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Abstract. Wind energy is recognized not only for its high generating capacity among renewable sources, but also
for its growing popularity in recent years. However, conventional wind turbines, which rely on blades to capture
wind energy, present significant challenges, including noise pollution, interference with bird migration and the
frequent need for maintenance due to the complexity of their mechanical components. In an attempt to minimize
these problems, current innovations include bladeless wind turbines (VBWT). These operate from wind-induced
vibrations, mostly vortex-induced vibrations (VIV). Among the various designs that have been documented, those
that exploit energy generation through electromagnetic induction and piezoelectric systems deserve to be high-
lighted, as they have gained increasing recognition in the academic sphere. In this context, this paper focuses on
carrying out a dynamic analysis of a vortex-induced vibration energy harvester (VIVEH), which will have its en-
ergy generated from a piezoelectric patch connected to a beam with nonlinear stiffness due to a magnetic coupling.
The system will have its equations of motion simulated using a Runge-Kutta integrator implemented in the Python
programming language, where its responses will be analyzed in the time domain by studying the system’s sensi-
tivity to different wind speeds, and in the frequency domain using tools such as Fast Fourier Transforms (FFT) and
Continuous Wavelet Transforms (CWT). The results focus on analyzing the influence of the beam’s non-linearity
and its response in the frequency and time domain for different wind speeds.
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1 Introduction

Collecting data from sensors and the use of electricity is increasingly crucial, especially for devices operating
in remote areas, which traditionally rely on chemical batteries or a complex infrastructure, leading to high costs and
a significant environmental impact. To mitigate these challenges, part of the academic community has dedicated
itself to developing embedded systems capable of self-energizing or supplying energy to other electronic devices,
using energy harvesters (EH) that capture energy from the environment from various sources [1]. In particular,
energy generated by wind and vibration has shown promise. For example, different types of wind turbines and
piezoelectric generators are capable of converting air movement or mechanical vibrations into electricity, allowing
the continuous operation of devices such as sensors or the powering of small electronics in a more sustainable way
[2–4].

Within wind energy, there are several research projects that focus on obtaining energy from flow-induced
vibration (FIV) phenomena. Among the EH that work from FIV, there are some classifications such as flutter,
gallop and vortex-induced vibrations (VIV) [5]. The generation of energy by these phenomena occurs as follows:
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flutter occurs when aerodynamic forces interact with a structure, leading to self-excited oscillations [6]. Gallop is
a phenomenon in which a structure experiences oscillatory lateral movements due to transverse fluid flow [7]. And
finally, VIVs arise when the passage of a fluid creates alternating vortices that exert periodic forces on a structure,
resulting in vibrations that can be captured for energy generation [8].

The generation of energy from VIV has generated interest in different means of conversion, such as from
electromagnetic interaction [9, 10] and through piezoelectric materials [11]. Due to their energy generation and
easy implementation, piezoelectric transducers are the most widely used for this type of energy harvesting. A
common method is to work with a piezoelectric beam and a cylindrical body, which operates in the lock-in region,
which is when the natural frequency of the structure approaches the natural frequency of vortex shedding. Among
this class of collectors, there is a bibliography that presents studies of different patterns on the surface of the
body, as presented by [11], systems with multiple degrees of freedom [12] and advances in the area of nonlinear
dynamics with energy collectors with nonlinear restoring force with the aim of increasing the synchronization
region, as presented by [13, 14].

The model used in this article is the same one proposed in [14], which presents a nonlinear restoring force
due to the implementation of an instability introduced by the addition of magnets to the common model. Thus, the
aim of this work is to present the modeling of the energy collector, analyze the different solutions found and the
lock-in regions, both in the time and frequency domains, using discrete Fourier transforms and continuous Wavelet
transforms, as well as verifying the increase in the synchronization region.

2 Methodology

In this paper, the analysis will focus on the energy collector shown in Fig. 1(a), which consists of a cylinder
supported by a beam that can oscillate. Energy is generated using a piezoelectric patch, which can convert vibra-
tional energy into electrical energy, where the vibrational energy that will be converted will be the energy obtained
from the aerodynamic phenomenon known as vortex-induced vibrations (VIV).

VIV is the phenomenon that occurs when a fluid flows around a cylindrical structure. When the fluid passes
around the body, a cyclical vortex shedding is released, which acts as a force perpendicular to the direction of
flow, causing the body to oscillate. The schematic presented has an instability created due to the implementation
of magnets in the system, causing it to respond in a nonlinear way, as shown in [14].

Piezoeletric patch

Cantiliver beam

Cilinder

Wind flow
Attached magnet

Fixed base

Resistor

Fixed magnet

(a) (b)

Figure 1. Illustrations (a) Energy harvester schematic, (b) Energy harvester model.

2.1 Model equations

In order to dynamically model vortex shedding, a commonly used approach is to use a modified Van der Pol
model, where we will use the model suggested in [15], presented by eq. (1). Where q is the reduced vortex lift
coefficient, the variation of the lift and drag coefficients is given by Cl = 0.5q(t)Cl0 and Cd = ẋ(t)Cd0, A and
β are experimentally adjusted values and ωshed is the vortex shedding frequency, given by ωshed = 2πStUD−1

[13].
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q̈ + βωshed(q
2 − 1)q̇ + ω2

shedq =
A

D
ẍ (1)

Regarding the amplitude of the VIV force, this is given by eq. (2), which takes into account both the lift and
drag forces. Where ρ is the density of the fluid in which the system is immersed, U is the velocity of the incoming
flow, D the diameter of the cylinder and L the length of the cylinder.

Fviv =
ρU2DL

2
Cl −

ρUDL

2
Cd (2)

Figure 1(b) shows the dynamic model of the mechanical part of the system. For this study, only the first
vibration mode of the beam will be considered, thus assuming a spring-mass model, given by eq. (3). Where x
will be the displacement of the tip of the beam, m the equivalent mass and c the viscous damping. The restoring
force will be modeled from a polynomial function of the type k1x+ k3x

3, to model the stiffness of the beam and
the repulsion due to magnetic interaction.

mẍ+ cẋ+ k1x+ k3x
3 − θv =

1

2
ρU2DL

Cl0

2
q − 1

2
ρUDLCd0ẋ (3)

Finally, eq. (4) models the generation of energy from the piezoelectric adhesive. Where v will be the volt-
age generated, Cp the capacitance of the piezoelectric, R an external resistance and θ the conversion coefficient
between electrical and mechanical energy.

Cpv̇ +
v

R
+ θẋ = 0 (4)

2.2 Parameters

For this study, we will use the parameters of the same model presented in [13, 14], which are presented in
Table 1.

Table 1. System parameters.

Parameters Values Units
Equivalent mass, m 0.0078 kg
Mechanical damping coefficient, c 0.003 Nsm−1

Linear stiffness, k1 26 N/m
External Resistance, R 106 Ω
Cylinder diameter, D 0.06 m
Electromechanical coupling coefficient, θ 2 · 105 N/V
Length, L 0.09 m
Mean Steady Lift Coefficient, Cl0 0.3 -
Drag Coefficient, Cd0 1.2 -
Capacitance of the piezoelectric patch, Cp 100 nF
Experimental Constants, A and β 12, 0.24 -
Strouhal Number, St 0.2 -

The interaction presented by the nonlinear stiffness dynamics is given by the parameters shown in Fig. 2.
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Linear region 
response

Figure 2. Force response for the stiffness considered.

3 Results

The results in this section were obtained using the parameters presented in the previous section, where the
simulations were carried out using the Python programming language and its main scientific libraries. For the
simulation, it was necessary to integrate eqs. (1, 3, 4). The system was integrated using a fourth-order Runge-
Kutta integrator, with a simulation time of 50 s and a time step of dt = 5 × 10−4 s, which, after refining the mesh,
proved to be a valid parameter for the simulations.

The analysis here will focus on comparing the two solutions presented by the system’s nonlinear dynamics.
As presented by [14], there are two periodic solutions for the system parameters, one with a large amplitude and the
other small. In this case, the large-amplitude solution can be observed when we switch to the nonlinear regime of
the restoring force and can be observed when we increase the initial displacement condition. Thus, the simulations
here will all have zero initial conditions, except for the initial displacement x, which will take on the values:
x(0) = 0.01 m for the case of small oscillations and x(0) = 0.025 m for the case of large oscillations.

Figure 3 shows the lock-in region for the different nonlinear stiffnesses. This analysis was carried out by
simulating the system’s response to the same initial conditions by varying the flow velocity and obtaining the
maximum amplitude after 30 s for both the displacement x and the voltage v. The system’s response shows that
hard stiffness, i.e. a positive constant k3, leads to an increase in the synchronization region and greater energy
generation. Soft stiffness, on the other hand, causes both the amplitude and the lock-in region of the system to
decrease.

It can also be seen how sensitive the system is to this initial condition, since in the case of large amplitudes,
for the hard stiffnesses, there is a notable increase in both displacement and voltage generation, while for the
soft stiffnesses no considerable increase is observed. The following analyses will therefore focus on the stiffness
k3 = 4× 104 (N/m), which has benefited most from the introduction of nonlinear dynamics.
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Figure 3. Frequency lock-in for the different springs stiffness (a) Displacement (b) Voltage.

The influence of these dynamics can be seen in the frequency domain response using discrete Fourier trans-
forms. Figure 4 shows different Fourier transforms when varying the flow velocity for the stiffness k3 = 4 × 104

(N/m) for the case of small and large solutions, where the color map represents the voltage amplitude, with a red
dotted line representing the frequency of vortex shedding.

In this analysis it is possible to see how the dynamics for the different initial conditions act in a similar way
until the natural frequency of the system becomes lower than the vortex shedding frequency, where, for the case
of small oscillations, there is a cut-off just after it becomes lower than the vortex shedding frequency, almost
completely reducing energy generation. Unlike this case, for the large-amplitude solution, there is an increase in
voltage generation and the lock-in region for higher wind speeds.

Figure 4. Discrete Fourier transform in the voltage signal for different wind velocities (a) Small solutions (b) Large
solutions.

Focusing now on the lock-in response for the large solutions case, Fig. 5 is presented, which shows the time
responses for the displacement, lift coefficient and voltage of the system for the two initial conditions with a flow
velocity of U = 4.8 m/s. From this it can be seen that the behavior of both the displacement and the voltage are
with low amplitudes for the case of small solutions, while for the case with large solutions there are the largest
amplitudes in the flow velocity range. In this case, the drag coefficient varies linearly in the case of small solutions,
and in a much more characteristic Van der Pol way in the case of large solutions.
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Figure 5. Time response (a) Displacement (b) Lift coefficient (c) Voltage.

When checking the instantaneous frequency over time, using a continuous Wavelet transform, shown in Fig.
6, it can be seen that for the two cases over the stationary period there are time invariant frequencies. In the case of
small amplitudes there is a frequency of approximately 16 Hz, which is the vortex shedding frequency for this flow
velocity, but in the case of large amplitudes there is a main frequency of around 12.7 Hz and a third order harmonic,
showing that the nonlinear dynamics of the system generates large amplitude orbits when it has a minimum amount
of initial energy.

Figure 6. Continuous wavelet transform in the voltage signal (a) Small solutions (b) Large solutions.

4 Conclusions

This article presents an analysis of the dynamics of a nonlinear energy harvester excited by vortex-induced
vibrations. The investigation is conducted by means of numerical simulations, which explore different solutions
depending on the initial conditions. The results indicate that the introduction of a nonlinear restoring force causes
a slight increase in the range of flow velocities corresponding to the lock-in region. However, when there is
sufficient energy in the system, it is possible to observe solutions with large amplitudes, which result in a significant
expansion of the lock-in region, particularly noticeable in the case of hard stiffness. This expansion of the lock-in
region is also analyzed in the frequency domain, providing an additional perspective for studying the dynamics of
the system.
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