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Abstract. This paper presents a study focused on determining effective elastic properties of masonry made up of
bricks and mortar joints arranged in periodic arrays. The brick and mortar are treated as linear elastic materials,
with a bond pattern consisting of stacked bond and running bond. The overall effective elastic moduli are evaluated
by a computational unit cell-based micromechanical procedure. The formulation employs a discretization of the
masonry unit cell which is examined using the finite-volume direct averaging micromechanics theory (FVDAM).
The homogenization approaches are carried out considering plane stress (PS) and generalized plane strain (GPS)
states, as well as a tridimensional version of the FVDAM theory (3D-FVDAM). The results provided by these
three conditions of analysis (PS, GPS, 3D-FVDAM) are compared in order to verify their limitations and
applicability in the elastic homogenization of periodic masonry with different geometric features.
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1 Introduction

Masonry is an important construction material with heterogeneous microstructure composed of two phases
(mortar and bricks) usually arranged in periodic arrays. The heterogeneous and anisotropic behaviors exhibited by
the masonry, as well as the physical nonlinearity of the constituent phases, make its theoretical modeling a very
hard task. Nevertheless, an accurate knowledge of the masonry mechanical behavior is crucial for designing and
retrofitting the masonry structural systems. In the last decades, a large number of experimental and theoretical
studies have been developed aiming at understanding the behavior of masonry. The heterogeneous characteristics
of the masonry become its effective behavior more sophisticated than that exhibited by the traditional
homogeneous systems. The effective response of masonry is strongly dependent on the physical properties, volume
fractions and spatial distribution of the bricks and mortar joints. In the context of theoretical analysis, the
micromechanical homogenization models play a very important role [1]. Among these procedures, there are the
analytical models based on the mean-field micromechanics [2-4] and computational homogenization approaches
with formulations developed using numerical tools, such as finite-element method [2, 5], finite-volume theory [6]
and mechanics of structure gene [7].

This paper presents a study on the effective elastic properties of masonry made up of bricks and mortar joints
arranged in periodic arrays. The brick and mortar are treated as linear elastic materials, with a bond pattern
consisting of stack bond and running bond. The overall effective elastic moduli are evaluated by a computational
unit cell-based micromechanical procedure developed using the finite-volume direct averaging micromechanics
theory (FVDAM). The homogenization approaches are carried out considering plane stress (PS) and generalized
plane strain (GPS) states, as well as a tridimensional version of the FVDAM theory (3D-FVDAM). The results
provided by these three conditions of analysis (PS, GPS, 3D-FVDAM) are compared in order to verify their

CILAMCE-2024
Proceedings of the joint XLV lbero-Latin-American Congress on Computational Methods in Engineering, ABMEC
Maceid, Brazil, November 11-14, 2024



Computational homogenization of masonry using the finite-volume direct averaging micromechanics theory

limitations and applicability in the elastic homogenization of periodic masonry with different geometric features.

2 Considerations on elastic homogenization of periodic heterogeneous material

In usual masonry wall, the bricks are arranged in periodic patterns. Two important topologies, known as stack
bond and running bond, are shown in Figure 1. Due to the masonry system periodicity, the homogenization
approach can be developed using a repeating unit cell (RUC), which characterizes the periodic heterogeneity.
Figure 1 also shows RUC examples for the two different brick arrays. For a periodic brick arrangement, there are
several options of RUC configurations to be used in the homogenization procedure.
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Figure 1. Arrangements of bricks in masonry: a) running bond; b) stack bond.

Consider a very large masonry wall, with volume V and boundary surface S, subjected to a uniform
displacement boundary condition u°(x) = £%x prescribed at superficial points x € S. Here, £° is a strain matrix
with constant components gi"j (i,j = 1,2,3). Under this boundary condition, the displacement field within the RUC
can be expressed, using a two-scale representation, in the form

u(y) = €%x + u'(y), (1)

where y denotes the local coordinates of the RUC scale, the first term on the right side represents the macroscopic
contribution and u' is the fluctuating displacement vector. Due to the homogeneity of the boundary conditions and
periodicity of the masonry, u'(y) is a periodic function over the RUC domain Q. The subdomains of Q occupied
by the brick and joint materials are denoted by Q,, and Q,,,, respectively. The strain field in the RUC is given by

ey) =&+, 2

where g’ is the strain matrix corresponding to the fluctuating displacement u’. The average strain € and average
stress @ on the RUC domain Q are defined by the following relations

g= i g(y)dQ and o= i a(y)dQ. (3)

Now, suppose that the RUC domain is divided into N homogenous subdomains Q® (k = 1,--- N). Similarly,
the average strain and average stress on the subdomain Q) are defined by

1 1
£ = —f £(y)da® and o® = f a(y)da®,
11 J00 5 TGN A2 @

If €0 is the stiffness matrix of the phase (brick or joint) occupying the k-th subdomain, the corresponding
constitutive relation is written as

70 = ctg®) (%)

Using (3) and (4), the following expressions can be easily derived
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N

N
5 = (k) (k)
E= Z c®) gl and a Z o (6)

k=1
k=1

where ¢® = 1Q|® /|q].

In accordance with the known average strain theorem, the average strain on the entire RUC g is equal to the
macroscopic strain £°. Then, the average fluctuating strain on the RUC domain is null. This can be explained by
the periodicity of the field &' (y) on Q. Using micromechanical considerations, it is concluded that the average
strain 2% can be related to the macroscopic strain g by

£ = gUOg (7

where A% s the strain concentration matrix of the subdomain Q. In a similar way, the relation between the
average stress @) and the average stress on the entire RUC (@) is given as

®)

o = pgG,

with B®) representing the stress concentration matrix of the subdomain Q.
The effective stiffness matrix of the homogenized masonry (C*) relates the macroscopic average stress to the
average strain in the form

g=Ce¢ ©)
Using egs. (5)-(7), the following expression is directly obtained from eq. (9):

N
Cc = Z (0 ¢ 400). (10)
k=1

Then, for the computation of the effective stiffness matrix using eq. (10), the strain concentration matrices of
all subdomains contained in the RUC domain must be previously evaluated. In the next section, the procedures for
determining such strain concentration matrices are reported.

3 Computational homogenization for masonry using finite-volume theory

3.1 Displacement and strain local fields of a subvolume

In the three-dimensional version of the Cartesian finite-volume theory, the repeating unit cell is discretized
into parallelepipedal subvolumes defined by the locations of their eight vertices. For the homogenization approach,
each fluctuating displacement component of the k-th subvolume is approximated by the polynomial expansion

1 d?
1(k) _ yar(R) —(K) 147 (K) — (k)47 (K) —(K) 147 (K) —(k)2 k (k)
Wi = Wioooy ¥ Y1 Witiooy %2 Wio10) T ¥ Wigoory + §<3y1 + Z) W, (200
1)
1 h2 1 12 (
_2 |, M\, %k 2 | k\,,, 0
+ > <33’2 + Z) Wi 020y T 7 (33’3 + Z) W, 002y

where y; indicates the subvolume local coordinates (see Fig. 2) and WLER)) (i = 1,2,3) are unknown coefficients to

be determined. The local coordinate system (¥, ¥, ¥3) is centered in the subvolume. Here, d;, h; and I, represent
the side dimensions of the k-th subvolume in the directions 1, 2 and 3, respectively.

The strain components in the k-th subvolume are defined as

1(k) 1(k)
) _g 4 1[0% oy (12)
Y Y2\ oy oy )

&

where &;; represents the components of the average strain € on the RUC domain.
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Figure 2. k-th subvolume and its local coordinate axes.

3.2 Local stiffness matrix of a subvolume

The surface-averaged fluctuating displacements on the k-th subvolume faces (1,2, --- 6) are defined by

gLz (k) dk (k) (k) k) 5= ()
wi hklkfhkflk Wit 2 Y2 s )dyz 4y

h
g/034 _ ,(k) 500 4 Mk —(k)>d 1OFPIQ
i dklkfdkflk L yl ’_ 2 'yg y (13)
and
L
—r(k)56 r(k) (k) 50 4 (k) 3=(K)
¥, L x—)dy; T dy, .
dkhkf f Y2 2) N4
Similarly, the surface-averaged tractions on the subvolume faces are given by the following relations:
1 (%% d
F0012 _ G 109 k =@k Sk (o (k)
i _hklkf_ﬂf_l_kti <_ RONEE )dy s
2 2
1 (% % h
F()34 _ N n(k) ) o Tk S k) (k)
ti _dklk_f_ﬂj‘_l_ktl yl ’—2'y3 >dy1 dy (14)
2 2
and
hie

(056 _ 2 ) (500 500 + ) oo o0
L dkhkjdk ”kin (}/1 ¢ E)dy dy;"-

where t"(k) a](k)n(k) with a(k) and n;k) denoting the components of the stress ¢®) and outward unit vector

n®) normal to the correspondmg subvolume face, respectively. The equilibrium equation of the k-th subvolume
can be written in terms of the surface-averaged tractions as

k
Jsao £ 0dS® =0, (15)

where S® represents the subvolume surface areas.
Using egs. (11)-(15) together with the subvolume constitutive relation, the following relation is obtained:

to = glog't) 4 NcWOFE, (16)

where N is a matrix defined by the components of the outward unit vectors normal to the subvolume faces.
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3.3 Global stiffness of the unit cell

Assembly of the global stiffness matrix is carried out by applying traction and displacement continuity
conditions at the common interfaces between adjacent subvolumes of the repeating unit cell. The traction
continuity conditions are imposed by applying force balance equations, which are then expressed in terms of the
surface-averaged interfacial displacements using the local stiffness matrix equations. The displacement continuity
conditions are directly enforced by setting the interfacial surface-averaged displacements to common values. The
resulting system of equations has the following form

KSU' = ACE, (17)

where K¢ is the global stiffness matrix of the RUC, AC represents a matrix comprised of the differences in the
local stiffness matrices of adjacent subvolumes and U’ is the surface-averaged fluctuating displacement global
vector.

3.4 Effective stiffness matrix of the homogenized masonry

Using eq. (7), the average strain in the k-th subvolume can be written in function of the RUC macroscopic
strain € in the form

) = g()g, (18)

The evaluation of the effective stiffness matrix of the masonry is obtained by eq. (10), which involves the
unknown strain concentration matrices of all subvolumes used in the RUC discretization. Based on eqg. (18), each
column of A% can be determined by applying one nonzero macroscopic strain component &;j atatime and solving

eg. (17) to obtain the corresponding average strain components 51.(}‘)of the k-th subvolume. Then, for the three-

dimensional homogenization problem, the computation of the six columns of each subvolume strain concentration
matrix requires the application of appropriate macroscopic strain vector six times [8].

The average stress in the RUC domain (@) and the effective stiffness matrix of the masonry (C*) can be
obtained by the relations

= iz d L, 70 (19)
DHL £
and
1<
¢ = m; dhyly, €000, (20)

where D, H and L are the RUC dimensions and N is the number of subvolumes.

4  Numerical results

For verification of the results provided by the three different FVDAM versions (PS, GPS and 3D-FVDAM),
a periodic masonry made up of bricks and mortar joints arranged in running bond and stack bond patterns. The
brick and mortar are assumed to be isotropic and linear elastic. The Young’s moduli of the brick and mortar are
E, = 2 X 10° MPa and E,, = 2 x 10*MPa, respectively. It is assumed that brick and mortar present a same
Poisson’s ratio v, = v, = 0.15. The brick dimensions are lenght = 0.21m, height = 0.05m and width =
0.10m. The joint mortar thickness is 0.01m. For the analysis, the repeating unit cell has been discretized into
subvolumes with d;, = 10 mm, h, = 5mm and [, = 5 mm. Table 1 shows the effective elastic moduli for the
running bond masonry, normalized by the corresponding brick elastic moduli, predicted by the PS, GPS and 3D-
FVDAM formulations. For comparison, results obtained using finite-element method (FEM) [2] are also shown
in Table 1. The effective elastic moduli for the stack bond masonry are shown in Table 2.

Tables 1 and 2 show that the effective elastic moduli obtained using GPS are the same provided by the 3D-
FVDAM for four decimal places. It is also observed from Table 1 that the relative differences between the effective
Young’s moduli generated by the 3D-FVDAM and FEM model are smaller than 3.5%, whereas that for the
effective shear moduli such relative differences are greater, reaching the value of 16.84% for G;,. These
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differences can be justified by the way of applying the loading on the RUC surface. The macroscopic strain loading
applied on the RUC surface is uniform in the FEM model, whereas it is periodic in the FVDAM formulation. Also,
Tables 1 and 2 show that the greater difference between the corresponding effective elastic moduli predicted by
the 3D-FVDAM for the cases of running bond and stacked bond is about of 7.35% and observed for G;,.

Table 1. Effective elastic moduli for the running bond masonry.

ENW/E, E3/Ey  Ei/Ey  Gip/Gy  Gis/Gy  G33/Gp
PS - 0.6517 0.3921 - - 0.3663
GPS 0.8159  0.6549 0.3984 0.6778  0.3899  0.3666
3D 0.8159  0.6549 0.3984 0.6778  0.3899  0.3666
FEM [2] 0.8452  0.6786 0.4102 0.5801  0.3387  0.3311
Table 2. Effective elastic moduli for the stack bond masonry.
E;l/Eb E;Z/Eb E;3/Eb GIZ/Gb G;3/Gb 653/617
PS - 0.6402 0.4047 - - 0.3602
GPS 0.8159  0.6291 0.4003 0.6280 0.3914  0.3602
3D 0.8159  0.6291 0.4003 0.6280 0.3914  0.3602

The average stresses on the RUC of the running bond pattern subjected to the macroscopic strain loading
£%=(0,0,-1,0,0,0) are presented in Table 3. Due to the symmetry, the RUC average shear stresses are null. As
can be seen, the values of the average stresses on the RUC predicted by the GPS and 3D formulations are very
close.

Table 3. Average stresses on the RUC for the running bond pattern (Values in MPa).

PS GPS 3D FEM [2]
o 0.00 —14,189.20 —14,191.60  —1.00E + 04
05, -10,654.20  —12,815.70 -12,832.80  —1.00E + 04
0l —-79,279.20  —81,778.70 —-81,778.10  —8.00E + 04

Table 3 shows that the average compressive stress components obtained using the PS condition are smaller
than those provided by the GPS and 3D formulations. This indicates that the PS condition must be used with
caution, for instance, in macroscopic failure analysis of masonry elements.

5 Conclusions

A study on the effective linear elastic response of periodic masonry constituted by bricks and mortar joints
has been reported. The analyses have been developed by the FVDAM theory considering plane stress state (PS),
generalized plane strain state (GPS) and a general 3D Cartesian formulation. Based on the results, the following
main findings are briefly reported below:

1) In the linear elastic range, both the GPS and 3D assumptions produce close results.

2) For each brick arrangement (running bond or stack bond), the effective elastic moduli predicted by the GPS
version and 3D formulation are very close.

3) The average stresses on the entire RUC obtained by the GPS version are not much different from those predicted
by the 3D formulation.

4) The average stresses resulting from the PS condition present differences in relation to those generated by the
other assumptions that can be relevant in nonlinear analyses (for instance, elastoplastic and damage).
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