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Flávia P. Nery1, José A. Bezerra1, Davi A. Santos1

1Dept. of Mechatronics, Aeronautics Institute of Technology
Praça Marechal Eduardo Gomes, 50, São José dos Campos, 12228-900, São Paulo, Brazil
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Abstract. The present paper deals with the control allocation of fully actuated multirotor aerial vehicles (MAVs)
equipped with an arbitrary number of radially vectoring rotors. To tackle the problem, we consider a control
architecture in which the control allocator is cascaded with the control laws. Therefore, the latter provide the
resultant force-torque commands for the former to distribute them among the available actuators, which include
the spinning and the vectoring motors. We formulate the control allocator through an optimization problem in
which the rotor thrust vectors represented in body-fixed frames are the design variables. In this way, the control
allocation equation becomes linear since it does not explicitly include the commands for the vectoring angles,
which can be immediately obtained afterwards from the computed optimal thrust vectors. In the optimization
problem, the thrust vectors are constrained according to given bounds on their magnitude and vectoring angle. It is
noteworthy that, considering a minimal thrust magnitude generally greater than zero, the thrust vectors span non-
convex sets, thus making the original problem a non-convex optimization. However, instead of dealing with such
non-convex sets, we have replaced them by convex ones, thus given rise to a convex program that approximates the
original problem. The method is widely evaluated by computer simulations on a hexa-rotor with all the six rotors
equipped with a one-degree-of-freedom vectoring mechanism.
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1 Introduction

The increasing utilization of multirotor aerial vehicles (MAVs) in diverse applications such as transportation,
emergency response, and surveillance (Höhrová et al. [1], Shakhatreh et al. [2]) require advanced control strategies
to harness their full potential. Among these MAVs, those equipped with one-degree-of-freedom (1-DOF) vectoring
rotors represent a significant advancement due to their ability to combine compact design with the flexibility
and redundancy required for precise maneuvers in constrained environments (Kumar et al. [3]). However, these
vehicles typically present a complex control challenge and, despite the considerable research conducted on the
field of MAV control (Saied et al. [4]), there remains room for improvement in this particular configuration.

Based on the work done by Bezerra and Santos [5, 6], Silva and Santos [7], Kirchengast et al. [8], Park
et al. [9], which focus on fixed-rotor MAVs, the present paper aims to advance control strategies for MAVs by
proposing an optimal control allocation method for 1-DOF thrust vectoring multicopters that prevents the violation
of bounds for both rotors and vectoring actuators. In particular, by considering a non-zero minimal thrust bound
to avoid the rotors to stop spinning during the flight, the rotor thrust vectors sweep non-convex sets. These sets are
approximated by inscribed polytopes in order to recast the problem as a convex optimization.

The next sections of this paper are organized as follows. Section 2 presents the allocation problem, which is
then detailed as an optimization problem and solved in Section 3. Section 4 provides numerical evaluations of the
proposed strategy and analyzes its main properties. Finally, Section 5 presents some concluding remarks.
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2 Problem definiton

This section introduces the notation used throughout the paper, followed by the definition of a mechanical
model for the MAV. Finally, the control allocation problem is stated.

2.1 Notation

Denote scalar quantities, vectors, and matrices, respectively, by lowercase italic, lowercase boldface, and
uppercase boldface letters, e.g., a ∈ R, a ∈ Rn, and A ∈ Rn×m. A geometric (Euclidian) vector and a
geometric point are denoted, respectively, as a⃗ and A, while a column vector has its components denoted by
a = (a1, a2, ..., an).

Let Sa ≜ {x⃗a, y⃗a, z⃗a} be an arbitrary basis in the three-dimensional space, where x⃗a, y⃗a, and z⃗a are perpen-
dicular unit Euclidian vectors. A vector v⃗ represented (projected) in this basis is denoted as va ∈ R3. The unit
vectors e1 ≜ (1, 0, 0), e2 ≜ (0, 1, 0), and e3 ≜ (0, 0, 1) represent the canonical basis for the R3. The cross product
of two vectors v⃗ and u⃗, w⃗ ≜ v⃗ × u⃗, is represented in Sa by wa = [va×]ua ∈ R3, where va = (v1, v2, v3) and

[va×] ≜


0 −v3 v2

v3 0 −v1

−v2 v1 0

 ∈ R3×3.

2.2 Mechanical model

For a MAV with n radially vectoring rotors, we can define: a coordinate system for the body (B,Sb), with
B usually being coincident with the center of gravity (CG) and Sb ≜ {x⃗b, y⃗b, z⃗b}; n body-fixed rotor-centered
coordinate systems (Si,Sri), with Sri ≜ {x⃗ri , y⃗ri , z⃗ri}, where i ∈ In ≜ {1, 2, ..., n}, x⃗ri points from Si to B and
z⃗ri is aligned with the i-th rotor and points upwards, in the direction of the rotor blades, when the rotor vectoring
angle εi = 0; n rotor-fixed coordinate systems (Si,Ssi), where Ssi is rotated w.r.t. Sri of an angle εi around x⃗ri .
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Figure 1. Diagram representing a fully actuated MAV with n rotors.

Each rotor i generates a thrust force f⃗i ≜ fiz⃗si and a reaction torque τ⃗i = (−1)i+1τiz⃗si , with the magnitudes
respectively, given by fi ≜ kfiϖ

2
i and τi ≜ kτiϖ

2
i , where kfi ∈ R+ and kτi ∈ R+ represent known aerodynamic

coefficients and ϖi ∈ R+ describes the i-th rotor’s angular speed.
Consider a constant matrix Dri/b that represents the attitude of Sri w.r.t. Sb and an elementary rotation matrix

Dsi/ri(εi) =


1 0 0

0 cos(εi) sin(εi)

0 − sin(εi) cos(εi)


CILAMCE-2024
Proceedings of the joint XLV Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
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representing the attitude of the i-th rotor, displaced by an angle εi around axis x⃗si = x⃗ri , w.r.t. Sri . The control
force f cb ∈ R3 and the control torque τττ cb ∈ R3can be represented in Sb by:

f cb =

n∑
i=1

fi

(
Dri/b

)T (
Dsi/ri(εi)

)T

e3 (1)

τττ cb =

n∑
i=1

((
fi [ℓℓℓi,b×] + (−1)i+1τi

) (
Dri/b

)T (
Dsi/ri(εi)

)T

e3
)

(2)

where ℓℓℓi,b ∈ R3 is the arm vector, from B towards the Si, in Sb.
Regarding the modeling of the rotors’ spinning dynamics, we consider the following first-order linear time-

invariant ODE
ϖ̇i = Tr

−1 (−ϖi +ϖi) , (3)

where Tr ∈ R+ is a time constant associated with the rotor’s physical properties and ϖi is the i-th rotor’s angular
speed command. Additionally, assume that ϖi is bounded by known variables ϖmin

i and ϖmax
i :

0 ≤ ϖmin
i ≤ ϖi ≤ ϖmax

i . (4)

On the other hand, the thrust vectoring dynamics can be represented by the following second-order model

ε̈i = −ω2
n,iεi − 2ζiωn,iε̇i + κiω

2
n,iε̄i, (5)

where ε̄i is the vector angle command, ω2
n,i is the rotor natural frequency, κi is a constant coefficient, ζi is the

damping coefficient (assume ζi ≥ 1, i.e., the dynamics are over or critically damped) and the vectoring angle is
symmetrically bounded by physical limit εmax

i , which is known and, for practical reasons, assumed to be between
0 and π/2, i.e., 0 ≤ εmax

i ≤ π/2 and
−εmax

i ≤ εi ≤ εmax
i . (6)

2.3 Control allocation

The force fcb and torque τττ cb commands, which are calculated by the MAV’s flight control laws, are related
to the ϖi angular speed commands and ε̄i vectoring angle commands through the control allocation equation,
derived from eqs. (1) and (2):

u = ΓΓΓf (7)

where f ≜
(̄
f1, f̄2, ..., f̄n

)
∈ R3n, f̄i ≜ f̄i (0,− sin (ε̄i) , cos (ε̄i)), f̄i ≜ kfiϖ

2
i , u ≜

(
fcb, τττ

c
b

)
∈ R6,

ΓΓΓ ≜

ΥΥΥ1 ΥΥΥ2 · · · ΥΥΥn

ΘΘΘ1 ΘΘΘ2 · · · ΘΘΘn

 ∈ R6×3n, (8)

with ki = kτi/kfi ∈ R+, ΘΘΘi ≜ ([ℓℓℓi,b×] + (−1)i+1kiI3)ΥΥΥi ∈ R3 and ΥΥΥi ≜
(

Dri/b
)T

. Note that f̄i =(
Dsi/ri(ε̄i)

)T

e3.

Since this paper is focused on fully actuated MAVs, assume that ΥΥΥ1, · · · ,ΥΥΥn and, consequently, each Dri/b

are constant matrices such that ΓΓΓ has full rank (rank (ΓΓΓ) = 6), i.e., the positioning of the rotors provide full
translational and rotational actuation to the vehicle. The work developed in this paper can be extended to an under-
actuated vehicle, without loss of generality, by condensing the corresponding ΓΓΓ matrix to an analogous full-rank
matrix and adjusting the dimension of f̄i.

Hence, the following control allocation problem can be stated.

Problem 1: Control Allocation Problem. The problem of allocating the control efforts fcb and τττ cb consists on
finding a set of angular speed commands ϖi and vectoring angle commands ε̄i that satisfy eqs. (4), (6) and (7) for
a given u ∈ R6.

3 Problem solving

In this section, the control allocation problem is formulated as a convex optimization one. A method to obtain
the rotors’ speed and vectoring angle commands from the solution of problem is also provided.
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3.1 Control allocation optimization

The goal here is to write Problem 1 in the format of a convex optimization problem. This means that the rotor
bounds (eqs. (4) and (6)) must be translated into a convex set. First, let them be written in terms of ϖi and εi.

Lemma 1. Consider a rotor with angular speed dynamics described by eq. (3), starting from an initial condition
ϖi,0 ≜ ϖi (t0) where eq. (4) is satisfied. If the command ϖi is bounded by ϖmin

i ≤ ϖi ≤ ϖmax
i , then the

constraints in eq. (4) are satisfied for every t1 ≥ t0.

Proof. The behavior of a first-order systems such as eq. (3) is well known (Ogata [10], Franklin et al. [11]). For a
∆t ≜ t1 − t0, the responses of this system to a constant external input ϖi(t0) = ϖi(t0 +∆t) = ϖi is given by

ϖi(t0 +∆t) = ϖi,0e
−∆t/Tr + (1− e−∆t/Tr )ϖi. (9)

Assume that ϖi,0 ∈
[
ϖmin

i , ϖmax
i

]
and ϖi ∈

[
ϖmin

i , ϖmax
i

]
and note that e−∆t/Tr ∈ [0, 1] and

(
1− e−∆t/Tr

)
∈

[0, 1]. Therefore

ϖmin
i e−∆t/Tr +ϖmin

i (1− e−∆t/Tr ) ≤ ϖi(t0 +∆t) ≤ ϖmax
i e−∆t/Tr +ϖmax

i (1− e−∆t/Tr ) (10)

∴ ϖmin
i ≤ ϖi(t1) ≤ ϖmax

i . (11)

Lemma 2. Consider a rotor with vectoring angle dynamics described by eq. (5), starting from an initial condition
(εi,0, ε̇i,0) ≜ (εi (t0) , ε̇i (t0)) where eq. (6) is satisfied. If ε̇i,0 = 0 and the command ε̄ is bounded by −εmax

i ≤
ε̄i ≤ εmax

i , then the constraints in eq. (6) are satisfied for every t1 ≥ t0.

Proof. The response of the system described by eq. (5) to a constant external input when ζi = 1, i.e. when the
system is critically damped, is given by

εi(t0 +∆t) = εi,0(1 + ωn,i∆t)e−ωn,i∆t + ε̇i,0∆te−ωn,i∆t +
(
1− (1 + ωn,i∆t)e−ωn,i∆t

)
κiε̄i (12)

If ε̇i,0 is negligible, which means that the command only changes after the the system has reached or is very close
to the previous commanded position, then we get a response very similar to eq. (9):

εi(t0 +∆t) = εi,0(1 + ωn,i∆t)e−ωn,i∆t +
(
1− (1 + ωn,i∆t)e−ωn,i∆t

)
κiε̄i (13)

Assume that εi,0 ∈ [−εmax
i , εmax

i ], ε̄i ∈ [−εmax
i , εmax

i ] and ωn,i ≥ 0 and note that (1 + ωn,i∆t)e−ωn,i∆t ∈ [0, 1]
and

(
1− (1 + ωn,i∆t)e−ωn,i∆t

)
∈ [0, 1]. Following the same steps as the proof for Lemma 1, we obtain:

−εmax
i ≤ εi(t1) ≤ εmax

i . (14)

The proof for ζi > 1 is analogous.

Now, using eq. (11) and the definitions of f̄i and f̄i in section 2.3, we arrive to:

kf (ϖ
min
i )2 ≤ f̄i ≤ kf (ϖ

max
i )2 (15)

and tan(ε̄i) = −eT2 f̄i
eT3 f̄i

. For the interval in eq. (6), the tangent function is strictly increasing, hence:

Λ1Λ1Λ1f̄i ≤ 000, (16)

where:

ΛΛΛ1 ≜

 eT2 + tan(εmin
i )eT3

−eT2 − tan(εmax
i )eT3

 (17)

The set of forces that comply with the constraints in eqs. (15) and (16) is not convex, except when ϖmin
i = 0.

A convex subset Ci, however, can be obtained by limiting the force components f̄ri,z to an inferior limit f̄min
ri,z ≜

kf (ϖ
min
i )2. With this subset, a convex optimization problem with linear constraints whose solution conservatively

solves the control allocation problem can be defined.
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Problem 2: Convex Optimization. Given u ∈ R6 and a differentiable convex cost function J : R6 → R, find a
control allocation f̄∗ that solves the convex optimization problem

f̄∗ = argmin J (̄f) (18)
subject to u = ΓΓΓf̄ (19)

f̄ ∈ C (20)

where C ≜ C1 × ... × Cn, with Ci ≜
{

f̄i ∈ R3 : f̄i ≤ kf (ϖ
max
i )2,ΛΛΛ2 f̄i ≤

(
0, 0,−f̄min

zri

)}
and × representing the

Cartesian product, where

Λ2Λ2Λ2 =


eT2 + tan(εmin

i )eT3
−eT2 − tan(εmax

i )eT3
−eT3

 . (21)

Well known optimization methods, such as the interior point method proposed by Boyd and Vandenberghe
[12], are used to solve Problem 2 numerically and obtain an optimal f̄i. The optimal commands for the effectors
can be obtained inverting the thrust force equations:

ϖ∗
i =

√
||̄f∗i ||
kf

(22)

ε̄∗i = arctan

(
−eT2 f̄∗i

eT3 f̄∗i

)
(23)

4 Simulation example

A fully actuated hexacopter was modeled in order to exemplify and analyze through simulation the proposed
control allocation method. This model represents a vehicle with mass m = 0.5kg, inertia matrix Jb = 0.01I3
kgm2 and rotor arms ℓ = 0.25 m and the six rotors were considered identical using this modeling parameters:
kf = 2.5× 10−5 kgm/rad2, kt = 5.0× 10−7 kgm2/rad2, ϖmax = 500 rad/s, ϖmin = 100 rad/s, Tm = 0.01, εmax

= π/3 rad, εmin = −εmax = −π/3 rad, ωn = 500 rad/s and ζ = 0.8.

4.1 Static Analysis

The proposed method was applied to 1000 random effort commands u and the errors and bound violations
were quantified. The results were compared with a relaxed optimal control allocator (Dyer et al. [13]) and with a
pseudo-inverse allocator similar to the ones proposed by Rajappa et al. [14], Santos and Cunha [15].

Table 1. Static comparison between different control allocation methods.

Control allocation method Proposed Pseudo-inverse Relaxed

Violations 0 1214 0

Force error (normalized) 0 8.8574 1.3345

Torque error (normalized) 0 11.0873 0.9997

Max. time (s) 0.1139 0.0063 0.1523

Mean time (s) 0.0420 0.0009 0.0438

4.2 Dynamic Analysis

For an analysis of the dynamic effects of the proposed control allocation method, the simulated hexacopter
was commanded to reach both a position reference r = (10, 10, 10) m and an attitude reference σσσ = (−30, 30, 30)
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Figure 2. Hexacopter’s translational and rotational displacements. The dashed black line represents the reference
input to the control system and the lines in blue, red, and yellow, represent the dynamic response for the proposed,
relaxed, and pseudo-inverse control allocation methods, respectively.

Figure 3. Angular speed and vectoring angle commands for the six rotors. The dashed black line represents the
rotor’s bounds and the lines in blue, red, and yellow, represent the commands generated by the proposed, relaxed,
and pseudo-inverse control allocation methods, respectively.
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deg. As shown by Fig. 2, all the 3 methods reach the commanded references within the simulation time (t = 10 s)
and following the same path.

From Fig. 3, we immediately observe that the pseudo-inverse method does not respect the effectors’ bounds.
Comparing the both optimization methods (relaxed and proposed), is easy to see that the commands generated by
the proposed method are smoother and, in general, farther from the actuation limits.

5 Conclusions

The control allocation method proposed in this paper meets the performance provided by similar methods
available in the literature while ensuring that the limits of both the rotors and vectoring actuators are respected,
as shown in section 4. The definition of a systematic approach to handle the inherit non-convexity of the rotors’
minimum thrust bounds, made the method applicable to a even broader set of MAV configurations.
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