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Abstract. This study presents an alternative boundary element method (BEM) formulation for the cohesive crack
propagation modelling in three-dimensional structures, including loading rates problems. Therefore, these devel-
opments enable the modelling of viscous-cohesive fracture processes. An initial stress field for representing the
mechanical behaviour along the fracture process zone is proposed, which leads to a set of self equilibrated forces
named as dipole. The proposed dipole-based formulation demonstrates some advantages in comparison to clas-
sical BEM approaches in this field. Among them, it is worth citing the discretisation of only one crack surface
and the requirement of solely three integral equations per source point at the crack surface. Then, in addition to
the accuracy, the proposed formulation is efficient in terms of computational effort, which is especially high in
three-dimensional problems. Cohesive laws govern the material nonlinear behaviour along the fracture process
zone. The mechanical effects of loading rate over the material resistance at the FPZ are properly handled by a time
dependent function, which modifies the tensile material strength and the material fracture energy as a function
of the loading velocity rate. Some applications are introduced to demonstrate the adequate performance of the
proposed formulation, in which the results obtained have been compared against experimental responses available
in the literature.
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1 Introduction

The study and prediction of structural behaviour are essential in any engineering project, whether in civil
construction, aeronautics or in the automotive field. In particular, the search for robust and efficient methodologies
is stimulated by the need for increasing complex structures, in which both high mechanical performance and
low weight are desired. In this context, research in structural engineering becomes essential, and is interested in
developing suitable theories for predicting the mechanical behaviour of structures, identifying possible failure and
collapse scenarios.

Nonlinear fracture of quasi-brittle materials has often been modelled by the cohesive fracture mechanics ap-
proach, in which cohesive stresses represent the residual strength of the material at the FPZ. Then, the fictitious
crack replaces the FPZ and cohesive stresses close the fictitious crack surfaces. Furthermore, quasi-static condi-
tions are often assumed in such modelling [1]. However, some experimental studies [2, 3] demonstrate that the
loading rate largely modifies the material’s resistance behaviour at the FPZ. The peak load increases monotonically
with increasing loading rates, while the value of the displacement associated with the peak load remains practically
the same [4]. According to Rush et al.[5], the mechanical response of concrete is directly influenced by the loading
rate. Higher loading rates implies in higher initial stiffness, higher peak value stresses and higher slopes after the
peak during rate-controlled tests. Then, the inclusion of loading rate effects is justified, aiming to find a model
closer to the real behaviour of structures. These may be influenced by different loading rates, resulting from wind
actions, movement of people, vehicle traffic, equipment action and/or explosions [6].

In this context, the mechanical failure of almost brittle materials can be represented through the association of
a numerical method, such as BEM, and models derived from fracture mechanics, which enable the representation
of the nonlinear dissipation effect in the fracture process zone (FPZ). This zone is small enough in comparison with
the crack length in purely brittle materials, which leads to linear elastic fracture mechanics (MFEL). Therefore, at
MFEL, the nonlinear effects can be disregarded. However, the FPZ is not small enough in quasi-brittle materials,
which triggers nonlinear effects that must be accounted for for accurate mechanical modelling. Then, nonlinear
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fracture problems can be adequately addressed by an alternative formulation of the BEM based on an initial stress
field, which represents the nonlinear material behaviour along the FPZ and leads to the concept of dipoles of stress.
In this alternative approach, the domain term of the classical singular integral equation is degenerate and non-null
only on the crack surfaces. As this term has its dimension reduced by one, a dipole associated with the initial stress
field appears and govern the nonlinear behaviour of the material at the FPZ [7–10].

In this work, the dipole-based BEM formulation is extended to the 3D approach considering viscous-cohesive
crack propagation problems. The three classical cohesive laws, Linear, Bilinear and Exponential, are updated in
order to account the viscous effects. Further, the hypersingular kernels present in this formulation are regularized
with the Guiggiani technique [11, 12] and an example is presented in order to show the robustness of the 3D
viscous-cohesive dipole-based BEM formulation.

2 Dipole-based BEM integral formulation

The starting point for the proposed formulation is based on the classic BEM integral equation [13], which
takes into account a domain Ω and a boundary Γ term. The domain term includes the presence of an initial stress
term σ0

jk, as suggested by [14], as follows:

clkuk +

∫
Γ

p∗lkuk dΓ =

∫
Γ

u∗
lkpk dΓ +

∫
Ω

σ0
jkε

∗
ljk dΩ0 (1)

where Ω0 represents the domain of non-zero values of σ0
jk.

The last term of Equation 1 can be rewritten knowing that plj = σ0
jkηk represents the tractions at the narrow

region of the boundary associated to the FPZ. Besides the solution of general cohesive crack growth problems
requires the evaluation of such terms into the global coordinate system:∫

Ω0
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The cohesive problem can be solved using a numerical scheme, taking into account the definition of a narrow
FPZ. However, in such a case, the nonlinear zone needs to be wide enough to guarantee finite values of the initial
stress field. Then, a singular stress field appears along the FPZ when the thickness tends to zero, which can be
adequately explained by the nature of the problem. Taking this into account, the thickness of the FPZ can be
assumed to be null and the integral terms of Equation 2 can be evaluated by defining a new tensor for the problem.
Such important variable is here called a dipole, q, and is mathematically described below:

qlj = 2ap0lj (3)

Dipoles are sets of self-balanced forces that are introduced with the goal of superimposing the stress state
associated with external loading at the FPZ. This superposition of stresses corrects the mechanical behaviour
based on a set of constitutive laws, as well as the cohesive laws used in this work. Thus, the nonlinear behaviour
of the material can be adequately modelled by this approach. The dipoles are included in the BEM integral
representation through a domain term, since such term represents the nonlinearities in the problem domain. In
addition, this tensor introduces finite values, when 2a ⇒ 0, the forces internal to FPZ tend to infinity. Thus, the
set of dipoles are responsible for maintaining the physical meaning of the stresses at the FPZ.

In this way, based on the integral terms presented in Equation 2, the integral kernels are defined to represent
the mechanical behaviour in the process zone, which are defined as follows:
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where Gl
lj =

∂u∗
lj

∂Xl

The components of the integral kernels of the tensor Gl
lj are presented in detail in Almeida et al. [7–10]. Its

explicit representation is introduced below:

Gl
ij =

1

16π
(1− v)µr2{−(3− 4v)r,lδlj + r,jδli + rlδlj − 3r,ir,lr,j} (5)

where δ is the Kronecker delta and r,i are the derivatives of the distances between the source point and the field
point.

Thus, Equation 1 can be rewritten in the following form, taking into account the previous algebraic manipu-
lations presented:
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This last equation enables the solution of the boundary value problem taking into account the effects of
material nonlinearities at the FPZ.

3 Algebraic representation

The last section described the necessary mathematical manipulations to transform the domain integral term
into BEM boundary integral equations for modelling stresses and displacements, accounting the initial stress field.
These procedures led to additional terms Gl

ij , for displacement values, and Gml
ij , for stress values, which are

evaluated along the FPZ.
The algebraic representation of these integral kernels was obtained after approximating the geometry and

mechanical fields, using interpolation functions, as usual via BEM. In this work, Lagrangian linear quadrilateral
interpolation functions are introduced to approximate these parameters [10]. Thus, the discretization at the bound-
ary leads to the well-known influence matrices H and G, which define the displacements and surface forces at the
boundary [9]. The dipole terms associated with K, for displacement values, and KS, for dipoles values. Finally,
Equation 6 assume the following algebraic representation:

HU = GP +KQ (7)

σ +H
′
U = G

′
P +KSQ (8)

Equation 8 is obtained with the derivatives of Equation 7 and applying into the hook law[9]. K and KS are
matrices that contain the influence terms associated with the Q dipoles.

The solution to the non-linear problem requires the manipulation of Equation 7 and Equation 8. Initially, the
boundary conditions are introduced in Equation 7. As usual in the classic BEM formulation, the vector X stores
the unknown boundary values while the vector F contains the prescribed boundary values:

AX = BF +KQ ⇒ (9)

where the classic procedure of changing columns between the matrices H and G takes the matrices A and B.
Matrix B stores the influence terms associated with the prescribed values at the boundary, while the matrix A
contains the influence terms related to the unknown values in the contour. The parameters M and R are defined as
follows: M = A−1BF and R = A−1K. The introduced boundary conditions modify Equation 8, as follows:

σ +A
′
X = B

′
F +KSQ ⇒ σ = N + SQ (10)

the parameters A
′

and B
′

appear after the process of changing columns between the matrices H
′

and G
′
. The

variables N and S are defined below: N = B
′
F −A

′
M and S = KS −A

′
R

The algebraic representations, Equation 9 and Equation 10, must be evaluated numerically by introducing
the Gauss-Legendre quadrature. Furthermore, the regularisation scheme for hyper singular kernels proposed by
Guiggiani and Gigante [11], Guiggiani et al. [12] is used herein.

4 Loading velocity rates effects at FPZ

Rush [5] observed a direct relationship between loading rate, initial stiffness, peak stress value and peak load
in quasi-brittle materials. Then, Wittman et al. [3] evaluated the effect of the loading rate on the value of Gf and
the parameters of the bilinear cohesive law. The results show that at high loading rates the value of Gf decreases
to a minimum value, whereas the critical crack opening, wc, decreases. Therefore, to account the effects presented
in Wittman et al. [3], the following equation provides an additional modification in the cohesive crack model to
take into account the increase in loading rates. The modification refers to the correction of fracture energy as a
function of the crack opening rate, ẇ[6]

The modification proposed by [6] has been defined as follows:

σ(ẇ, w) = Ξ(ẇ, w) = Ψ(ẇ)f(w,G(ẇ)) (11)

where f(w,G(ẇ)) refers to the cohesive law modified by the fracture energy dependent on the loading rate, G(ẇ).
Ψ(ẇ) is the viscous function. The dot over the variable indicates time variation. The Ψ(ẇ) is described as follows
[15]:
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Ψ(ẇ) = 1 +

(
ẇ

ẇ0

)n

(12)

where ẇ0 indicates a normalisation parameter for w and n is the exponent of rate dependence.
Additionally, G(ẇ) has been defined as follows [6]:

G(ẇ) = 1−
(

ẇ

ẇw

)nw

for ẇ ≤ ẇw0 to ẇ > ẇw (13)

where ẇw is the crack opening displacement rate and nw is a parameter that governs the concrete behaviour[6].

5 The updated cohesive laws

The classic cohesive laws[16] f(w,G(ẇ)), will be updated to account the viscous effects,

σ = Eε for ε ≤ εc (14)

σt(w) = ft

(
1− w

wup
c

)
for 0 ≤ w ≤ wup

c (15)

σ = 0 for w > wc (16)

where εc refers to the limit in the elastic phase, σc
t represents the tensile strength of the material and wup

c indicates
the updated value for the critical crack opening, wc, which is wup

c = G(ẇ)wc:
The new bilinear cohesive law is following defined [6]:

σ = Eε for ε ≤ εc (17)

σt(w) = ft

1−

(
ft − f

′′

t

)
w′′

 w

G(ẇ)
for 0 ≤ w ≤ w

′′

up (18)

σt(w) =
f

′′

t

w′′ − wc

w

G(ẇ)
+ f ′′

t

(
1− w

′′

w′′ − wc

)
for w

′′

up ≤ w ≤ wup
c (19)

σt(w) = 0 for w > wup
c (20)

where the variables f
′′

t , w
′′

, w
′′

up, wc and wup
c are defined as:

f
′′

t =
f c
t

3
w

′′
=

0, 8 Gf

ft
w

′′

up = w
′′
G(ẇ) (21)

wc =
3, 6 Gf

ft
G(ẇ) wup

c = wcG(ẇ) (22)

The exponential cohesive law updated by viscous effects is finally defined:

σ
′′

t = Eε for ε ≤ εc (23)

σt(w) = fte

(
− ft

Gf

w
G(ẇ)

)
for w > 0 (24)
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Figure 1. Solid under tensile loading (a) Geometric and material properties (b) Mesh discretisation [9]

6 Applications

6.1 Application: Parallelepiped solid specimen on simple tensile test

The application defined in this work deals with a solid under tensile loading. The viscous-cohesive formula-
tion is applied in a mode I fracture propagation. Figure 1 presents the geometric and material properties, whereas
Figure 1 the mesh. The boundary mesh consists of 40 collocation points and 230 quadrilateral isoparametric
linear boundary elements. The tensile loading is applied in 200 load steps. Analytical results can be found in
literature[7–10]. This application can be found with more details in Almeida and Leonel [9]

Three loading rates were considere in this analyses, 10−7 m/s, 10−5 m/s and 10−3 m/s. Figure 2 presents
force versus displacement curves for the three cohesive laws. As expected, increasing the rate leads to an apparent
increasing in tensile strength of the material. Opposite behaviour was observed for the apparent fracturing energy.
Thus, the increase in the intensity of external loads triggers the fracture process when high loading rates are applied.
Furthermore, the critical crack opening reduces with increasing loading rates. This is an important feature of this
approach, which represents the physical phenomenon observed experimentally [2, 5, 6]. So, the material tends to
brittle behavior as the loading rate increases.

Figure 2. Force versus displacement curves considering viscous effects[9]

Figure 3 illustrates the displacement results provided by the viscous-cohesive dipole-based formulation along
X direction in the final load step (200th load step). The figure shows the structural collapse due to separation of
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the solid in two independent parts.

Figure 3. Crack path and displacement (m) at 200th load step

7 Conclusions

In this work, a tridimensional viscous-cohesive BEM formulation was proposed. Such formulation is based on
dipoles of stresses, leading to an alternative approach to other classic BEM approaches. The propose formulation
proved to be a powerful technique to the modelling of viscous-cohesive crack growth, and its robustness and
efficiency can be demonstrated in the light of the example presented this work, considering analytical results from
the literature. Future works include: Isogeometric analysis, enriched context and dynamic problems.
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