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Abstract. The cold formed steel members (CFS) are light steel options widely applied in the civil 

construction. Furthermore, the CFS is a very slender option that allows the buckling behavior to develop 

on local, distortional and global modes. In this away, it is expected that a greater attention over this 

structural solution is necessary to guarantee the reliability and safety of the structure. On recent studies, 

it has been shown that when the local, distortional and global modes occur with similar critical loads, 

the strength capacity of the structural member is reduced due to a coupled phenomenon. The proposed 

paper will discuss the distortional-global (D-G) buckling interaction of CFS lipped channels columns 

under axial load. Additionally, it is developed a computer program (FStr) for elastic buckling analysis, 

based on Finite Strip Method (FSM), in order to find CFS columns experiencing D-G interaction. The 

program is developed on MATLAB with an easy graphical user interface. After settled the profiles under 

strong interaction, a non-linear analysis using Finite Element Method (FEM) is used to find the strength 

of the columns. Additional analysis and comments are discussed in order to understand the behavior and 

the strength capacity of the CFS lipped channel columns under the proposed buckling interaction. 

Keywords: Cold-formed Steel Lipped Channel Columns; Distortional-Global Buckling Interaction; 

Finite Strip Method.  
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1  Introduction 

The major tasks of structural engineers are to design low-cost solutions. Thus, saving weight on the 

structure will lead to solution with less consuming material, and consequently a better economical 

option. Under these circumstances, light steel construction enables cost saving in the superstructure as 

well as in the substructure and foundation. Choosing thin-walled steel members is a frequent option 

because of a less consuming material, engineering design and architectural concepts. However, light 

gauge steel members are slender structures, which bring up additional stability problems. (Batista et al. 

[1]) 

The instability phenomena occur commonly on the cold-formed steel (CFS) members, due its very 

slender thin-walled open cross-sections. In general, these phenomena can be individually named: local 

– L, distortional – D or global – G (flexural-torsional or flexural) buckling, as can be shown in Fig. 1 in 

2D and 3D. More specifically, these general buckling modes can interact resulting in a coupled 

instability phenomenon. Coupled instabilities are composed by at least two buckling modes and can be 

identified as L-D, L-G, D-G and L-D-G. According to Batista et al. [1], the coupled phenomena lead to 

erosion of the limit load, in other words means loss of the ultimate strength.  

 

 

 (a) (b) (c) (d) 

Figure 1. Cold-formed steel lipped-channel fixed-fixed end condition experiencing (a) local 

L=252mm, (b) distortional L=1379mm, (c) flexural-torsional L=2557mm and (d) flexural buckling 

L=14521mm. 

So far, the study of the coupled phenomenon on the post-buckling and strength is well known for 

local-global mode interaction. The L-G interaction is already on the standards for hot-rolled and cold-

formed steel members in the effective section method by Batista [2], as well in the direct strength method 

(DSM) by Schafer [3] & [4]. Initially, the first proposal for the DSM was published by Schafer and 

Peköz [5], based on the original idea of Hancock et al. [6]. Up to now, it is the most adopted method for 

designing CFS structures. 

In addition, the local-distorcional (L-D) interaction has been becoming increasingly popular in the 

past 20 years. Different studies on the post-buckling and strength on this coupled phenomenon were 

performed by Yang and Hancock [7], Dinis et al. [8], Camotim et al. [9], Kwon et al. [10], Silvestre et 

al. [11], Martins et al. [12] and Matsubara et al. [13]. Some of these researches, e.g. Yang and Hancock 

[7], Camotim et al. [9], Silvestre et al. [11] and Matsubara et al. [13], bring about DSM reviews and 

predictions considering the L-D interaction.  

2  DG Interaction Concepts and Relevance 

The Distortional-Global (D-G) interaction can be illustrated using the “signature curve”, shown in 

the Fig. 2, the result of the finite strip method program developed by the first author. Basically, when 

the critical load due the distortional buckling is in a domain relatively close to the global buckling, it is 
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highly possible to experience the D-G interaction. Figure 2 shows the signature curve for the first and 

second modes with 10 terms of half-waves and the first mode with only one term of half-wave. In 

addition, the Fig. 2 present the column’s length where it is expected to have the strongest D-G coupled 

phenomenon. For the signature curve bellow, it is used a lipped channel section C 100x70x15x2.70 mm, 

under axial compressive load, with fixed-fixed end condition and for a set of 200 lengths, spaced equally 

in logarithm scale. 

 

Figure 2. Signature Curve (Critical Load vs Column’s Length) showing the length of D-G interaction 

and its elastic buckling modes delimitations. 

In the past few years, researches related to the D-G interaction has taken progress. One of the first 

studies on this topic was discussed by Dinis and Camotim [14] & [15]. These researches performed 

post-buckling and strength analysis of CFS lipped channels due compressive loads under D-G coupled 

phenomenon. Rossi et al. [16] performed experimental investigations on 48 full-scale tests using 

stainless steel lipped channel section columns, experiencing distortional, flexural-torsional and 

combined distortional-flexural-torsional buckling mode. 

Dinis and Camotim [14] & [15] concluded that in the critical buckling length for D-G interaction, 

prevails the distortional-flexural-torsional mode, as an asymmetrical modal form of the distortional 

mode. This study contradicts the general concept of exclusively global buckling in that specifically 

critical buckling length. Also, the authors corroborate that the asymmetrical modal form (distortional-

flexural-torsional) reduces the post-critic strength, due the instable pos-buckling behavior. In addition, 

they noticed that the equilibrium path is very sensible to the initial imperfections. Practically, the 

columns with pure global initial imperfection has a lower critical load than the columns with pure 

distortional imperfection. 

Nonetheless, the North-American standard, AISI S100-12 [17], and the Australian/New Zealand 

standard, AS/NZS 4600 [18], follows the effective width method, which carry the D-G interaction, 

according to Dinis and Camotim [15], based on laboratory experiments, conducted by Desmond et al. 

[19]. However, the studies proposed by Desmond et al. do not bring an explicit approach for the 

mechanics of the modal interaction, as it is shown in Dinis and Camotim [15]. Therefore, it is expected 

that the considerations using in the North-American and Australian/New Zealand standards are 

conservative. 

Recent studies about the D-G interaction were performed on beams in pure bending. Niu et al. [20] 

develop an experimental investigation of stainless steel lipped channels beams. The same authors did a 

numeric study as a second part of their full study (Niu et al. [21]), using the experimental data from the 

first part. Another study on beams was accomplished by Martins et al. [22] & [23], using the generalized 

beam theory (GBT) as an analysis method. Likewise Niu et al. [20] & [21], the study was divided in 

two parts: Mechanics and Elastic Behavior (Martins et al. [22]); Strength, Relevance and DSM Design 

(Martins et al. [23]). Martins et al. [24] did  the same study, but with zed-sections beams, publish in a 
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single version.  

The newest studies on CFS lipped channel columns, under D-G coupled phenomenon are mostly 

focused on the mechanics of the D-G interaction and design procedures. Anbarasu [25] performed 

experimental tests and numeric finite element method, in order to provide a parametric study and design 

recommendations for the D-G interaction behavior. Martins et al. [26] & [27] are recent studies on CFS 

lipped channel columns, with fixed-fixed end conditions under D-G interaction, which gives design 

procedures for the direct strength method. 

3  The Finite Strip Method 

The present work uses the finite strip method (FSM) as an elastic buckling analysis. The FSM was 

originally formulated by Yau Kai Cheung, honorary professor of The University of Hong Kong (Cheung 

[28]). On the other hand, it was Gregory J. Hancock, emeritus professor of The University of Sydney, 

that begum using the method in structural elements as hot-rolled sections and cold-formed steel sections 

(e.g. Hancock et al.  [29], [30] & [31]). Hancock changed the stiffness matrix of Cheung and developed 

his own computational program, BFINST (Hancock et al. [32]), which gives the solution for the 

buckling analysis on thin-walled members with open cross sections. 

The Finite Strip Method is a particular case of the Finite Element Method (FEM). Briefly, the FEM 

uses polynomial shape functions in all directions, while the FSM uses polynomials shape functions in 

transverse direction and trigonometric shape functions in longitudinal direction, which satisfies the 

boundary conditions. The main advantage in using the FSM is to reduce the structure’s degrees of 

freedom, in order to acquire performance and time in the elastic buckling analysis. 

For this investigation, the FSM is implemented in MATLAB platform (MathWorks [33]), and is 

entitled FStr computer program application. The method formulation is based on the book written by 

Cheung [28] and other sources: Li and Shafer [34], Schafer [35] and Li [36]. The element is a lower 

order rectangular strip with two nodal lines (LO2) as can be shown in Fig. 3. 

 

 (a) (b) (c) 

Figure 3. Lower order rectangular strip with two nodal lines (LO2). (a) Strip discretization in a Lipped 

channel section. (b) Degrees of freedom on nodal lines. (c) External end tractions applied to the strip. 

Source: Li and Shafer [34]. 

First, the displacement field inside de strip can be approximated by Eq. (1), using the nodal 

displacements {𝑑}, shown in Fig. 3-b, and the shape function matrix [𝑁] (Eq. (2)). The displacements 

field for each strip, {𝑢 𝑣 𝑤}𝑇, is determined as a summation of all longitudinal terms, from 1 to 𝑚. 

 {
𝑢
𝑣
𝑤

} = [𝑁]{𝑑} = ∑ [𝑁]𝑝{𝑑}𝑝
𝑚
𝑝=1 = ∑ [𝑁]𝑝 {𝑢1 𝑣1 𝑢2 𝑣2 𝑤1 𝜃1 𝑤2 𝜃2 }𝑝

𝑇
.𝑚

𝑝=1   (1) 

The shape function matrix is given in the Eq. (2). Note that this matrix is composed by polynomial 
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functions times 𝑌𝑝, which is a trigonometric function, given in the Eq. (3) for Simple-Simple end 

condition, and in the Eq. (4) for Fixed-Fixed end condition. 

[𝑁]𝑝 =

[
 
 
 
(1 − 𝑥̅)𝑌𝑝 0 𝑥̅ 𝑌𝑝 0 0 0 0 0

0 (1 − 𝑥̅)  
𝑌𝑝

′

𝜆𝑝
0 𝑥̅  

𝑌𝑝
′

𝜆𝑝
0 0 0 0

0 0 0 0 (1 − 3𝑥̅2 + 2𝑥̅3)𝑌𝑝 𝑥(1 − 2𝑥̅ + 𝑥̅2)𝑌𝑝 (3𝑥̅2 − 2𝑥̅3)𝑌𝑝 𝑥(𝑥̅2 − 𝑥̅)𝑌𝑝]
 
 
 

. 

  (2) 

 𝑌𝑝 = 𝑠𝑖𝑛(𝜆𝑝 𝑦). (3) 

 𝑌𝑝 = 𝑠𝑖 𝑛(𝜆𝑝 𝑦) 𝑠𝑖 𝑛 (
𝜋𝑦

𝑎
). (4) 

In Eqs. (2) to (4) 𝜆𝑝 = 𝑝𝜋 𝑎⁄  , 𝑥̅ = 𝑥 𝑏⁄  and 𝑝 is de half-wave term. More end conditions can be 

found in Li and Schafer [34]. 

The formulation of the finite strip now can be defined using the principle of minimum total energy. 

According to Cheung [28], the principles states that “of all compatible displacements satisfying given 

boundary conditions, those which satisfy the equilibrium conditions make the total potential energy 

assume a stationary value”. In another words, the Eq. (5) shows in mathematical form 

 {
𝜕𝛱

𝜕{𝑑}
} = {

𝜕𝛱

𝜕{𝑑}1

𝜕𝛱

𝜕{𝑑}2
⋯

𝜕𝛱

𝜕{𝑑}𝑚
}
𝑇

= {0}, 𝑤ℎ𝑒𝑟𝑒 𝛱 = 𝑈 + 𝑊 (5) 

in which 𝛱 is the total potential energy, 𝑈 is the strain energy and 𝑊 is the potential energy of external 

forces. 

By definition, the strain energy of a three dimensional solid is defined by Eq. (6).  

 𝑈 =
1

2
 ∰  {𝜀}𝑇{𝜎} 𝑑𝑉 =

1

2
∰{𝑑}𝑇[𝐵]𝑇[𝐷][𝐵]{𝑑} 𝑑𝑉. (6) 

In Eq. (6) {𝜀} is the strain, compound by the sum of the bending and twisting curvature strain ({𝜀𝐵}) 
with the normal and shear strain ({𝜀𝑀}). Also, {𝜎} is the stress, related to the strains, [𝐵] is the strain-

displacement matrix and [𝐷] is the elasticity matrix. 

The stiffness matrix can now be computed substituting Eq. (6) in the Eq. (5). Doing the appropriate 

differentiation and organizing in the form [𝑘]{𝑑} − {𝐹} = {0}, the general stiffness matrix is given by: 

 [𝑘] = ∰[𝐵]𝑇[𝐷][𝐵] 𝑑𝑉 = ∑ ∑ ∑ ∑ ∫ ∫ ∫ [𝐵𝑖]
𝑝

𝑇
[𝐷][𝐵𝑗]

𝑞
 𝑑𝑥 𝑑𝑦 𝑑𝑧

𝑏

0

𝑎

0

𝑡

0
𝑛
𝑞=1

𝑚
𝑝=1

𝑠
𝑗=1

𝑠
𝑖=1 . (7) 

Solving Eq. (7) for the membrane strain, which consider plane stress assumptions, it leads to the 

elastic stiffness matrix for the membrane, given by Eq. (8). The matrix corresponds to the half-waves 𝑝 

and 𝑞, from node 𝑖 to node 𝑗. 

 [𝑘𝑀
𝑖𝑗
]
𝑝𝑞

= 𝑡

[
 
 
 
 
 
 
 (

𝐸1𝐼1

𝑏
+

𝐺𝑥𝑦𝑏𝐼5

3
) (−

𝐸2𝜈𝑥𝐼3

2𝜆𝑞
−

𝐺𝑥𝑦𝐼5

2𝜆𝑞
) (−

𝐸1𝐼1

𝑏
+

𝐺𝑥𝑦𝑏𝐼5

6
) (−

𝐸2𝜈𝑥𝐼3

2𝜆𝑞
+

𝐺𝑥𝑦𝐼5

2𝜆𝑞
)

(−
𝐸2𝜈𝑥𝐼2

2𝜆𝑝
−

𝐺𝑥𝑦𝐼5

2𝜆𝑝
) (

𝐸2𝑏𝐼4

3𝜆𝑝𝜆𝑞
+

𝐺𝑥𝑦𝐼5

𝑏𝜆𝑝𝜆𝑞
) (

𝐸2𝜈𝑥𝐼2

2𝜆𝑝
−

𝐺𝑥𝑦𝐼5

2𝜆𝑝
) (

𝐸2𝑏𝐼4

6𝜆𝑝𝜆𝑞
−

𝐺𝑥𝑦𝐼5

𝑏𝜆𝑝𝜆𝑞
)

(−
𝐸1𝐼1

𝑏
+

𝐺𝑥𝑦𝑏𝐼5

6
) (

𝐸2𝜈𝑥𝐼3

2𝜆𝑞
−

𝐺𝑥𝑦𝐼5

2𝜆𝑞
) (

𝐸1𝐼1

𝑏
+

𝐺𝑥𝑦𝑏𝐼5

3
) (

𝐸2𝜈𝑥𝐼3

2𝜆𝑞
+

𝐺𝑥𝑦𝐼5

2𝜆𝑞
)

(−
𝐸2𝜈𝑥𝐼2

2𝜆𝑝
+

𝐺𝑥𝑦𝐼5

2𝜆𝑝
) (

𝐸2𝑏𝐼4

6𝜆𝑝𝜆𝑞
−

𝐺𝑥𝑦𝐼5

𝑏𝜆𝑝𝜆𝑞
) (

𝐸2𝜈𝑥𝐼2

2𝜆𝑝
+

𝐺𝑥𝑦𝐼5

2𝜆𝑝
) (

𝐸2𝑏𝐼4

3𝜆𝑝𝜆𝑞
+

𝐺𝑥𝑦𝐼5

𝑏𝜆𝑝𝜆𝑞
)

]
 
 
 
 
 
 
 

. (8) 

Where:  𝜆𝑝 =
𝑝𝜋

𝑎
; 𝜆𝑞 =

𝑞𝜋

𝑎
;  𝐼1 = ∫ 𝑌𝑝𝑌𝑞𝑑𝑦

𝑎

0
;  𝐼2 = ∫ 𝑌𝑝

′𝑌𝑞
′𝑑𝑦

𝑎

0
;  𝐼3 = ∫ 𝑌𝑝𝑌𝑞

′′𝑑𝑦
𝑎

0
;  𝐼4 = ∫ 𝑌𝑝

′′𝑌𝑞
′′𝑑𝑦

𝑎

0
;  𝐼5 = ∫ 𝑌𝑝

′′𝑌𝑞𝑑𝑦
𝑎

0
;  

𝐸1 =
𝐸𝑥

1−𝜈𝑥𝜈𝑦
; 𝐸2 =

𝐸𝑦

1−𝜈𝑥𝜈𝑦
;  𝐺𝑥𝑦 =

𝐸𝑥𝐸𝑦

𝐸𝑥(1+2𝜈𝑦)+𝐸𝑦
.  

The integrals 𝐼1, 𝐼2, 𝐼3, 𝐼4 and 𝐼5 are analytically solved in Li and Schafer [34]. Moreover, 𝐸𝑥 and 

𝐸𝑦 are the elastic modulus for 𝑥 and 𝑦 directions, 𝜈𝑥 and 𝜈𝑦 are the Poisson’s ratio for 𝑥 and 𝑦 directions 

and 𝐺𝑥𝑦 is the shear modulus. 

Solving Eq. (7) for the bending strain, which consider Kirchoff thin plate theory assumptions, it 

leads to the elastic stiffness matrix for the bending, given by Eq. (9). 
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[𝑘𝐵1
𝑖𝑗

]
𝑝𝑞

= 840 𝐷𝑥𝐼1 [

6 3𝑏 −6 3𝑏
3𝑏 2𝑏2 −3𝑏 𝑏2

−6 −3𝑏 6 −3𝑏
3𝑏 𝑏2 −3𝑏 2𝑏2

] ;   [𝑘𝐵2
𝑖𝑗

]
𝑝𝑞

= 14 𝐷1 𝑏
2

[
 
 
 
−36𝐼2 −33𝑏𝐼2 36𝐼2 −3𝑏𝐼2
−33𝑏𝐼3 −4𝑏2𝐼2 3𝑏𝐼2 𝑏2𝐼2
36𝐼2 3𝑏𝐼2 −36𝐼2 33𝑏𝐼2

−3𝑏𝐼2 𝑏2𝐼2 33𝑏𝐼3 −4𝑏2𝐼2]
 
 
 

; 

[𝑘𝐵3
𝑖𝑗

]
𝑝𝑞

= 14 𝐷1 𝑏
2

[
 
 
 
−36𝐼3 −3𝑏𝐼3 36𝐼3 −3𝑏𝐼3
−3𝑏𝐼2 −4𝑏2𝐼3 3𝑏𝐼3 𝑏2𝐼3
36𝐼3 3𝑏𝐼3 −36𝐼3 3𝑏𝐼3

−3𝑏𝐼3 𝑏2𝐼3 3𝑏𝐼2 −4𝑏2𝐼3]
 
 
 

;   [𝑘𝐵4
𝑖𝑗

]
𝑝𝑞

= 𝐷𝑦 𝑏4𝐼4 [

156 22𝑏 54 −13𝑏
22𝑏 4𝑏2 13𝑏 −3𝑏2

54 13𝑏 156 −22𝑏
−13𝑏 −3𝑏2 −22𝑏 4𝑏2

] ; 

[𝑘𝐵5
𝑖𝑗

]
𝑝𝑞

= 56 𝐷𝑥𝑦 𝑏2𝐼5 [

36 3𝑏 −36 3𝑏
3𝑏 4𝑏2 −3𝑏 −𝑏2

−36 −3𝑏 36 −3𝑏
3𝑏 −𝑏2 −3𝑏 4𝑏2

] ; 

 [𝑘𝐵
𝑖𝑗
]
𝑝𝑞

=
1

420 𝑏3 ([𝑘𝐵1
𝑖𝑗

]
𝑝𝑞

+ [𝑘𝐵2
𝑖𝑗

]
𝑝𝑞

+ [𝑘𝐵3
𝑖𝑗

]
𝑝𝑞

+ [𝑘𝐵4
𝑖𝑗

]
𝑝𝑞

+ [𝑘𝐵5
𝑖𝑗

]
𝑝𝑞

). (9) 

In Eq. (9) 𝐼1 = ∫ 𝑌𝑝𝑌𝑞𝑑𝑦
𝑎

0
;  𝐼2 = ∫ 𝑌𝑝

′𝑌𝑞
′𝑑𝑦

𝑎

0
;  𝐼3 = ∫ 𝑌𝑝𝑌𝑞

′′𝑑𝑦
𝑎

0
;  𝐼4 = ∫ 𝑌𝑝

′′𝑌𝑞
′′𝑑𝑦

𝑎

0
;  𝐼5 = ∫ 𝑌𝑝

′′𝑌𝑞𝑑𝑦
𝑎

0
; 

𝐷𝑥 =
𝐸𝑥𝑡3

12(1−𝜈𝑥𝜈𝑦)
 ;  𝐷𝑦 =

𝐸𝑦𝑡3

12(1−𝜈𝑥𝜈𝑦)
;  𝐷1 =

𝜈𝑥𝐸𝑦𝑡3

12(1−𝜈𝑥𝜈𝑦)
=

𝜈𝑦𝐸𝑦𝑡3

12(1−𝜈𝑥𝜈𝑦)
 ; 𝐷𝑥𝑦 =

𝐺𝑥𝑦𝑡3

12
  ; 𝐺𝑥𝑦 =

𝐸𝑥𝐸𝑦

𝐸𝑥(1+2𝜈𝑦)+𝐸𝑦
.  

The integrals 𝐼1, 𝐼2, 𝐼3, 𝐼4 and 𝐼5 are analytically solved in Li and Schafer [34]. 

For the stability problem, it is necessary formulate the geometric matrix due an initial stress. The 

finite strip element is LO2, subjected to initial tractions that varies linearly, as shown in Fig. 3-c. 

However, the distribution of edge tractions along the longitudinal axis is constant. Thus, the potential 

energy due the in-plane forces is given by: 

 𝑉 =
1

2
 ∰  {𝜎1 − (𝜎1 − 𝜎2)𝑥̅} {(

𝜕𝑢

𝜕𝑦
)
2
+ (

𝜕𝑣

𝜕𝑦
)
2
+ (

𝜕𝑤

𝜕𝑦
)
2
}  𝑑𝑉       𝑠𝑒𝑛𝑑𝑜, 𝑥̅ =

𝑥

𝑏
.  (10) 

Working on the Eq. (10) using matrix formulation, it leads to a more organized expression, in 

function of the loadings 𝑇1 and 𝑇2, reaching to the Eq. (11). 

 𝑉 =
1

2
 ∫ ∫ {𝑇1 − (𝑇1 − 𝑇2)𝑥̅} {𝑑}𝑚

𝑇 [𝐺]𝑚
𝑇 [𝐺]𝑛{𝑑}𝑛 𝑑𝑥

𝑏

0
𝑑𝑦

𝑎

0
=

1

2
∑ ∑ {𝑑}𝑝

𝑇[𝑘𝑔]𝑝𝑞{𝑑}𝑞
𝑛
𝑞=1  .𝑚

𝑝=1  (11) 

The geometric matrix can also be obtained with the minimization of the total potential energy due 

the initial stress. But it is already obvious to notice that geometric matrix formulation in the expression 

inside the total potential energy, Eq. (11). The general expression for the geometric stiffness matrix or 

the initial stress matrix is written in Eq. (12). 

 [𝑘𝑔] = ∑ ∑ ∑ ∑ ∫ ∫ {𝑇1
𝑖 − (𝑇1

𝑖 − 𝑇2
𝑗
)𝑥̅} [𝐺𝑖]

𝑝

𝑇
 [𝐺𝑗]

𝑞
 𝑑𝑥

𝑏

0
𝑑𝑦

𝑎

0
𝑛
𝑞=1

𝑚
𝑝=1

𝑠
𝑗=1

𝑠
𝑖=1 . (12) 

Similar to the stiffness matrix, the initial stress matrix will be divided into membrane and bending. 

Solving the Eq. (12) for the membrane case, it leads to geometric stiffness matrix for the membrane, 

shown in Eq. (13). 

 [𝑘𝑔𝑀
𝑖𝑗
]
𝑝𝑞

=
𝑏

12

[
 
 
 
 
 
(3𝑇1 + 𝑇2)𝐼5 0 (𝑇1 + 𝑇2)𝐼5 0

0
(3𝑇1+𝑇2)𝐼4

𝜆𝑝𝜆𝑞
0

(𝑇1+𝑇2)𝐼4

𝜆𝑝𝜆𝑞

(𝑇1 + 𝑇2)𝐼5 0 (𝑇1 + 3𝑇2)𝐼5 0

0
(𝑇1+𝑇2)𝐼4

𝜆𝑝𝜆𝑞
0

(𝑇1+3𝑇2)𝐼4

𝜆𝑝𝜆𝑞 ]
 
 
 
 
 

. (13) 

 In Eq. (13) we have 𝜆𝑝 =
𝑝𝜋

𝑎
; 𝜆𝑞 =

𝑞𝜋

𝑎
;  𝑇1 = 𝜎1𝑡;  𝑇2 = 𝜎2𝑡;  𝐼4 = ∫ 𝑌𝑝

′′𝑌𝑞
′′𝑑𝑦

𝑎

0
;  𝐼5 = ∫ 𝑌𝑝

′′𝑌𝑞𝑑𝑦
𝑎

0
.  

Likewise, solving the Eq. (12) for the bending case, it leads to geometric stiffness matrix for the 

bending, shown in Eq. (14). 
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 [𝑘𝑔𝐵
𝑖𝑗
]
𝑝𝑞

=
𝑏𝐼5 

35

[
 
 
 
 
 
 (10𝑇1 + 3𝑇2)

(15𝑇1+7𝑇2)𝑏

12

9(𝑇1+𝑇2)

4
−

(7𝑇1+6𝑇2)𝑏

12

(15𝑇1+7𝑇2)𝑏

12

(5𝑇1+3𝑇2)𝑏2

24

(6𝑇1+7𝑇2)𝑏

12
−

(𝑇1+𝑇2)𝑏2

8
9(𝑇1+𝑇2)

4

(6𝑇1+7𝑇2)𝑏

12
(3𝑇1 + 10𝑇2) −

(7𝑇1+15𝑇2)𝑏

12

−
(7𝑇1+6𝑇2)𝑏

12
−

(𝑇1+𝑇2)𝑏2

8
−

(7𝑇1+15𝑇2)𝑏

12

(3𝑇1+5𝑇2)𝑏2

24 ]
 
 
 
 
 
 

. (14) 

 Where: 𝑇1 = 𝜎1𝑡;  𝑇2 = 𝜎2𝑡;  𝐼5 = ∫ 𝑌𝑝
′′𝑌𝑞𝑑𝑦

𝑎

0
. 

For the assumed flat shell strip used (LO2), there is no interaction between the bending and the 

membrane. Due to that, the elastic stiffness matrix and the geometric stiffness matrix is obtained 

assembling the membrane and bending matrices through a simple combination, as described in Eq. (15). 

 [𝑘𝑖𝑗]
𝑝𝑞

= [
[𝑘𝑀

𝑖𝑗
]
𝑝𝑞

[0]4 𝑥 4

[0]4 𝑥 4 [𝑘𝐵
𝑖𝑗
]
𝑝𝑞

 
]

8 𝑥 8

          [𝑘𝑔𝑖𝑗]
𝑝𝑞

= [
[𝑘𝑔𝑀

𝑖𝑗
]
𝑝𝑞

[0]4 𝑥 4

[0]4 𝑥 4 [𝑘𝑔𝐵
𝑖𝑗
]
𝑝𝑞

 
]

8 𝑥 8

. (15) 

The matrices in the Eq. (15) are for the half-waves 𝑝 and 𝑞, from node 𝑖 to node 𝑗, in local 

coordinates. Thus, the global matrices are obtained assembling all the half-waves terms in each 

corresponding degree of freedom. For the assembling, it is necessary to transform the local coordinate 

into global coordinates. In this case, it is considered a common 𝑦 axis for the local and global 

coordinates. More details about the assembly of the global stiffness matrices can be found in Schafer 

and Ádány [37]. 

After the assembling, the general stability solution is obtained solving the eigenvalue equation 

described in the Eq. (16).  

 ([𝐾] − [𝛬][𝐾𝐺])[𝛷] = [0]    𝑜𝑟      [𝐾][𝛷] = [𝛬][𝐾𝐺][𝛷]. (16) 

Using the global elastic stiffness matrix [𝐾], the global geometric stiffness matrix [𝐾𝐺] and a 

proper eigenvalue problem solver, it is possible to obtain the eigenvalues [𝛬], which are the critical 

tractions, and the eigenvectors [𝛷], which are the critical modal shapes. 

4  Computer Program FStr 

The finite strip method is implemented in MATLAB platform, MathWorks [33], which turn out to 

be a computer program application. Entitle FStr, the program performs an elastic buckling analysis of 

thin walled structures. A graphical user interface (GUI) of the program is designed, in order to make the 

program a useful and easy tool to perform the buckling analysis (Fig. 4). 

4.1 Graphical User Interface 

The GUI is created using the App Designer, from MathWorks, which is a powerful and easy 

development environment for designing apps. The FStr computer program and its GUI design is inspired 

on the CUFSM 5 – Finite Strip Elastic Buckling Analysis Application – by Schafer et al. [37], [38], [39] 

& [40]. Figure 4 shows the GUI of the FStr computer program. 

Basically, the computer program is in function of some initial parameters and Fig. 4 shows in details 

those parameters. It is necessary to discretize the section in nodal points, to increase more precision on 

the method. The panel Coordinates has: the node number, coordinate in global X and Z direction and 

the initial stress in each node. The Elements panel represents the connectivity between the nodes, in 

order to define the element and also its width. Also, the panel Material has the elastic modulus and the 

Poisson’s ratio for 𝑥 and 𝑦 local directions. The panel with the Strip Properties is defined the boundary 

condition, terms of half-waves and lengths of the thin-walled structural element. After all the initial 

parameters defined, the program is set up to perform the analysis. As a result of the analysis, the 

signature curve is shown, in addition to the 2D modal shape in each length and in a specific length 

position ratio. Also, it can be plotted a 3D modal shape for a specific length, with a color scale, showing 
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the resultant displacement. 

 

Figure 4. The FStr Graphical User Interface. 

The program implementation was planned to have a better performance than the others elastic 

buckling analysis programs, with an easy and light GUI. As a result of that, the program has a powerful 

role on optimization problems, which turned out to reduce the time for running the objective function. 

 

4.2 Validation of the FStr Program 

The FStr computer program is validated comparing its results with other methods and computer 

applications. The methods used for comparison are the Finite Element Method (FEM), Generalized 

Beam Theory (GBT) and Constrained and Unconstrained Finite Strip Method (CUFSM).  

For the validation, it is performed an elastic buckling analysis for a range of 200 lengths of columns. 

Also, for all the methods used, it is treated a column under uniform axial compression, with fixed-fixed 

end condition,   

The FEM is used with assistance of the ANSYS Mechanical APDL 17.0 [41]. The main mode 

extraction method to be used for the buckling analysis is the subspace iteration, which is suitable to find 

the modes for large models. Additional finite element model specifications about the column 

discretization, type of element, boundary conditions, etc. is well detailed in section 5. 

The other method used for comparison, the GBT, is used with accordance to the GBTUL 2.0.4.4  

computer application, by Bebiano et al. [42]. For this method, it is used all the conventional modes, 

numerical solution with 20 beam finite elements, with clamped-clamped end condition. 

Lastly, the CUFSM is a method based on the FSM, which is also the same method as it was used 

for the developed computer application program, FStr. The CUFSM, by Schafer et al. [37], [38], [39] 

& [40], is an open free source program created by the professor Ben Schafer's thin-walled structures 

research group at Johns Hopkins University. For this method, it is used the same initial parameters as 

used in the FStr program: 10 half-wave terms, clamped-clamped end condition and 18 strips. 

The graph of critical load versus column’s length is illustrated in the Fig. 5 in accordance with the 

relative difference between the FStr computer application program with other numerical solutions.  
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Figure 5. Signature Curve and Relative Difference for validation of the FStr computer application 

program. 

First, comparing the two graphs in the Fig. 5, it can be seen that the CUFSM and the FStr provides 

the same results, with a maximum difference of 0.000056%. Also, the FStr reached close to the GBT 

method, with a maximum relative error of 2.0%. However, comparing the FStr with the FEM, the 

maximum relative error is 13.3%, which can be seen clearly in the signature curve. On the other hand, 

this maximum error occurs in short column’s length, which for this research is irrelevant. As shown in 

Fig. 2, the D-G modal interaction is stronger near to the length 1850mm. For a certain length range near 

to L=1850mm, the maximum relative difference is around 3.51%, which is an acceptable error or 

difference between the FEM and FSM. 

With respect to the modal shape, the Fig. 6 and 7 shows the comparison of the buckling mode shape 

for the column’s length of 1722 mm and 2222 mm, respectively. Note that the FStr gives the same 

buckling mode with same maximum amplitude, as it is given by the FEM. 

 

Figure 6. Tridimensional modal shapes comparison between FEM and FStr at L=1722 mm. 

Further, the time of performance of each method is shown in Fig. 5. Note that the FStr is the faster 

method, with a great precision, compared to the other methods. Accordingly, the FStr computer program 

application, is a powerful tool for elastic buckling analysis, that can be used for optimization problems 

or large number of buckling analysis.  

FEM 

L = 1722 mm 

FStr 

L = 1722 mm 
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Figure 7. Tridimensional modal shapes comparison between FEM and FStr at L=2222 mm. 

5  Finite Element Modeling  

For a numerical investigation of the D-G interaction, a FEM is performed in order to understand 

the structural behavior. Also, the FEM is used with assistance of ANSYS Mechanical APDL 17.0 [41]. 

The analysis using the FEM is addressed to detect the strength of the structural element, using a shell 

finite element analysis.  

5.1 Modeling Specifications 

First, the material properties are defined as a linear constant, for a homogeneous and isotropic steel. 

For the elastic modulus it is defined 200 GPa and the major Poisson’s ratio equal 0.3. Also, the material 

is considered as a bilinear isotropic hardening, which uses the von Mises yield criteria with an isotropic 

work hardening presumption. This hardening assumption, consider that the initial slope of the strain-

stress curve is the elastic modulus with a tangent modulus equal to zero, in the plastic strain. The yield 

strength of the material is 345 MPa, and with a thickness of 2.70mm. The base plate uses the same 

material property but with a 12mm of thickness. 

Secondly, the finite element type using here is the SHELL281. According to the ANSYS Theory 

Reference [41], the SHELL281 has 8 nodes, with 6 degrees of freedom, and is appropriate for linear, 

large rotation and large strain nonlinear situations. In addition, the SHELL281 formulation is placed on 

logarithmic strain and true stress measures. For this research, the finite element option is an element 

stiffness with bending and membrane considerations. 

Thirdly, the geometry and imperfections of the column is created using an FSM analysis previously. 

The FStr program performs the elastic buckling analysis, and with the corresponded modal critical 

shape, it generates points that are inserted into an APDL as KEYPOINTS. The modal critical shape is 

inserted as an initial imperfection, with an maximum amplitude depending on the mode (L/1000 for 

global imperfection and 0.94t for distortional imperfection, according with Schafer and Pekoz [43]). In 

this case, the shell geometry is composed by non-planar surfaces, when connecting 4 nearby 

KEYPOINTS. Figure 8 shows the point generation with predefined imperfections.  

The mesh generation has a particularity, it generates quadrilateral and triangle-shaped elements 

with an element size of 5mm. This mixed mesh occurs due the predefined imperfections from the FStr 

program. Even though the element shape chosen for the whole column was quadrilateral-shaped, it might 

emerge triangle-shaped elements, when the mesh is generated. This happens because the areas 

generation for the mesh are formed by non-planar surfaces. This is the reason why in this research it is 

used SHELL218 instead of SHELL181, which has less nodes and degrees of freedom, as well as the 

SHELL281 gives more reliable results for triangular elements, while SHELL181 is not recommend for 

triangular-shaped elements. Figure 8 shows the mesh generation from the areas. 

With respect to the boundary conditions, the column has fixed-fixed end condition. For this type of 

model, it requires specific constraints. Both extremities of the column have constraints on displacements 

in x and y direction, and constraints on rotation in x, y and z direction (see Fig. 8). Another constraint in 

necessary in the middle of the column, in a node in the middle of web, which prevent displacement in z 

FEM 

L = 2222 mm 

FStr 

L = 2222 mm 
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direction. This additional constraint in the middle of the columns is needed to avoid free body 

translation. The constraints in the extremity of the column can be seen in the Fig. 8. 

 

Figure 8. Finite Element Model generation in ANSYS Mechanical APDL 17.0. (a) KEYPOINT 

generation with the initial imperfection, (b) four-point areas generated connecting KEYPOINTS, (c) 

mesh generation on the areas, (d) mesh at plate on end condition, (e) end boundary constrains and 

punctual concentrated load applied to the area on the extremities, (f) all the constrains applied on each 

element at the ends of the column and (g) zoom of the punctual concentrated load applied to the 

elements. 

Lastly, the compressive load is applied at the ends of the column. The external load is applied as a 

punctual concentrated load in the centroid of the section, at both ends. 

After all the model defined, the non-linear analysis can be executed based on the Newton-Raphson 

procedure, using the arc-length method or also commonly called “The modified Riks method”. This 

method is convenient for solutions of unstable problems that has a nonlinear static equilibrium. 

5.2 Validation of Finite Element Model 

Since this research aims the D-G interaction, the finite element model is validated for columns that 

experienced only global buckling mode and distortional buckling mode, before collapsing. For the 

validation, it is used experimental results from Heva [44], Salles [45] and Matsubara et al. [13]. 

Global Buckling Mode Validation: The global buckling validation is performed 

using columns tested by Heva [44]. This author has performed lab tests of multiple columns under 

different temperatures developing the flexural-torsional buckling. For the present research, only the 

results for the specimen with room temperature (20oC) are considered. Table 1 shows all the parameters 

and results of the numerical and lab tests performed by Heva [44], and also the results obtained in the 

present research. Also, Table 1 has all the measured geometries of the specimen, the material properties 

given by standard tensile tests and the actual specimen imperfections. For results, Table 1 bring forward 

the ultimate strength for 3 cases:  strength using FEM by Heva [44], strength using lab tests performed 

by Heva [44] and strength using FEM given by the present investigation. 

(a) 

(b) 

(c) 
(d) 

(e) 

(f) 
(g) 
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Table 1. Ultimate strength results of specimens from Heva [44], both numerical and lab tests, and the 

numerical results obtained in the present research. 

 

Notice that the author’s numerical ultimate strength is similar to the numerical model and lab tests 

given by Heva [44]. The proposed numerical model has a relative error of 6.3%, 6.0% and 4.0% 

regarding with lab test of Heva [44] and 3.2%, -1.1% and 1.2% differences regarding with the numerical 

solution of Heva [44], respectively for the models G250-1.95-1800, G450-1.90-1800 and G550-0.95-

1800. 

For more convincing results, the graphs load versus displacement of the middle top flange at mid 

span for the 3 column specimens are shown in Fig. 9 and Fig. 10. These graphs show the displacement 

behavior of a specific point during the loading procedure. 

 

 (a) (b) 

Figure 9. Load versus displacement of the middle top flange at mid span of (a) G250-1.95-1800, (b) 

G450-1.90-1800. 

 

Figure 10. Load versus displacement of the middle top flange at mid span of G550-0.95-1800. 

 

Author's

PU TEST  PU FEM PU FEM

[ # ]  [mm] [mm] [mm] [mm] [mm] [MPa] [N/mm2] [kN] [kN] [kN]

G250-1.95-1800 1.95 74.82 50.06 14.87 1740 271 188000 L/2558 87.94 90.70 93.59

G450-1.90-1800 1.88 74.67 49.94 14.51 1740 515 206000 L/2949 120.42 129.00 127.60

G550-0.95-1800 0.95 54.94 34.88 8.00 1740 615 205000 L/2485 24.72 25.40 25.71

t bW bf bs Impref.L
Heva, 2009Column 

Measured Geometry

fy E 

Ultimate Strength
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Note in Fig. 10 that the author’s FEM have a similar stability path as Heva’s [44] test. On the other 

hand, in Fig. 9(b), the lab tests are kindly translated on the displacement direction. However, the 

numerical model performed in this research has a very close behavior to the numerical model performed 

by Heva [44]. The obtained results allow concluding that the developed finite element model is validated 

for flexural-torsional buckling analysis.  

Distortional Buckling Mode Validation: The validation is performed using a 

column tested by Salles [45]. Updated information about the tested column is in Matsubara, Batista and 

Salles [13]. The column cross-section geometry is shown in the Fig. 11-a. The lipped channel CFS 

column specimen was 2529 millimeters long, with material properties of 342 MPa of yield strength and 

179.468 GPa of elastic modulus (quite low Young modulus extracted from standard tensile tests). The 

testing was performed at the COPPE Laboratory of Structures and Materials Professor Lobo Carneiro 

(LabEST). As a result, the specimen reached its experimental ultimate strength of 33.4 kN, while the 

FEM modeled in this research, lead to an ultimate strength of 35.3 kN, taking 0.1𝑡 amplitude of the 

distortional buckling mode initial geometrical imperfection. Figure 11-a shows a comparison of the 

stability path of the web extremities at mid span, for the laboratory experiment and the FEM solution. 

 

 (a)  (b) 

Figure 11. (a) Displacement D4 along the column’s position, with 5 load increments; (b) Load versus 

displacement of the web extremities at mid span of LC specimen by Salles [45]. 

Note in Fig. 11-a that the stability path of the FEM is pretty close to the lab experiment for small 

displacements. For larger displacements, the FEM model tends to behave into a linear path until it 

collapses, while the laboratory test shows a long plateau before collapse. 

Figure 11-b, shows the flange displacement out of plane D4, along the column’s position for 5 

loading steps. 

Observe that the same behavior of distortional buckling is clearly shown in the FEM and in the 

experimental test, with 3 half-waves of distortional modal shape. In addition, the buckling behavior is 

increased with the load increment, until it collapses. 
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6  Study of Initial Imperfections on DG Interaction 

As shown in Figure 2, the D-G interaction occurs more intensely in a specific length (L=1850 mm). 

For the same CFS member (LC 100x70x15x2.70 mm) and conditions, as done in the elastic buckling 

solution given by Fig 2, a FEM analysis is performed in order to understand the behavior and strength 

of the column, when subjected to different combinations of distortional and global initial imperfections. 

The goal of this study is to identify how sensitive the column is to initial geometrical imperfection using 

modal combination. 

6.1 Modal Combination 

The requirement of combining the modal shapes shown up due its difficulty to find a D-G 

interaction in the elastic buckling analysis for the initial imperfection mode. As one can see in Fig. 2, 

the derivative of the signature curve before L=1850 mm and after this length, changes drastically, as 

well as the modal shape and modal participation. In this case, it is hard to get a shape that presents a 

clearly D-G interaction. Because of this obstacle of getting a D-G interaction shape mode, the first and 

second modes are combined.  

The modal combination is performed using the first and the second mode shapes, for a length of 

1850mm. The buckling odes, in 2D and 3D shape, and the modal participation of the first and second 

modes are illustrated in Fig. 12. The critical load and the shapes were given by the computer application 

FStr, however, the modal participation percentages were given by the CUFSM computer program. 

 

Figure 12. Modal shapes of 1º and 2º modes and its modal participation, for LC 100x70x15x2.70 at 

L=1850mm. 

The modal combination is carried out using the displacement field obtained in the finite strip 

method (Eq. (1)), and combining linearly the first and second mode displacements. Equation (17) shows 

the linear combination of the displacements. These displacements are obtained from the eigenvectors 
[𝛷], given by the eigenvalue equation, Eq. (16). The matrix of the critical modal shapes [𝛷] represents 

the nodal line displacements for the degrees of freedom shown in Fig. 3-b for each mode. This means 

that each column of the matrix [𝛷] represents the critical modal shape for one mode. In order to obtain 

the displacement field on any point inside each strip, Eq. (1) performs the linear transformation from 

the nodal line solution to the displacement field, with assistance of the shape function matrix [N], Eq. 

(2). 

 {
𝑢
𝑣
𝑤

} = 𝛽1 {
𝑢
𝑣
𝑤

}

𝑀𝑜𝑑𝑒 1

+ 𝛽2 {
𝑢
𝑣
𝑤

}

𝑀𝑜𝑑𝑒 2

. (17) 

1o Mode: Pcr = 357.5 kN 

2o Mode: Pcr = 361.3 kN 
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Since the displacement field is normalized, with maximum displacement of 1, the coefficients 𝛽1 

and 𝛽2 are the parameters of amplification of these shapes. These parameters are defined in Eq. (18), 

where 𝐶1 = cos (𝜃), 𝐶2 = sin (𝜃), 𝜃 is an angle for changing the modal combination, and 𝐴 is the 

maximum amplitude for initial imperfection. 

 

 𝛽1 =
𝐶1

|𝐶1|+|𝐶2|
 𝐴1,   𝛽2 =

𝐶2

|𝐶1|+|𝐶2|
 𝐴2. (18) 

Note that Eq. (18) shows a combination of the maximum amplitude for the initial imperfection. 

When 𝜃 = 0o, then, 𝛽1 =  𝐴1 and 𝛽2 = 0, on the other hand, when  𝜃 = 90o, then, 𝛽1 = 0 and 𝛽2 =
 𝐴2. Basically, the parameter 𝜃 is a single parameter that allows changing the initial imperfections and 

consequently the modal combination shape. In this research, the first mode is the flexural-torsional with 

89.2% of global participation and the second mode is the distortional with 95.9% of modal participation 

(Figure 12). Due to that, for the first mode it is used  𝐴1 = 𝐿 1000⁄  and for the second mode  𝐴2 =
 0.94 𝑡. These amplitudes for the geometrical imperfections where used based on Martins et al. [27] and 

Schafer and Pekoz [43]. Figure 13 shows the column with the initial imperfections combined, amplified 

by 10 times, for 𝜃 varying from 0o to 90o, with 15o of incremental steps, for 3D shape and 𝜃 varying 

from 0o to 180o, also by 15o of increment, for 2D shape. 

 

 (a) (b) 

Figure 13. Modal shapes combining first and second mode: (a) 3D modal shapes from 𝜃 = 0o to 90o 

and (b) 2D modal shapes at 40% of the maximum length from 𝜃 = 0o to 180o. 

Note that varying the angle 𝜃, it changes the contribution of each mode in the initial imperfections. 

Also, observe that varying 𝜃 from 0o to 90o it has a symmetric modal combination as varying from 90o 

to 180o, as is shown in figure 13. 

Varying the angle 𝜃 from 0o to 345o, by 15o of incremental steps, it is possible to generate 24 

columns with different types of distortional and global modal shapes combination. From that, the 

columns are performed on FEM software ANSYS, in order to understand the buckling and strength 

behavior. The ultimate strength of the columns, are exposed in Table 2, as well as the percentage of the 

mode’s contribution to the initial imperfection. 

𝜃 = 0o 

𝜃 = 15o 

𝜃 = 30o 

𝜃 = 45o 

𝜃 = 60o 

𝜃 = 75o 

𝜃 = 90o 
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Table 2 shows the mode contribution changes from 100% to -100% for each mode, but with a total 

modulus summation of 100%. Basically, the negative percentage of the mode represents a combination 

of the mode in opposite modal shape. In this way, it is possible to combine all the possible cases. With 

respect to the ultimate strength capacity, note that it did not change too much. However, it is important 

to point out how this strength changes over the 𝜃 variation. To see clearly this deviation, Fig. 14 shows 

two graphs of this variation, in cartesian coordinate (Fig. 14-a) and polar coordinate (Fig. 14-b). 

Table 2. Ultimate strength of columns with different modes combination, from 𝜃 = 0o to 345o 

under D-G modal interaction. 

 

 
 (a)  (b) 

Figure 14.  Ultimate load strength versus the angle 𝜃 - of modal shape combination - for (a) cartesian 

system and (b) polar system. 

 

[Degrees] [ %] [ %] [kN]

0 G (+) 1.85 0.00 100% 0% 205.59

15 DG (+) 1.46 0.54 79% 21% 205.15

30 DG (+) 1.17 0.93 63% 37% 203.39

45 DG (+) 0.93 1.27 50% 50% 202.70

60 DG (+) 0.68 1.61 37% 63% 202.69

75 DG (+) 0.39 2.00 21% 79% 202.50

90 D (+) 0.00 2.54 0% 100% 200.59

105 DG (-) -0.39 2.00 -21% 79% 202.50

120 DG (-) -0.68 1.61 -37% 63% 202.69

135 DG (-) -0.93 1.27 -50% 50% 202.70

150 DG (-) -1.17 0.93 -63% 37% 203.39

165 DG (-) -1.46 0.54 -79% 21% 205.15

180 G (-) -1.85 0.00 -100% 0% 205.59

195 DG (+) -1.46 -0.54 -79% -21% 205.15

210 DG (+) -1.17 -0.93 -63% -37% 203.39

225 DG (+) -0.93 -1.27 -50% -50% 202.70

240 DG (+) -0.68 -1.61 -37% -63% 202.69

255 DG (+) -0.39 -2.00 -21% -79% 202.50

270 D (-) 0.00 -2.54 0% -100% 200.59

285 DG (-) 0.39 -2.00 21% -79% 202.50

300 DG (-) 0.68 -1.61 37% -63% 202.69

315 DG (-) 0.93 -1.27 50% -50% 202.70

330 DG (-) 1.17 -0.93 63% -37% 203.39

345 DG (-) 1.46 -0.54 79% -21% 205.15

* Modal shape of the initial imperfection, where (+) is the modal shape in original form 

and (-) is the modal shape multiplied by -1.

% Mode 2
Ultimate 

Strength

Beta (Ampl. Imperfei. )
Theta

MODE*
Mode 1 Mode 2

% Mode 1
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Figure 14-a shows clearly a cyclic behavior of the strength. Also, in Fig. 14-b it can be seen the 

symmetry of the behavior in the first quadrant (0o to 90o). Basically, from 𝜃 = 0o to 180o, the behavior 

is the same as 𝜃 = 180o to 360o, which is obvious to notice by Table 2.  

The cyclic behavior of the strength can be seen from another perspective. From that, Fig. 15 

illustrates the FEM models deformed shapes at the limit load (column strength) step. For this case, it is 

shown only the columns with 𝜃 = 0o, 45o, 90o, 135o, 180o, 225o, 270o, 315o and 360o. 

 

Figure 15. Maximum vector displacement at the limit load (or column strength) step for 𝜃 = 0o to 

360o, incremented by 45o. 

Note by Fig. 15 that the maximum displacement changes based on the initial imperfection shape. 

This shows how sensitive the column behaves depending on the initial imperfection shape. Also, it can 

be seen a cyclic behavior of the maximum displacement, from a global failure to a distortional one. The 

maximum displacement cycle starts at mid span at the top flange and moves to the nearest distortional 

maximum half-wave deformation (around 40% of the maximum length). From that, the maximum 

displacement “jumps” to the bottom flange, with a distortional collapse. From that point, the maximum 

displacement moves to the mid span again, but at the bottom flange and, after that, the cycle repeats. 

Those modal shape on ultimate strength step shows that an analysis from 𝜃 = 0o to 90o is already 

enough to perform a D-G interaction investigation. 

Another interesting result is related to the maximum absolute displacement. The 50% of mode 1 

and mode 2 combination (𝜃 = 45o, 135o, 225o and 315o) has the maximum absolute displacement of 

7.2 mm, while the four columns with the lowest absolute displacement are with the pure mode 1 (𝜃 =
0o and 360o) and pure mode 2 (𝜃 = 90o and 270o), with 4.5mm and 5.7mm respectively. 

7  Conclusion and Future Work 

This paper presented a buckling behavior analysis of cold-formed steel lipped channel columns 

under D-G interaction. It has shown that a few researches have taking progress in the last 15 years. Due 

to that, it is important to explored this coupled phenomenon that is not well known. 

The first progress of the present investigation, come with the development of the FStr computer 
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program application. This finite strip method program has shown a very good accuracy in comparison 

with the most popular programs. The CUFSM provides pretty much the same result, with a maximum 

error of 0.000056%. Also, the FStr reached close to the GBT method, with a maximum relative 

difference of 2.0%. Last but not least, the FEM has shown a maximum relative difference of 3.51%, for 

a certain length range near to L=1850mm, which is the length of D-G mode interaction of the adopted 

CFS lipped channel member. In addition, the FStr has demonstrated the same buckling modal shape as 

the FEM. Regarding with the time of performance, the FStr program has present 158 times faster than 

the FEM, 32 times faster than the GBT and 2 times faster than the CUFSM, for the initial parameters 

and terms of half-waves considered. To sum up, the FStr program represents, without a doubt, an elastic 

buckling analysis and is the faster solution for the present case, with a great accuracy if compared to the 

other computer programs. 

The validation of the finite element method for the CFS thin-walled column strength determination, 

has shown that the model specifications are in accordance with the available laboratory experiments. 

The structural analysis with the finite element SHELL281, combined with the initial geometrical 

imperfections generated from the FStr, has demonstrated satisfactory behavior for global and 

distortional buckling analysis and the column strength identification. This allows conclude that the finite 

element model analysis is validated for the conditions adopted in the research. 

The study of modal combination of initial imperfection on D-G interaction, has also provided useful 

information. First, using a single parameter 𝜃, it was able to vary the mode combination in an effortless 

way. Also, it has been shown that varying 𝜃 on the unit circle leaded to a cyclic and symmetric strength 

behavior. This conclusion can also be seen in the deformed shape on the ultimate load step, showing a 

cyclic and symmetric form. To sum up, varying 𝜃 = 0o to 90o is already enough to perform a deeper 

D-G interaction investigation. However, it is important to analyze the stability path on post-buckling in 

specific points to have a more robust conclusion about the symmetric deformed shape behavior. 

Future proposals for this research are focused on laboratory testing of some columns experiencing 

the D-G coupled phenomenon. The laboratory experiments are a good opportunity to better understand 

the behavior and to perform a future direct strength method designing procedure concerning the D-G 

modal interaction. Also, some additional recommendations on this research are related to the 

implementation of the modal participation in the FStr computer program application, in order to separate 

the modal forms, which can be useful for initial imperfections generation of pure modes. 
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