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Abstract. In order to ensure structural safety, in addition to checking for strength, structures must also be analyzed 

for stability, as structural collapse can occur due to material rupture or instability. The study of local or global 

stability loss in a structure is conducted considering geometric nonlinearity, where the structure's equilibrium is 

always satisfied in its deformed configuration. One way to study structural instability is by using numerical 

methods such as the Finite Element Method (FEM) based on positions. Positional FEM relies on the change in the 

body's configuration through an initial and current mapping system. This characteristic is considered geometric 

nonlinearity. In this context, this work aims to apply positional FEM with a total Lagrangian reference system for 

the analysis of instability in space truss structures. The equilibrium equation system will be solved using the 

Newton-Raphson method, and dynamic behavior will be considered using the Newmark method. The expected 

results include nonlinear equilibrium curves, structure responses over time, and resonance curves. 
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1  Introduction 

Trusses are structural systems widely used in engineering, consisting of bars that have only uniaxial stiffness, 

interconnected by hinged nodes or flexible connections, allowing relative rotation between the elements. They can 

be classified as plane (two-dimensional) or space (three-dimensional), depending on the number of planes in which 

the acting forces and bars are arranged [1].  

Being a practical and economical structural system, trusses are commonly used in various types of 

construction, such as bridges, offshore platforms, stadium roofs, gymnasiums, parking structures, transmission 

towers, cranes, among other applications. In truss systems, loads are applied at the nodes, not on the bar elements 

that comprise them. As for the weight of each element, it is assumed that this load is equally distributed between 

the two nodes [2]. 

In some cases, linear structural analysis may be considered satisfactory. However, trusses can be subjected 

to loads that cause large displacements. This significantly impacts the geometry of the structure and requires that 

the equilibrium equations be formulated based on the displaced configuration, highlighting the need for an 

investigation that considers the geometric nonlinearity of the system [3]. 

A numerical method capable of accounting for the geometric nonlinearity of a structure is the Finite Element 

Method (FEM) with a position-based formulation. The positional formulation of FEM was initially described by 

Bonet [4] and Coda [5]. Its main difference, compared to the classical FEM formulation, is the use of nodal 

positions as the unknowns of the problem (instead of displacements). In addition, in positional FEM, there is no 

need to calculate rotation matrices since the local positions of the elements coincide with the global positions. 

This position-based methodology offers high accuracy in results and is capable of evaluating the structure 
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according to its displaced state. Moreover, FEM can be widely used in the analysis of structures, considering both 

static and dynamic behaviors. Its application can provide various structural analyses, such as equilibrium curves, 

time response, and resonance curves. 

The present paper will utilize the positional FEM formulation, applied to a computational code developed in 

Python by the authors, to perform static and dynamic analyses of a space truss, considering only geometric 

nonlinearity. To solve the system of nonlinear equations, the Newton-Raphson method will be used, and the 

dynamic behavior will be addressed using the Newmark method. The resonance response will be addressed by 

backward and forward sweep over a frequency range close to the first linear frequency of vibration. The system 

response will be demonstrated through time and phase-space of the permanent phase. 

  

2  Mathematical formulation 

The truss element is described by the formulation presented in Coda [5] and Coda [6]. The principle of 

mechanical energy conservation states that the total mechanical energy  is constant and is the sum of the 

potential energy  and the kinetic energy . Mathematically, this can be expressed as 

 .=+  (1) 

The total potential energy consists of two components: the internal deformation energy U  and the potential 

of external loads P . Therefore, 

 .U P= + +  (2) 

According to the principle of stationary energy, the equilibrium of the truss occurs when the variation in the 

mechanical energy of the system is zero. Thus, 
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where Y  is the current position of the structure and i  represents the degree of freedom. Therefore, for a system 

with m  degrees of freedom, the equilibrium of the structure will be given by m  equilibrium equations resulting 

from 
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The three components represent, respectively, the external forces vector, the internal forces vector and the 

inertial forces vector, given by 
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in which M  is the mass related to the node   and Y  is the acceleration related to the degree of freedom. Using 

eq. (5), eq. (6) and eq. (7), it is possible to rewrite eq. (4) as 

 ( ) ( ) ( ) ( ) 0 ,int ext iner int ext

i i i i i i i
Yg F Y F t F F Y F t= + + = + + =M  (8) 
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where g  is the residual vector and M  is the mass matrix. By adding the damping term (proportional to mass and 

stiffness) to the system, it is possible to obtain the equation of motion described by 

 ( ) ( ) 0 ,int ext

i i i i
Y Yg F Y F t += + + =CM  (9) 

in which C  is the daming Matrix. This system of nonlinear equations will be solved using the Newton-Raphson 

method and the results will be considered satisfactory when a previously defined tolerance is achieved. The time 

integration will be performed using the Newmark method. 

3  Results 

Considering the shallow space truss, formed by three bars, with its geometric and physical characteristics 

shown in Figure 1. 

 

Figure 1. Three bar space truss 

3.1 Static analysis 

To obtain the equilibrium curve of the structure position control was used by applying an increment Y =

0.01 m and adopting a tolerance tol = 10-6 for equilibrium verification. The obtained result is shown in Figure 2. 

 

Figure 2. Equilibrium curve of the structure 

It is observed that there are two limit points at 
lim

P =  4934.52 N, which, when exceeded, cause a snap-

through of the truss. The region defined in between these two points is characterized as unstable. This is a typical 

shallow truss response curve, with two stable configurations with an unstable position in between. For the 
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considered truss, this implies that 𝐿 ≫ 𝐻. 

3.2 Forced vibration analysis  

For the dynamic analysis of the structure, a reference excitation frequency of 𝜔 = 57.72 rad/s (equivalent to 

the first natural vibration frequency of the truss) was used, multiplied by an amplitude corresponding to 12% of 

the limit load. A total of 240 analyses were conducted (120 in forward sweep and 120 in backward sweep), 

covering an interval from 0.05  to 1.5 . After that, it was possible to extract the resonance curve of the structure, 

defined by the maximum position amplitude reached by the central node of the truss when subjected to each 

frequency during the steady-state vibration phase. Following each analysis, the subsequent one was performed 

considering initial conditions (position and velocity) obtained from the equilibrium position that resulted in the 

highest amplitude value for the previously analyzed frequency. Each analysis was conducted with a time increment 

of 0.005 s, considering the steady-state vibration phase within the interval from 100T  to 120 ,T  where T  is the 

vibration period of the applied frequency. The resonance curve is illustrated in Figure 3, depicting a softening-

type response of primary resonance for excitation frequencies between 43 rad/s and 51 rad/s. Secondary 

subharmonic resonance is also observed for excitation frequencies close to 𝜔/2. 

 

Figure 3. Resonance curve of the structure 

   

(a) Time response (b) Time response (steady-state phase) (c) Phase plane 

Figure 4. Results obtained with a frequency of 47.90 rad/s 

To better understand the primary resonant behavior, time response, and the phase-plane were obtained for 

the frequency of 47.90 rad/s, as this frequency lies within the resonance zone, taking into account the high and low 

amplitude responses. These results are shown in Figure 4, with the small (large) amplitude in black (red). The 

small amplitude has a permanent phase-space response close to an ellipse, whereas the large amplitude has not. 

The large amplitude response is highly nonlinear, resulting from the closeness of the orbit to the limit point, with 

the vertical position as small as 0.08. Perturbations to this large amplitude response can trigger an escape to the 

inverted, post buckling position. 
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4  Conclusions 

As expected, the implementation of the positional FEM was able to capture characteristics of the static 

behavior of the truss, such as the equilibrium curve, as well as characteristics of the nonlinear dynamic behavior, 

such as time responses, phase-planes, and resonance curves. The resonance curve depicts a softening-type response 

for frequencies close to the first natural frequency and a subharmonic resonance. Small and large amplitude 

responses were observed, with the large being too close to the limit point of the system. These results validate the 

implemented strategy based on the positional finite element method as a resource for the nonlinear dynamic 

analysis of space trusses. 

Authorship statement. The authors hereby confirm that they are the sole liable persons responsible for the 

authorship of this work, and that all material that has been herein included as part of the present paper is either the 

property (and authorship) of the authors, or has the permission of the owners to be included here.  

References 

[1] M. C. F. Almeida, Estruturas isostáticas. Oficina de Textos, 2009. 

[2] F. P. Beer, E. R. Johnston, D. F. Mazurek and E. R. Eisenberg, Mecânica Vetorial para Engenheiros: Estática. McGraw-

Hill, 2012. 

[3] G. A. Hrinda, “Geometrically nonlinear static analysis of 3D trusses using the arc-length method”. WIT Transactions on 

Modeling and Simulation, vol. 46, pp. 243-252, 2007. 

[4] J. Bonet, R. D. Wood, J. Mahaney and P. Heywood, “Finite element analysis of air supported membrane structures”. 

Computer Methods in Applied Mechanics and Engineering, vol. 190, n. 5-7, pp. 579-595, 2000. 

[5] H. B. Coda, Análise não linear geométrica de sólidos e estruturas: uma formulação posicional baseada no MEF. PhD 

thesis, Universidade de São Paulo, 2003. 

[6] H. B. Coda, O método dos Elementos Finitos Posicional: Sólidos e Estruturas – Não linearidade geométrica e dinâmica, 

2018.  

 


