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Abstract. The present paper proposes a new finite element formulation for the analysis of RC slabs, accounting
for concrete cracking and reinforcement yielding. The proposed formulation, developed within the framework
of Lumped Damage Mechanics, considers that all inelastic effects are localized in lines and relates all numerical
parameters to the mechanical properties of the slab. The proposed variational approach is presented as a Nash non-
cooperative equilibrium point. It is verified, numerically, that the proposed FE leads to mesh-independent results.
Numerical simulations of some experimental tests are also presented. The results in terms of collapse mech-
anism, cracking network, and force-deflection curves showed that the model has significant accuracy, even for
non-symmetric free clamped and simple supported boundary conditions. It is also shown, through the confronta-
tion with experimental results, that the model correctly characterizes the initiation and development of complex
networks of cracks.
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1 Introduction

The cracking process of Reinforced Concrete (RC) slabs have been studied since the early 20th century. The
first approaches were presented by applying the theory of plasticity, in the limit analysis, aiming to get the collapse
loads of slabs, by estimating the collapse mechanism. These studies led to the development of the yield line theory
(YLT).

The YLT was firstly presented by Bach [1], but for a few numbers of slabs, based on the upper-bound theorem
[2]. Later the YLT was expanded by Ingerslev [3], for simple supported rectangular slabs, and finally presented in
a formal way by Johansen [4]. The concept of hinge line was also presented, which physically defines the rupture
lines in the slabs and mathematically, the concepts of plastic hinges of the theory of plasticity. This theory was
expanded to cover more cases [5, 6].

The studies of RC slabs were also made in the experimental field, by extensive campaigns, which several RC
slabs were molded and collapsed, which bearing capacities were compared to the one obtained by the YLT, as the
ones presented by [6, 7].

The use of the finite element method allowed the development of more complex studies, by applying different
theories to describe the cracking and damage process, as by continuum damage [8], extended finite element [9] or
smeared crack [10] approaches.

Other approach to analyses the nonlinear effects of structures are the Lumped Damage Mechanics. This
theory was presented in the early nineties for the analysis of RC frames under seismic loads [11–15] and expanded
for continuum media [16–18] and RC slabs [19]. Note that this theory already showed mesh-independence [17,
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19, 20].
Therefore, the objective of this paper is presenting a comparative analysis on RC concrete slabs analyzed by

using the LDM theory, the YLT and experimental results. Slabs with different geometries and boundary conditions
were compared in terms of damage distribution with experimental cracking pattern and bearing capacity with the
plastic hinge theory. It is observed that the results by using the LDM presented great accuracy, even for complex
cracking networks, and the collapse loads were quite close to the YLT, in favor of safety.

2 Yield Line Theory

The yield line theory presents three main hypotheses: the rupture lines (hinge lines) are straight lines; the
slab collapse mechanism is characterized by hinge lines, and the parts enclosed remain flat; along the hinge line,
the bending moment is equal to the bearing moment of the slab. The analysis of slabs may be made by the segment
equilibrium or by the virtual work method. This paper is focused on the last method.

Consider a slab under a concentrated load P in its center. The bending moments and the loads are in equi-
librium, when the yield lines are formed. The virtual work method states that the external work made by the
loads to create a virtual deflection must be equal to the virtual work done as the slab rotates at the yield lines to
accommodate the deflection. Note that the elastic rotations and deflections are smaller than the ones by the plastic
deformations, thus, they are not computed to the work equations [2]. For the case of a concentrated load in the
center of the slab, the external work We for a unitary virtual deflection is given by:

We = P × 1 (1)

Considering the hypothesis that along the hinge line the bending moment is constant, the internal work of a
slab may be computed by the product of the bending moment m, the length of the hinge line L and the rotation of
the hinge line θ, for the unitary virtual deflection. In case of “j” hinge lines, the internal work Wi is computed as:

Wi =

j∑
n=1

mn × θn × Ln (2)

Therefore, it is possible to define the bearing capacity of the slab, by equating the internal and external works.

3 Lumped damage modeling for reinforced concrete slabs

3.1 Constant Moment Triangle

Consider the constant moment triangle (CMT) plate finite element, presented by Morley [21], which have
six degrees of freedom, being the deflection in the corners and the normal rotation in the middle side nodes, as
presented in Fig. 1(a). The vector with the nodal deflections is written as:

{U} =
{

wi wj wk θa θb θc

}
(3)

being wi, wj , wk, the deflections of the nodes i, j, k, respectively, θa, θb and θc, the normal rotations of the midside
nodes, respectively.

Note that, it is possible to define the normal rotation to each side, ϕij , ϕjk, and ϕki, as the kinematic variable
for the CMT. Therewith, the kinematic equation is rewritten as:

{ϕ} = [B] {U} (4)
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Figure 1. CMT plate element: (a) Degrees of freedom, (b) bending moments, (c) LDM considerations and (d)
inelastic effects

[B] =


cij(yk−yj)+sij(xj−xk)

2A
cij(yi−yk)+sij(xk−xi)

2A
Lij

2A 1 0 0

Ljk

2A
cjk(yi−yk)+sjk(xk−xi)

2A
cjk(yj−yi)+sjk(xi−xj)

2A 0 1 0

cki(yk−yj)+ski(xj−xk)
2A

Lki

2A
cki(yj−yi)+ski(xi−xj)

2A 0 0 1

 (5)

being xi, xj and xk and yi, yj and yk the coordinates of the nodes i, j and k, respectively. The Lij , cij and sij are
the length, cosine and sine of the side ij, respectively, and so for the other sides. A is the area of the plate element.

Conjugated to the normal rotations, the normal bending moments (Fig. 1(b)) is given:

{M} =
{

Lijmij Ljkmjk Lkimki

}
(6)

where mij is the bending moment of the side ij, as shown in Fig. 1(b), and so for the other sides. The elasticity
law may be defined according to Eq. 7:

{Φ} = [F0] {M} → [F0] = A [T ] [D] [T ] (7)

being:

[D] =
Et3

12(1− ν2)


1 ν 0

ν 1 0

0 0 1−ν
2

 (8)

[T ] =


−Lijc

2
ij −Lijs

2
ij −2Lijcijsij

−Ljkc
2
jk −Ljks

2
jk −2Ljkcjksjk

−Lkic
2
ki −Lkis

2
ki −2Lkickiski

 (9)

where E, t, ν are the elasticity modulus, the thickness of the slab and the Poisson’s ratio, respectively. The nodal
forces vector is defined as:

{P} = [B] {M} (10)
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3.2 Lumped Damage Mechanic Approach

For the Lumped Damage Mechanics (LDM) approach, the inelastic effects (damage and plastic rotations) of
the element are lumped in the sides (Fig. 1(c)). To define the damaged configuration, six extra variables are insert
in the model, being the damage and plastic rotation variables for each side, as shown in (Fig. 1(d)). The damage
variable dij and the plastic rotation ϕp

ij represent the concrete cracking and the reinforcement yielding along the
hinge line ij and so for the other three sides. Considering the inelastic effects, the elasticity law are rewritten:

{Φ− Φp} = [F (D)] {M} → [F (D)] =


F0[1,1]
1−dij

F0[1, 2] F0[1, 3]

F0[2, 1]
F0[2,2]
1−djk

F0[2, 3]

F0[3, 1] F0[3, 2]
F0[3,3]
1−dki

 (11)

The damage evolution laws are given by the Griffith criterion:

{
˙dij = 0 → Gij < R(dij)

Gij = R(dij) → ˙dij > 0
(12)

Gij =
∂W

∂dij
=

(Lijmij)
2F [1, 1]

2(1− d2ij)

Rij = R0
ij + qij

ln(1− dij)

1− dij

where R0
ij and qij are parameters of the model. Finally, the plastic evolution laws are given by:

{
˙ϕp
ij = 0 → fij < 0

fij = 0 → ˙ϕp
ij > 0

(13)

fij =

∣∣∣∣Lijmij

1− dij
− cp,ijϕ

p
ij

∣∣∣∣− kij0

where cp,ij and kij0 are parameters of the model. An advantage of the proposed model is that its parameters may
be associated to the classical reinforced concrete theory parameters (cracking moment, plastic moment, ultimate
moment and ultimate plastic rotation). For a detailed review see Florez-Lopez et al. [12] and Cunha et al. [19] .

4 Numerical applications

This section presents the results for three reinforced concrete slabs, experimentally tested by Sawczuk and
Jaeger [6], under different boundary conditions and geometries, in which these authors did not present information
on the bearing capacity of the slabs. Therefore, the numerical results were compared to the experimental and YLT
ones, in terms of collapse load and the cracking pattern.

4.1 Retangular Reinforced Concrete Slab

The fist example is a rectangular RC slab under a concentrated load in its center load, which dimensions are
1.44 m x 2.16 m x 0.06 m, simply supported along all edges and fixed in the corners. The reinforcement was made
of steel bars with a diameter of 4 mm, each 4 cm, for both directions. The distances between the center of gravity of
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the reinforcement and the extreme compression fibers were 4.4 cm and 4.8 cm in X and Y directions, respectively,
leading to reinforcement ratios were equal to 0.715% and 0.655%, in directions X e Y, respectively. The physical
properties of the steel bars were yielding load, elasticity modulus, Poisson’s ratio, and yielding strain equal to
304 MPa, 115.78 GPa, 0.3, and 4.45‰, respectively. The physical properties of the concrete were: compressive
strength, elasticity modulus, and Poisson’s ratio equal to 18.63 MPa, 15 GPa, and 0.2, respectively. The simulation
was made considering the double symmetry of the slab, which mesh had 145 nodes and 64 finite elements. The
numerical and experimental results are presented in Fig. 2, which visualization of the results were replicated for
all slab.

Figure 2(a)-(b) presents the numerical results of damage and plastic rotation distribution. Note that the
damage results are quite close to the cracking pattern observed experimentally (Fig. 2(c)), presenting the main
cracking lines, in a “X” shape, and damaged regions parallels to the main crack. The plastic rotations also are in
agreement with the collapse mechanism expected by the literature. Sawczuk and Jaeger [6] did not present the
Force vs. Deflection curves. Fig. 2(d) presents the Load vs. Deflection results for the numerical model, which
bearing capacity was equal to 46.78 kN, and by the YLT, equal to 50.07 kN, that results are close and the numerical
one is in favor of the safety.

Figure 2. Rectangular slab: (a) damage condition, (b) Plastic rotations, (c) cracking pattern [6] and (d) Force vs.
Deflection curve

4.2 Square Reinforced Concrete Slab

The second example is a square RC slabs with dimensions of 1.44 m x 1.44 m x 0.06 m, simply supported
along all edges, which corners were fixed, and with a concentrated load in its center. The reinforcement arrange-
ment was made using steel bars with diameter of 4.2 mm in the X direction and 4 mm in the Y direction, each
4 cm, for both directions. The distances between the center of gravity of the reinforcement bars and the extreme
compression fibers were 4.38 cm and 4.8 cm, respectively, for the directions X and Y. Thus, the reinforcement ra-
tios were equal to 0.79% and 0.66% in horizontal and vertical directions, respectively. Similar to the first example,
it was considered the symmetry, and the mesh had 145 nodes and 64 finite elements, and the results were replicated
for all slab. Likewise the first example, note that the results of cracking pattern observed experimentally (Fig 3(c))
is quite similar to the damaged configuration obtained numerically (Fig. 3(a)), with the main collapse mechanism
in a “X” shape, corroborated by the plastic rotations, and damage lines parallel to the main one. The numerical
Force vs. Deflection results are also quite close to the bearing capacity obtained by the YLT, equal to 43.06 kN
and 47.23 kN, respectively, in favor of safety.

4.3 Asymmetric Square Reinforced Concrete Slab

The third example is an asymmetric slab, which three edges were simply supported, and the last one was free,
with the corners fixed 4(a). The physical properties and geometric information of the slabs are equal to the second
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Figure 3. Square slab: (a) damage condition, (b) Plastic rotations, (c) cracking pattern [6] and (d) Force vs.
Deflection curve

example. It was considered the vertical symmetry and the mesh had 281 nodes and 128 finite elements. Note
that for this example, the simulations leaded to damage distribution that are in agreement with the experimental
cracking pattern, as shown in Fig. 4(b) and (d). Note that, for this boundary conditions, the collapse mechanism is
in “Y” shape, which is observed by the plastic rotations (Fig. 4(c)). The Force vs. Deflection curve for this slab
is presented in Fig. 4(e), which bearing capacity of the slab was equal to 32.37 kN, while the value computed by
the YLT was equal to 34.58 kN. These results corroborate the previous ones, which the complex cracking patterns
were achieved by the numerical simulations and the bearing capacity of the slabs are close to the reference ones.

Figure 4. Asymmetric slab: (a) test set-up, (b) damage condition, (c) Plastic rotations, (d) cracking pattern [6] and
(e) Force vs. Deflection curve

5 Conclusions

Lumped Damage Mechanics has been applied for several engineering problems and showing a high accuracy
to describe the nonlinear problems. This paper presented the analysis of reinforced concrete slabs, by applying
the LDM in the constant moment triangle. It was possible to note that the numerical damage distributions for all
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cases are in agreement with the cracking pattern experimentally observed. The Load vs. Deflection results are
also available, which bearing capacity of the slab were achieved quite close to the values that are computed by the
yielding line theory.
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