (u

s
⊗ v)i j = (uiv j + viu j)/2 and n = ni

along ωi. Therefore, the above equation shows that macroscopic strain contains two contributions, one from the
cementitious matrix reinforced by fibers and the other from the microfractures.

2.2 Formulation of the homogenized elastic behavior

This section deals with the formulation of the macroscopic elastic behavior of a fiber-reinforced fractured
cementitious materials. The cementitious matrix and fibers are assumed to be linearly elastic with the fourth-order
stiffness tensors Cm and Cr, respectively. While the displacement jump Jξ K is related in the local coordinate system
(t i, t

′
i,ni) of each fracture ωi (illustrated in Fig. 1) to the stress vector T through the elastic stiffness of the fractures

ki. These relationships are summarized as follows:


σ = Cm : ε in Ωm

σ = Cr : ε in Ωr

T = σ ·ni = ki · Jξ K along ω = ∪
i
ωi

(5)

According to Maghous et al. [9], considering isotropy for the fracture shear response
(
ki

t = ki
t ′
)
, the fracture

stiffness can be written as ki = ki
n (ni ⊗ni)+ ki

t (t i ⊗ t i + t ′i ⊗ t ′i), where ki
n is the normal stiffness and ki

t represents
the shear stiffness components of the ith fracture family, expressed in Pa/m. These parameters are usually obtained
from laboratory tests performed on specimens containing a single fracture. Goodman [10] and Bandis et al. [11]
present further details related to the physical interpretation and identification procedures of ki

n and ki
t . Note that

the particular case of cracks (discontinuities that do not transfer stresses) can addressed in this formulation by
considering a null value for the stiffness components

(
ki

n = ki
t = 0

)
.

The loading condition (2) combined with the state equations (5) constitute the elastic concentration problem,
which solution is given by the pair

(
σ ,ξ

)
. The local strains ε (x) linearly depend on the loading parameter E

through the concept of strain concentration tensor [1]:

ε (x) = A(x) : E ∀x ∈ Ω\ω (6)

where A characterizes the fourth-order strain concentration tensor. In other words, tensor A(x) is the link between
the local strain ε (x) in the Ωm ∪Ωr = Ω\ω domain to the macroscopic strain E applied to the REV. In contrast to
the continuum framework in which the volume average of over the REV is equal to fourth-order identity tensor I,
the analysis involving discontinuities leads to ⟨A⟩ ≠ I. The discrepancy between ⟨A⟩ and I is due to the fraction
of macroscopic strain that localizes in the fractures (see Maghous et al. [2]). A classical reasoning in linear elastic
homogenization (Zaoui [1]) shows the link between the stress average Σ =

〈
σ
〉

and the macroscopic strain:

Σ = Chom : E with Chom = ⟨C : A⟩ (7)

where Chom denotes the homogenized (macroscopic) elastic stiffness tensor. For a multi-phase composite, Chom

takes the following expression:

Chom =
n

∑
α=1

f αCα : ⟨A⟩α (8)
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in which n is the number of different phases of the REV, f α and Cα are respectively the volume fraction and the
elastic stiffness tensor of phase α , whereas ⟨A⟩α = 1

Ωα

∫
Ωα A(x)dV represents the average of the strain concentra-

tion tensor in the phase α . Therefore, the determination of Chom reduces to that of the average concentration tensor
⟨A⟩α . In this work, the evaluation of ⟨A⟩α is achieved within the framework of Eshelby’s equivalent inclusion
theory [12] by resorting to the Mori-Tanaka scheme [13] to evaluate the average tensor ⟨A⟩α , and them Chom.

3 Homogenized elastic properties of fiber-reinforced fractured cementitious materials

The determination of the effective stiffness tensor Chom will treated in the sequel by considering fiber-
reinforced fractured cementitious materials. It is recalled that the REV is divided into three parts, namely the
cementitious matrix (superscript m, volume fraction f m), the fibers (superscript r, volume fraction f r), and the
fractures (superscript f , volume fraction f f ). It should be noted that the volume fraction of the cementitious ma-
trix (which appears in the subsequent expressions) is directly represented by f m = 1− f f − f r, where f f = ∑i f f

i
and f r = ∑i f r

i . From a geometrical viewpoint, the fibers are represented by a set of prolate spheroids. The shape
of each fiber is defined by the aspect ratio X r = ar/br of the prolate spheroid, where the scalars ar and br refer
respectively to the equatorial radius (semi-major axis) and the polar radius (semi-minor axis). While the fractures
are represented by a set of oblate spheroids with attached orthonormal frame (t i, t

′
i,ni). The radius of the oblate is

a f , and the half opening is c f . The aspect ratio X f = c f /a f of such a penny-shaped fracture is subjected to the
condition X f ≪ 1. In the continuum micromechanics approach employed herein, the fractures and fibers represent
inhomogeneities embedded within the cementitious matrix.

The cementitious matrix and fibers are assumed elastically isotropic and the associated stiffness tensors take
the following form:

Cm = 3kmJ+2µ
mK, and Cr

i = 3kr
i J+2µ

r
i K (9)

where km and µm define the bulk and shear moduli of the cementitious matrix, kr
i and µr

i represent the bulk and
shear moduli of the ith fiber family. The fourth-order spherical tensor J and deviatoric tensor K are defined as
J= 1

3 1⊗1, and K= I−J.

The volume fraction relative to the ith fracture family ωi is defined by f f
i = 4

3 πε
f

i X f
i , in which ε

f
i =N f

i

(
a f

i

)3

represents the fracture density parameter, introduced by Budiansky and O’connell [14], N f
i is the number of frac-

tures per unit volume and a f
i is the average radius relative to the fracture family ωi. Based in interface layer

modeling, Maghous et al. [2] introduced the isotropic fracture fourth-order tensor behavior C f
i related to the frac-

ture stiffness ki by means of:

C f
i = 3X f

i a f
i

(
ki

n −
4
3

ki
t

)
J+2X f

i a f
i ki

tK with X f
i ≪ 1 (10)

Using a Mori-Tanaka scheme [13], the general estimate of the tensor Chom for the fiber-reinforced fractured
cementitious material reads:

Chom = lim
X f

1 ,...,X
f

n →0

{[
f mCm +

n

∑
i=1

f f
i C

f
i :

(
I+Pm, f

i : δC f
i

)−1
+

p

∑
i=1

f r
i Cr

i :
(
I+Pm,r

i : δCr
i

)−1
]

:

[
f mI+

n

∑
i=1

f f
i

(
I+Pm, f

i : δC f
i

)−1
+

p

∑
i=1

f r
i

(
I+Pm,r

i : δCr
i

)−1
]−1


(11)

where δC f
i =

(
C f

i −Cm
)

and δCr
i =

(
Cr

i −Cm
)
. While Pm, f

i is the Hill tensor relative to the ith fracture family
(oblate spheroid) with aspect ratio X f

i , and Pm,r
i is the Hill tensor relative to the ith fiber family (prolate spheroid)

with aspect ratio X r
i . Closed-form solutions of Hill tensors Pm, f

i and Pm,r
i , or equivalently of the so-called Eshelby

tensors Sm, f
i = Pm, f

i : Cm and Sm,r
i = Pm,r

i : Cm can be found in Handbooks (see for instance [15–17]).
The general estimate of Chom from eq. (11) can be particularized for several configurations. The first case

addressed refers to the situation of a cementitious matrix reinforced by randomly (isotropic) oriented fibers with
randomly (isotropic) oriented microfractures (subscript “i” is omitted in the following expression):
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Chom = lim
X f →0

{[
f mCm + f fC f :

(
I+Pm, f :

(
C f −Cm))−1

+ f rCr :
(
I+Pm,r :

(
Cr −Cm))−1

]
:

[
f mI+ f f

(
I+Pm, f :

(
C f −Cm))−1

+ f r
(
I+Pm,r :

(
Cr −Cm))−1

]−1


(12)

where the operator • applied over a quantity Q denotes the integral over the spherical coordinates θ ∈ [0,π] and
ϕ ∈ [0,2π] [2]:

Q=
∫

π

0
dθ

∫ 2π

0
Q(θ ,ϕ)

sinθ

4π
dϕ (13)

The isotropic distribution of fractures and fibers induces an isotropic effective stiffness tensor, expressed by:

Chom = 3khomJ+2µ
homK (14)

Therefore, the homogenized bulk modulus khom and shear modulus µhom can completely define the homog-
enized elasticity tensor Chom. The analytical expressions of khom and µhom are obtained from eqs. (12) and (13)
through the evaluation of double integral terms, which can be achieved by making use of a formal software.

The general form of Chom (11) also can be particularized to the case of a cementitious matrix reinforced by
aligned fibers with randomly (isotropic) oriented microfractures ( subscript “i” is omitted in following expression):

Chom = lim
X f →0

{[
f mCm + f fC f :

(
I+Pm, f :

(
C f −Cm))−1

+ f rCr :
(
I+Pm,r :

(
Cr −Cm))−1

]
:[

f mI+ f f
(
I+Pm, f :

(
C f −Cm))−1

+ f r
(
I+Pm,r :

(
Cr −Cm))−1

]−1} (15)

It should be noted that a fiber family oriented in a specific direction induces an anisotropic effective stiffness
tensor Chom, which cannot be completely defined only by two parameters, as in the previous case.

The particular cases of cracked cementitious materials reinforced by aligned or randomly distributed fibers
are assessed by taking ki = 0 in each one of the above estimates (i.e., eqs. (12) and (15)). It should be pointed that
the fracture density parameter ε f can be viewed as a damage parameter on the macroscopic scale, provided that
the number of fractures per unit volume N f remains constant.

4 Illustrative examples

This section deals with illustrative examples of the macroscopic behavior of fiber-reinforced fractured ce-
mentitious materials based on the estimates of Chom presented in eqs. (12) and (15). The material properties of
cementitious matrix are km = 24.42 GPa and µm = 13.27 GPa. The bulk and shear moduli of fibers are kr = 175
GPa and µr = 80.769 GPa (these properties correspond to steel fibers). Dutra et al. [7] developed a parametric
study of the aspect ratio and found that for volume fractions ranging within usual values ( f r ≤ 5%), the aspect
ratio of fibers has a small influence on the elastic properties of the reinforced material. Therefore, for illustrative
purposes in this study is adopted X r = 100 for the aspect ratio of fibers. The normal and tangential stiffness of
fractures are kn = 42.22 GPa/m and kt = 16.89 GPa/m, and the number of fractures per unit volume is N f = 1.

For illustrative purposes, are addressed two examples in the sequel. The first example corresponds to the ce-
mentitious matrix reinforced by randomly (isotropic) oriented fibers with randomly (isotropic) oriented microfrac-
tures, where the effective stiffness is given by the tensor Chom of the eq. (12). Figure 2 shows the variations of nor-
malized bulk modulus khom/km and normalized shear modulus µhom/µm (km = 24.42 GPa and µm = 13.27 GPa)
as a function of the damage parameter ε f for several volume fractions of fibers ( f r ≤ 2.5%). The second example
addressed refers to the cementitious matrix reinforced by aligned fibers (e3 = er) with isotropic fracture distribu-
tion, where the effective stiffness is given by the tensor Chom of the eq. (15). Figure 3 shows the variations of the
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Figure 2. Normalized effective bulk and shear stiffness of the cementitious matrix reinforced by isotropic fiber
distribution with isotropic fracture distribution versus damage parameter ε f : (a) khom and (b) µhom.

Figure 3. Normalized effective stiffness tensor components of the cementitious matrix reinforced by aligned fibers
with isotropic fracture distribution versus damage parameter ε f : (a) Component Chom

1111 and (b) Component Chom
1212.

normalized components Chom
1111/Cm

1111 and Chom
1212/Cm

1212 (C
m
1111 = 42.11 GPa and Cm

1212 = 13.27 GPa) as a functions
of damage parameter ε f for several volume fractions of fibers ( f r ≤ 2.5%). The other components of Chom show
analogous behavior, but for the sake of shortness, they are not presented here.

In both examples, the stiffness degradation induced by the presence of fractures increases with the damage
parameter ε f , and the fibers slightly enhance the material stiffness. As widely reported in the literature [18, 19],
the volume fraction of fibers typically remains low ( f r ≤ 2.5%). Consequently, as demonstrated in Figures 2 and
3, these fiber quantities do not significantly increase the effective elastic properties of fiber-reinforced fractured ce-
mentitious materials. It is well-known that the fibers enhance the post-cracking strength of cementitious materials
due to the bridging effect of the fibers. It would be interesting to evaluate this phenomenon from the evolution of
the damage parameter ε f (i.e., directly through the fracture growth, considering the absence of nucleation).

5 Conclusions

In the present work, the effective properties of the fiber-reinforced fractured cementitious materials have been
addressed. The macroscopic elastic properties of this class of materials have been determined in the framework
of Eshelby’s equivalent inclusion theory, employing the Mori-Tanaka scheme to formulate estimates for the ho-
mogenized elastic tensor Chom. The general form of Chom is formulated and then particularized for two situations
considering a cementitious matrix material reinforced by aligned or randomly distributed fibers with randomly
distributed fractures. The illustrative examples show that the degradation of the stiffness components of the Chom

tensor induced by the presence of fractures increases as the damage parameter increases. The presence of fibers
to the fractured cementitious material has little effect on the macroscopic elastic properties. As mentioned, it is
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necessary to formulate a damage evolution law for this class of materials and evaluate the influence of adding fibers
on fracture growth (evolution of ε f , considering the absence of nucleation).
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