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Abstract. The nonlinear dynamics of a simply supported circular cylindrical shell is analyzed using an analytical
model that considers both physical and geometrical nonlinearities. The material that composes the shell is assumed
as homogeneous, isotropic, hyperelastic and incompressible, being described by the Mooney-Rivlin hyperelastic
constitutive law. The geometric nonlinearity is introduced into the analytical model by applying the Sanders-
Koiter’s nonlinear shell theory. The Rayleigh-Ritz method and Hamilton’s principle are employed to obtain the
nonlinear equilibrium equations. For that, the energy density function is expanded in Taylor series up to the
fourth order and the transversal displacement field is described in Fourier series that considers both asymmetric
and axisymmetric modes. This works focusses on evaluating the influence of the asymmetric, axisymmetric, and
companion modes, selected in the modal solution of the displacement fields, on the resonance curve of the shell.
It can be observed that when the axisymmetric and companion modes are added, there is a significant change in
the nonlinear behavior of the hyperelastic shell - which indicates the importance of these modal coupling in the
nonlinear dynamic analysis.
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1 Introduction

The consideration of linear elastic behavior is applicable only to small deformations. However, many struc-
tures show large deformations, depending on the load or even the type of material they are made. In soft materials,
such as rubbers and biological tissues, nonlinear elastic behavior is predominant. Hyperelastic models, based on
the deformation energy density function, have come about as a result of the need to model this kind of material,
which has become more popular with the development of materials science.

Due to their large bearing capacity of load and high stiffness-to-weight ratio, shells are widely used as struc-
tural elements in many areas. Hyperelastic shells are currently found in the aerospace industry (solid fuel tank
for rockets), mechanics (vibration and shock absorbers), biomechanics (prostheses and implants, biological tissue
modelling), medicine (surgical and medical supplies) and robotics (soft and industrial robots).

As a result, many researchers have worked to evaluate the behavior of hyperelastic shells. The recent study
by Khaniki and Ghayesh [1] investigates the statics and dynamics of cylindrical, spherical, double-curved and
hyperbolic hyperelastic shells. The Mooney-Rivlin hyperelastic constitutive law and Donnell’s nonlinear shell
theory with application of the Hamilton principle are applied to obtain the equilibrium equations. Some of the
presented analyses include the effects of curvature on elastic deformation, natural frequencies and forced vibration.

Arani et al. [2] analyze the effect of geometric and material parameters on the vibration of a thin circular
cylindrical shell. The material of the shell is of the Mooney-Rivlin type and, in order to reduce the number
of degrees of freedom in the system of equations, the static condensation method is applied. The equations in
undamped free vibration are examined using the Lindstedt-Poincaré technique. For the system of equations under
radial harmonic excitation and damping, the multiscale method is applied. The natural frequencies, backbones and
amplitude response for asymmetric and axisymmetric modes are presented.

Zheng et al. [3] show a qualitative and quantitative analysis of the vibrations in a thin hyperelastic cylindrical
shell under radial harmonic excitation using the modified Lindstedt-Poincaré technique. To consider physical and
geometric nonlinearities, the Mooney-Rivlin incompressible model and Donnell’s nonlinear shell theory are used.
Frequency-amplitude curves, number of equilibrium points, bifurcation diagrams are obtained.

This paper analyzes the nonlinear dynamics of a circular cylindrical shell composed of Mooney-Rivlin hy-
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perelastic material using the deformation-displacement relationship given by the Sanders-Koiter nonlinear theory.
The system of equations is obtained by applying the Rayleigh-Ritz method, using a modal expansion for the dis-
placement fields that satisfies the boundary conditions of the shell, and the Hamilton principle. These displacement
fields are described as a Fourier series and contains asymmetric, axisymmetric, and companion modes. This work
aims to evaluate the influence of these selected modes (companion and axisymmetric modes) on the resonance
curve of the hyperelastic cylindrical shell. From the numerical results, it can be noted that the addition of ax-
isymmetric and companion modes considerably modifies the behavior of the resonance curve, thus indicating the
importance of considering these modes in the forced dynamic analysis.

2 Mathematical formulation

A simply supported circular cylindrical shell, composed of an isotropic, homogeneous, incompressible and
hyperelastic material of the Mooney-Rivlin type, is analyzed. The geometry of the shell with thickness h, radius R,
length L and density ρ, and the displacement field of the middle surface u, v and w as defined in the axial x, circum-
ferential θ and lateral z directions, in that respective order, are illustrated in Fig. 1. The boundary conditions are
shown in eq. (1), where u, v and w are the axial, circumferential and transversal displacement fields, respectively,
and, Mx and Nx are the internal axial bending moment and axial membrane force, respectively.

u,x = v = w = Mx = Nx = 0 at x = 0, L. (1)

h

, v

z, w

R

L

x, u

Figure 1. The cylindrical shell geometry, the coordinate system and the displacement fields.

The Lagrange equations, eq. (2), are used to describe the behavior of the shell, where Lag = T −Π being T ,
eq. (3), the kinetic energy, Π, eq. (4), the internal potential deformation energy, and N is the number of generalized
coordinates qk.

d

dt

(
∂Lag

∂q̇k

)
−
(
∂Lag

∂qk

)
= Qk, k = 1...N. (2)

T =
ρh

2

∫ L

0

∫ 2π

0

(
u̇2 + v̇2 + ẇ2

)
R dθ dx. (3)

Π =

∫ L

0

∫ 2π

0

∫ h
2

−h
2

WR dz dθ dx. (4)

Qk = −∂Re

∂q̇k
+

∂We

∂qk
. (5)
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The generalized force Qk in eq. (5) is represented by both the non-conservative damping force, Re, and the
virtual work done by the external forces, We. The non-conservative damping force Re, eq. (6), is viscous damping
force where β1 is its damping coefficient. The virtual work done by the external forces We is set in this study by
eq. (7) as the same shape of the natural vibration mode, being p the magnitude of the transversal pressure.

Re =
1

2
β1 R

∫ L

0

∫ 2π

0

ẇ2 dθ dx, β1 = 2 η1 ρ hω0. (6)

We =

∫ L

0

∫ 2π

0

PwR dθ dx, P = p cos (nθ) sin
(mπ x

L

)
cos (Ω t) . (7)

It is useful to present the modal solutions used to describe the displacement fields, eq. (8), where w(x, θ, t),
u(x, θ, t), v(x, θ, t) are the modal solutions that satisfy the boundary conditions of eq. (1) being described by the
following Fourier series:

w(x, θ, t) =

J∑
j=1

I∑
i=1

wji (t) cos (inθ) sin

(
jmπ x

L

)
+

J∑
j=1

S∑
s=1

wcjs (t) sin (snθ) cos

(
jmπ x

L

)

+

J∑
j=1

wj0 (t) sin

(
jmπ x

L

)

u(x, θ, t) =

J∑
j=1

I∑
i=1

uji (t) cos (inθ) cos

(
jmπ x

L

)
+

J∑
j=1

S∑
s=1

ucjs (t) sin (snθ) sin

(
jmπ x

L

)
(8)

+

J∑
j=1

uj0 (t) cos

(
jmπ x

L

)

v(x, θ, t) =

J∑
j=1

I∑
i=1

vji (t) sin (inθ) sin

(
jmπ x

L

)
+

J∑
j=1

S∑
s=1

vcjs (t) cos (snθ) cos

(
jmπ x

L

)
,

where m and n are, respectively, the axial half-wave number and the circumferential wave number of the nat-
ural vibration mode; wji(t), uji(t), and vji(t), are the asymmetric modal amplitudes, named as driven modes due
to the traversal pressure excites directly these modal amplitudes; wcjs(t), ucjs(t), and vcjs(t) are the companion
modal amplitudes that they are indirectly excited by the transversal pressure and they are circumferentially out of
phase [4]; and, wj0(t) and uj0(t) are the axisymmetric modal amplitudes. The vector of generalized coordinates
is expressed in terms of these modal amplitudes as qk = [wij(t), wcjs(t), wj0(t), uij(t), ucjs(t), uj0(t), vij(t),
vcjs(t)].

Returning to eq. (4), the energy density function, W , incorporates the nonlinear stress-strain relationship into
the system and, in this work, is defined by the Mooney-Rivlin hyperelastic constitutive model, as follows:

W = µ1 (I1 − 3) + µ2 (I2 − 3) , (9)

where µ1 and µ1 are material parameters; and I1 and I2 are the first and second deformation invariants, respectively.
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To describe these deformation invariants, the right Cauchy-Green deformation tensor C is used, and it can be
obtained from the Green-Lagrange deformation tensor E and the identity matrix I, according to eq. (10). Therefore,
the expressions for the first and second invariants are defined according to eqs. (11) and (12). The Jacobian J,
eq. (13), relative to the third invariant and necessary to assure the incompressibility hypothesis, is a also assumed.

C = 2E + I =


2 ϵxx + 1 γxθ 0

γxθ 2 ϵθθ + 1 0

0 0 2 ϵzz + 1

 . (10)

I1 = tr (C) = 2 (ϵxx + ϵθθ + ϵzz) + 3. (11)

I2 =
1

2

{
[tr (C)]

2 − tr
(
C2

)}
= 4 (ϵxx + ϵθθ + ϵzz + ϵxxϵθθ + ϵxxϵzz + ϵθθϵzz)− γ2

xθ + 3. (12)

I3 = J2 = det (C) = (2 ϵzz + 1)
(
(2 ϵxx + 1) (2 ϵθθ + 1)− γxθ

2
)
. (13)

The deformation-displacement relationships of eq. (14), in which ϵxx, ϵθθ and γxθ are the components of the
Green-Lagrange deformation tensor E, are given by the nonlinear Sanders-Koiter theory, as presented in eqs. (15)
and (16).

ϵxx = ϵx,0 + zkx,

ϵθθ = ϵθ,0 + zkθ, (14)
γxθ = γxθ,0 + zkxθ,

where

ϵx,0 =
∂u

∂x
+

1

2

(
∂w

∂x

)2

+
1

8

(
∂v

∂x
− ∂u

R∂θ

)2

ϵθ,0 =
∂v

R∂θ
+

w

R
+

1

2

(
∂w

R∂θ
− v

R

)2

+
1

8

(
∂u

R∂θ
− ∂v

∂x

)2

, (15)

γxθ,0 =
∂u

R∂θ
+

∂v

∂x
+

∂w

∂x

(
∂w

R∂θ
− v

R

)
+

∂w0

∂x

(
∂w

R∂θ
− v

R

)
,

kx = −∂2w

∂x2
,

kθ =
∂v

R2∂θ
− ∂2w

R2∂θ2
, (16)

kxθ = −2
∂2w

R∂x∂θ
+

1

2R

(
3
∂v

∂x
− ∂u

R∂θ

)
.

To represent the transverse normal strain ϵzz , the condition of Jacobian be equal to one is applied to consider
the hyperelastic material as incompressible. So, with the appropriate algebra, the following equation is obtained:
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ϵzz =
1

2 ((2 ϵxx + 1) (2 ϵθθ + 1)− γxθ2)
− 1

2
. (17)

In this work, eq. (17) is expanded in terms of ϵxx, ϵθθ and γxθ up to the fourth order, obtaining the approxi-
mated expression for ϵzz as:

ϵzz ≈− (ϵxx + ϵθθ) + 2
(
ϵ2xx + ϵ2θθ + ϵxxϵθθ

)
+

γ2
xθ

2
− 4

(
ϵ3xx + ϵ3θθ + ϵ2xxϵθθ + ϵxxϵ

2
θθ

)
− 2

(
ϵxxγ

2
xθ + ϵθθγ

2
xθ

)
+ 8

(
ϵ4xx + ϵ4θθ + ϵ3xxϵθθ + ϵxxϵ

3
θθ + ϵ2xxϵ

2
θθ + ϵxxϵθθγ

2
xθ

)
+ 6

(
ϵ2xxγxθ + ϵ2θθγxθ

)
. (18)

3 Results and discussion

A simply supported hyperelastic circular cylindrical shell of radius R = 0.1m, length L = 0.1538m, thick-
ness h = 0.0005m, and density ρ = 1100kg/m3 is considered. The Mooney-Rivlin material parameters are
µ1 = 416185.5Pa and µ2 = −498.8Pa. Initially, by performing a dynamic analysis, the natural frequencies
and the respective vibration modes are obtained from the set of linearized equilibrium equations in eq. (2). Thus,
the circumferential wave number, n, is varied, maintaining the axial half-wave number m = 1. The upper limits
I = J = 1 are assumed in eq. (8) to define the modal solution for the displacement fields, disregarding the com-
panion modal amplitudes wcjs(t) and ucjs(t). In order to validate these results, the analytical model is compared
with the numerical model derived using the Finite Element Method in the commercial software Abaqus® [5]. The
mesh used for the geometry under analysis is designed with 768 elements of type S4R (quadrilateral with reduced
integration) that it was previously tested to guarantee the convergence of the natural frequencies. It is observed in
Fig. 2 that there is convergence between the analytical model (AN - Mooney-Rivilin) and the finite element model
(FEM Abaqus®) for the first five natural frequencies.

Figure 2. Frequency spectrum for the hyperlastic cylindrical shell

After the initial study of the frequencies, a forced vibration analysis is performed to evaluate the influence of
the selected modes on the discretization of the displacement fields. For that, it is considered a transversal pressure
magnitude p = 0.05Pa and a viscous damping factor η1 = 0.03. In this work, three models with different degrees
of freedom (DOFs) are considered to define the displacement fields: Model 1 - 3 DOF (w1,1, u1,1, v1,1); Model 2
- 5 DOF (w1,1, w1,0, u1,1, u1,0, v1,1); and Model 3 - 6 DOF (w1,1, wc1,1, u1,1, uc1,1, v1,1, vc1,1). The resonance
curves are obtained, using the continuation package for dynamical analysis MatCont [6], for the models under
examination, as shown in Fig. 3, in which the continuous lines refer to the stable paths and the dashed curves to
the unstable ones.
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Figure 3. Resonance curves for the hyperelastic shell discretized with different modal solutions.

It is observed from Fig. 3 that Model 1, which contains only driven modes, the resonance curve initially has
a stable path that extends to the peak at B, and then becomes unstable up to point F. On the other hand, Model
2, which contains the modal amplitudes of the Model 1 added by two axisymmetric modes, has similar behavior
in terms of the initial stable path up to the peak A, followed by an unstable path (A-D) switching again to a
stable path. It is noted that Model 1 has a higher hardening behavior than Model 2, indicating the influence of the
axisymmetric mode on the increasing the softening behavior of the resonance curve of Fig. 3. The resonance curve
of the axisymmetric modal amplitude w1,0 is illustrated Fig. 4, where it is observed that its amplitude is lower than
the driven mode w1,1 but it is enough to change the nonlinear behavior of the resonance curve of Fig. 3.

Figure 4. Resonance curves for axisymmetric mode w1,0 of Model 2.

Now, for Model 3, which considers only the driven and companion modes, the resonance curve overlaps the
curves obtained to Model 1, as presented in Fig. 3. However, the equilibrium path path C-B-F becomes unstable
and there is another stable path that emerges from a bifurcation point (BP) at the point C. This new resonance peak
is initially stable up to point E, and becomes unstable up to point G. It is observed that a small path F-G remains
stable when it is compared with the resonance curve of Model 1. The presence of the companion mode can changes
the behavior of the whole resonance curve, but only in the C-G path its modal amplitude is different from zero, as
shown in Fig. 5.
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Figure 5. Resonance curve for the companion mode wc1,1 of Model 3.

4 Conclusions

In this work, a dynamic model was developed for simply supported circular cylindrical shells composed of
isotropic, homogeneous, incompressible and hyperelastic material. Both nonlinearities were considered, applying
the Sanders-Koiter nonlinear shell theory (geometric nonlinearity) and the Mooney-Rivlin hyperelastic constitu-
tive law (physical nonlinearity). The system of dynamic equations was obtained by applying the Rayleigh-Ritz
method and the Euler-Lagrange equations. The initial analysis of the frequency spectrum was compatible with that
determined by the FEM, validating the system of equations investigated. In the forced vibration analysis, three
models were considered in order to assess the influence of different modes of the displacement fields. Model 1,
with only driven modes, showed a higher hardening behavior when compared to Model 2, which contains both
driven and axisymmetric modes. Model 3, on the other hand, due to the presence of the companion mode, presents
a resonance curve overlapped with the resonance curve of Model 1 and a new resonance peak. It was observed that
the stability of the resonance curve of Model 3 is strongly affected by the consideration of the companion mode
on the displacement fields. In addition, the new resonance path was found with non-zero modal amplitudes for
the companion mode. The modal coupling that occurred in the case of both Model 2 and Model 3 indicates the
importance to add axisymmetric and companion modes to capture the real nonlinear behavior of the hyperlastic
cylindrical shell.
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