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Abstract. Creep is the phenomenon of increasing deformation under sustained loads occurring in cementitious 

materials. Cement pastes, used for cementing oil wells, are subjected to this phenomenon through the application 

of mechanical, temperature, and pressure loads. For this study cement paste specimens were cast and tested under 

basic creep conditions at NUMATS/LABEST laboratory of the COPPE research institute of Universidade Federal 

do Rio de Janeiro. A constant compressive load started to be applied on the specimens at three different ages, 24 

hours, 3  and 7 days lasting 83 days approximately. The suitability of the equation of the Bureau of Reclamation 

was assessed successfully to represent  the experimental creep strain results. This equation also allowed to generate 

additional creep curves corresponding to 2-day and 28-day age load initiation. These five curves were employed 

to define the Generalized Kelvin units, as Dirichlet series, to represent the creep behavior of this material. The 

coefficients of every Generalized Kelvin spring stiffness equation, dependent on the hydration grade, were 

determined. This was carried out by using the Speckel software created by Professor Eduardo Fairbairn and later 

improved by Vitor Colimodio in his thesis carried out at COPPE. The creep functions and the experimental curves 

were compared. 
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1  Introduction 

The creep of cementitious materials occurs when sustained stress is applied on concrete, then the calcium 

silicate hydrate (CSH) loses adsorbed water. Other contributing factors are the removal of water held by 

hydrostatic tension in small capillaries of the hydrated cement paste [1]. The nonlinearity of the stress-

strain behavior of cementitious materials also affects mainly at stress levels higher than 30-40% of the 

ultimate stress. This happens due to the microcracking of the interfacial transition zone. Additionally, if 

there is a drying condition, more microcracking in the interfacial transition zone occurs. Also, the delayed 
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elastic strain in aggregates, components of the cementitious matrix, increase the total creep. Therefore, 

the total creep of a cementitious material is composed of basic creep and drying creep. In the former the 

strain occurs only due to the action of the stresses. In the latter deformation occurs due to exchange of 

moisture with the environment. There are various theories to explain the mechanisms during creep: 

microcracking and seepage of water into cracks [2], dissolution of calcium silicate hydrate (C-S-H) [3], 

polymerization of C-S-H [3], forms of C-S-H sliding/dislocation [4], solidification [5], , relaxation of 

microprestress [5], clinker dissolution [6].  

 

To simulate the basic creep behavior of a cementitious material, several models can be used. However, 

to represent creep in a finite element method (FEM) computer code, the most part of the models have a 

mathematical representation that corresponds to the integral formulation that demands an enormous 

quantity of memory. Such use of memory makes modeling unfeasible. Two models allow the 

development of algorithms that overcome this problem because they require storage of only a few state 

variables. These are the generalized Maxwell and Kelvin models. In this paper we use the generalized 

Kelvin model that consists of a series of units composed of a spring and a damper arranged in parallel 

position (see Figure 1) [7]. The generalized Kelvin model corresponds to the creep strain represented by 

a Dirichlet series that requires definition of parameters such as the spring stiffnesses and the characteristic 

times of the dashpots. During the hardening process of a cementitious material, these parameters change 

according to the evolution of the hydration reaction.  

Considering the nature of the functions used to represent the creep phenomenon by a generalized Kelvin 

chain, at least 5 creep curves with 5 different ages at loading are necessary. The problem is that in most 

cases it is very difficult to have such many creep tests. Therefore, in this work we present a procedure 

that allows, from a reduced number of experimentally obtained functions, to interpolate functions that 

satisfactorily represent the creep phenomenon. 

For this aim, this study presents the experimental results of cement paste specimens casted and tested 

under compressive load under basic creep conditions at NUMATS/LABEST laboratory of the COPPE 

research institute of Universidade Federal do Rio de Janeiro during 83 days after the load initiation for 

three ages at loading. The equation of the Bureau of Reclamation was used to represent creep and served 

to interpolate two curves belonging to two additional ages at loading. These curves allowed us to obtain 

the parameters that define the generalized Kelvin model for this oilwell cement paste. It then becomes 

possible to provide input of creep functions to computational codes that use the generalized Kelvin chain 

as a model and algorithm. 

2  Basic creep functions of cementitious materials 

2.1 The creep function of the US Bureau of Reclamation 

The creep function of the US Bureau of Reclamation [[8] is presented in Equation (1) where 𝑡 is  the time 

variable, 𝑡′ is the age at loading, 𝐸(𝑡′) is the Young´s modulus, 𝐹𝑘(𝑡′) is a creep coefficient and  𝐽 is the 

creep function.  

𝐽(𝑡, 𝑡′) =
1

𝐸(𝑡′)
+ 𝐹𝑘(𝑡′) log (1 + 𝑡 − 𝑡′) 

(1)  

2.2 Hydration model 

The hydration model proposed by Ulm e Coussy was employed in this work. The complete derivation of 

this model can be found elsewhere [9,10] and subsequent applications [11].  The hardening of a 

cementitious material is a complex process which comprehends chemical reactions and heat release. The 

hydration degree 𝜉 was proposed as a parameter to measure at what extent the reaction process is as 

defined in Equation (2). It cannot be measured directly.  The equation of thermal fields in a determined 

volume in terms of the hydration degree can be expressed as in Equation (3). Furthermore, the Arrhenius 
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law can also be expressed in terms of this variable, Equation (4). On the other hand, the hydration heat 

can be measured directly and is defined in Equation (5). A relation between the hydration heat and the 

hydration degree was proposed in Equation (6). The adiabatic test allows to establish an adiabatic curved 

defined by Equation (7) where Δ𝑇𝑗
𝑎𝑑  is the increase of temperature of the cementitious sample at  a step 

𝑗,  Δ𝑇𝑚𝑎𝑥
𝑎𝑑  is the total temperature increase during the test, 𝑘 and 𝑛 are parameters and 𝑡 is the time.  

 

𝜉 =
𝑄𝑢𝑎𝑛𝑡𝑖𝑡𝑦 𝑜𝑓 ℎ𝑦𝑑𝑟𝑎𝑡𝑒𝑑 𝑐𝑒𝑚𝑒𝑛𝑡

𝑂𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑦 𝑜𝑓 𝑐𝑒𝑚𝑒𝑛𝑡
 

(2) 

𝐶𝑒𝑇̇ = 𝑄 + 𝐿𝜉̇ + 𝑘𝛻2𝑇 (3) 

𝑑𝑚

𝑑𝑡
=

1

𝜂(𝑚)
𝐴(𝑚)𝑒

−𝐸𝑎
𝑅𝑇 →

𝑑𝜉

𝑑𝑡
= 𝐴(𝜉̃)𝑒

−𝐸𝑎
𝑅𝑇  

(4) 

𝜉𝑇 =
𝑄𝑢𝑎𝑛𝑡𝑖𝑡𝑦 𝑜𝑓 ℎ𝑒𝑎𝑡 𝑔𝑒𝑟𝑎𝑡𝑒𝑑 𝑑𝑢𝑟𝑖𝑛𝑔 𝑡𝑖𝑚𝑒 𝑡

𝑄𝑢𝑎𝑛𝑡𝑖𝑡𝑦 𝑜𝑓 ℎ𝑒𝑎𝑡 𝑔𝑒𝑟𝑎𝑡𝑒𝑑 𝑑𝑢𝑟𝑖𝑛𝑔 𝑡 → ∞
 

(5) 

𝜉

𝜉𝑇

= 1,0618𝜉2 − 1,058𝜉 + 0,9994 
(6) 

Δ𝑇𝑗
𝑎𝑑 = Δ𝑇𝑚𝑎𝑥

𝑎𝑑
𝑡𝑗

𝑛

𝑘𝑛 + 𝑡𝑗
𝑛 

(7) 

 

2.3 Kelvin model 

The complete derivation of the Generalized Kelvin (GK) model should be reviewed elsewhere [7]. The 

basic creep behavior of a cementitious material can be simulated by GK units as presented in Figure 1. A 

GK unit 𝑖 consists of a damper with a damping coefficient 𝜂𝑘𝑣
𝑖  and a spring with elastic stiffness 𝑘𝑘𝑣

𝑖 . The 

stress in a GK unit 𝑖 is the sum of the stress in the spring and in the damping (Equation (8)). Two and 

three GK units were used. The derivation of the  basic creep strain based on a Dirichlet series, Equation 

(9), where 𝐽𝑏(𝑡, 𝑡′) is the basic creep strain at time 𝑡, the loading started at time 𝑡′, 𝑛 is the number of GK 

units, and 𝜏𝑖 is the delay time or characteristic time defined in Equation (10). The spring stiffness  of the 

GK unit varies is dependent on time as presented in Equation (11), where 𝑐1
𝑖 , 𝑐2

𝑖 , 𝑐3
𝑖  and 𝑐4

𝑖  are coefficients 

obtained from experimental results. Given that the hydration degree was derived from time and  the 𝑘𝑘𝑣
𝑖  

also depends on time,  this stiffness can also be obtained from the hydration degree as presented in 

Equation (12) [12]. In Equation (12), 𝜉 ̅ is the normalized hydration degree defined in Equation (13), 

where 𝜉0 is hydration degree at yield point and .𝜉 is the hydration degree at a certain time during the 

hydration process of cement. 

 

Figure 1 The Kelvin-Voigt model   
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𝜎𝑖(𝑡) = 𝑘𝑘𝑣
𝑖 𝜀𝑘𝑣

𝑖 (𝑡) + 𝜂𝑘𝑣
𝑖 𝜀𝑘̇𝑣

𝑖 (t) (8)  

𝐽𝑏(𝑡, 𝑡′) = ∑
1

𝑘𝑘𝑣
𝑖 (𝑡′)

𝑛

𝑖=1

(1 − 𝑒
𝑡−𝑡′

𝜏𝑖 ) 
(9) 

𝜏𝑖 =
𝜂𝑘𝑣

𝑖

𝑘𝑘𝑣
𝑖

 
(10) 

𝑘𝑘𝑣
𝑖 (𝑡) = 𝑐1

𝑖 + 𝑐2
𝑖 log (1 +

𝑡

1 𝑑𝑖𝑎
) + 𝑐3

𝑖 𝑙𝑜𝑔2 (1 +
𝑡

1 𝑑𝑖𝑎
) + 𝑐4

𝑖 𝑙𝑜𝑔3 (1 +
𝑡

1 𝑑𝑖𝑎
) 

(11) 

𝑘𝑘𝑣
𝑖 (𝜉) = 𝑐1

𝑖 + 𝑐2
𝑖 10𝜉̅ + 𝑐3

𝑖 102𝜉̅̅̅̅
+ 𝑐4

𝑖 103𝜉̅̅̅̅
 

(12) 

𝜉̅ =
𝜉 − 𝜉0

1 − 𝜉0

 

(13) 

3  Results and Discussion 

The three experimental results of the basic creep tests are presented in Figure 2. They are not enough to adjust the 

𝑐j
𝑖 parameters of Equation (12) thus two additional curves are approximated by the equation of the Bureau of 

Reclamation, Equation (1) at 𝑡′= 2 days and 28 days, (Table 1). Figure 3 presents that the adjustment is suitable to 

the experimental curves and the additional ones are consistent with the laboratory results. 

 

Figure 2. Experimental results 
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Figure 3. The suitability of the equation of the Bureau of Reclamation 

Table 1. Factors of the Bureau of Reclamation equation 

t' (dias) E(t') (MPa) Fk(t') 

1 4535,17 3,610E-05 

2 8158,55 2,143E-05 

3 11345,29 1,349E-05 

7 22457,17 1,112E-05 

28 28000,0 4,179E-06 

 

Subsequently the parameters of Equation (12) were found. To do so, the characteristic times 𝜏𝑖 of 

Equation (9) were assumed by varying 𝜏𝑖+1/𝜏𝑖 ratios: 5, 10 and 25. The results were compared by the 

average regression coefficient 𝑟 which had the highest value when  𝜏𝑖+1/𝜏𝑖=10 and 𝜏1 =0,5 days, 𝜏2 =5 

days and 𝜏3 = 50 days. 

Table 2. 𝜏𝑖 parameters 
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t
i+1

/t
i

5

Modelo A B C D E F G

t
1

0,01 0,05 0,1 0,5 1 5 10

t
2

0,05 0,25 0,5 2,5 5 25 50

t
3

0,25 1,25 2,5 12,5 25 125 250

r 0,3733 0,6094 0,7416 0,97238 0,99697 0,9977 0,9899

t
i+1

/t
i

10

Modelo A B C D E F G

t
1

0,01 0,05 0,1 0,5 1 5 10

t
2

0,1 0,5 1 5 10 50 100

t
3

1 5 10 50 100 500 1000

r 0,5553 0,8535 0,9497 0,9995 0,6005 0,9978 0,9892

t
i+1

/t
i

25

Modelo A B C D E F G

t
1

0,01 0,05 0,1 0,5 1 5 10

t
2

0,25 1,25 2,5 12,5 25 125 250

t
3

6,25 31,25 62,5 312,5 625 3125 6250

r 0,8856 0,9971 0,9952 0,9983 0,9967 0,9979 0,989
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Consequently, the creep functions defined by Equation (9) were drawn along with the experimental curves 

in  Figure 4 where the creep functions defined as a Dirichlet series describe the behavior satisfactorily. 

 

 

Figure 4. The comparison of the creep functions with the experimental results 

4  Conclusions 

It is concluded that: 

 

• From the experimental results it is known the creep strain contribution corresponds to 43%, 64% and 62%  

of the elastic strain of the tested specimens at 𝑡′ = 24 hours, 72 hours and 7 days, correspondingly. It is 

very rare to carry out creep tests at various ages at loading.  

• The equation of the Bureau of Reclamation formulated for mass concrete of dams adjusted well to the 

experimental creep strain curves of oilwell cement pastes.  

• The GK model successfully represented the experimental basic creep behavior. Nowadays the unique 

way that makes feasible the numerical modeling of creep in a finite element method software is the use 

of the Kelvin and Maxwell chains whose mathematical representations are the Dirichlet series. These 

models allow the use of a reasonable amount of computational memory. 

• The algorithmic representation of the models of Dirichlet series require the availability of five ages at 

loading. 

• This paper presents then a procedure that allows the interpolation of creep functions and makes possible 

the utilization of these functions in a finite element method computer code. 
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