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Abstract. Despite the growing accessibility to computational power, sound synthesis via physical mod-
elling still demands fast algorithms to allow its popularization. This work is concerned with a time-based
comparison of two hybrid modal models for sound synthesis implemented in Python. One of them ap-
proaches the modal based synthesis problem coupling the string and body in the frequency domain. The
other works in the modal domain, that is, it uses a finite difference scheme to integrate directly the modal
differential equations governing the string motion coupled to the body. Both models are called “hybrid
modal” because the string modal parameters, i.e., natural frequencies, modal shapes and damping factors,
are obtained from analytical expressions, and the body modal parameters are extracted from numerical
modal analysis. In this paper, a set of time-domain simulations including the planar and nonplanar mo-
tions of a monochord string is presented. The measurements of their execution time are obtained for
the same computational setup, programming language and simulation parameters, delivering a quantita-
tive comparison about the execution cost of these models. Furthermore, an asymptotic analysis for the
proposed algorithms is also presented for the understanding of their scalability.
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Comparative Study of Physical Models for Stringed Instrument Sound Synthesis

1 Introduction

With the constant growth in processing power offered by computers, the sound synthesis of musical
instruments via physical modelling has become a topic of great interest in musical acoustics research.
Comparatively, this modelling approach allows the realistic representation of the instrument under in-
vestigation, leading to a potential clarification of the relation between the physical properties of the
instrument and the produced sound. The high computational cost, however, still prevents the design of
tools and software applications to be popularized. In that regard, it is important to develop algorithms
capable of optimizing time and cost of sound synthesis.

Several works have described computational methods for stringed musical instruments modelling
and sound synthesis, e.g., Woodhouse [1], Inácio and Antunes [2] Demoucron [3], Paté et al. [4], Bilbao
and Torin [5], Desvages and Bilbao [6], Debut et al. [7] and Issanchou et al. [8]. The frequency do-
main method (FDM) presented by Woodhouse [1] stands out for two main characteristics: the proposed
algorithm does not require space and time domain evaluations since it uses a system modal descrip-
tion combined with a frequency domain solution; and the strings and the instrument body are modelled
separately, which leads to useful analysis possibilities and faster execution speed since the algorithm
is relatively simple. On the other hand, the FDM does not allow the inclusion of nonlinear phenomena,
which have been shown fundamental in the spectral composition of some instruments as shown by Debut
et al. [7] and Paiva et al. [9]. In order to investigate the vibroacoustic characteristics of the viola caipira,
which is a traditional Brazilian stringed instrument, Paiva et al. [9] proposed a modal-based method
combined with a finite difference solution which allowed the inclusion of nonlinear strings collisions.
Hereinafter such method is referred to as finite difference solution method (FDSM).

Based on the computational particularities and respective advantages of the above-mentioned sound
synthesis methods, a comparative study of their performances has been shown to be of great interest. In
this paper the FDM and FDSM are used to obtain a set of sound simulations of a monochord, which is
a simplified stringed musical instrument comprising a rectangular wooden bar with a single nylon string
attached at both ends. At one end the string is coupled to the monochord bridge and at the other end, to
the tuner peg machine.

This paper is organized as follows: in Section 2 brief descriptions of the FDM and FDSM are
presented. In Section 3, the simulation methodology details are explained as well as the model parameters
determination and, finally, a set of monochord simulations using the FDM and FDSM are obtained,
compared and discussed.

2 Sound synthesis methods

Brief descriptions of the FDM and FDSM for the nonplanar string motion case are presented below.
For sake of concision, several formulation details are omitted in this paper. Nevertheless, the reader is
invited to refer to Woodhouse [1] and Paiva et al. [9] papers for a thorough formulation of the FDM and
FDSM, respectively. Both FDM and FDSM start from the description of the string and body properties
as follows:

String. A small-amplitude vibration string is assumed and the following properties are assigned: length
L, mass per unit length µ , tension T and bending stiness B. The string is simply supported at one end
located at x = 0 and allowed to move at the other end located at xc = L. The string transverse non-
planar motion is expressed in terms of the orthogonal components ys(x, t) and zs(x, t), oriented normal
and parallel to the monochord soundboard plane, respectively. Axial and torsional string motions are
neglected as well as its intrinsic geometric nonlinearities. Modal frequencies, mode shapes and damping
factors are described as in Paiva et al. [9] paper.

Body. Accordingly, the body transverse nonplanar motion at the string coupling point pc = (xc, yc, zc) is
expressed in terms of its orthogonal components yb(pc, t) and zb(pc, t), oriented normal and parallel to
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the monochord soundboard plane, respectively. A finite element analysis of the monochord body using
Salome-Meca platform with Code-Aster solver is performed to extract modal frequencies and mode
shapes at pc. Modal damping factor values are globally set to a 2.0%. The monochord body structure
is modelled using Slash pine wood (Pinus elliottii) whose orthotropic mechanical properties are given in
Green et al. [10] work. A mesh density of at least six quadratic elements per wavelength is used. Further
information about the finite element model is displayed in Table 1.

Table 1. Finite element model information

Structure type
Element features

Geometry Type Modelling Quantity

Plate TRIA3 COQUE DKT 3226

Solid TETRA4 MASSIF 3D 10239

Finite difference solution method (FDSM). A generic orthogonal component ws of the string dis-
placement (with w ∈ {y, z}) is described as the sum of Ns modes associated to the string with simply
supported ends to which is added an interface mode contribution ws

0(x, t) corresponding to the string
static response when it is simply supported at x = 0 and loaded at xc = L so that

ws(x, t) =

Ns∑
j=1

aj,w(t) sin
(jπx
L

)
+ ws

0(x, t), (1)

where aj,w(t) are the respective modal amplitudes. Additionally, the body transverse displacements at
the coupling point pc is described as the sum of Nb body modes:

wb(x, t) =

Nb∑
k=1

bk(t)φk,w(pc), (2)

where φk,w is the kth body mode shape in the w direction, with w ∈ {y, z}. Within a modal framework,
the motion equations for a forced response are formulated as a set of secondary-order ordinary differential
equations which are written in the matrix form as follows:

Msä(t) + Csȧ(t) + Ksa(t) = f e(t)− f c(t), (3)

Mbb̈(t) + Cbḃ(t) + Kbb(t) = f c(t), (4)

where a(t) and b(t) are the string and body modal amplitude vectors, respectively. The matrices Ml, Cl

and Kl are the mass, damping and stiffness modal matrices associated to the string, for l = s, and to the
body, for l = b, respectively. The plucking force is expressed in modal terms by the vector f e in Eq. 3.
String and body modal equations are coupled through the unknown string/body coupling force vector
f c. Such vector is computed using a finite difference scheme described by Paiva et al. [9], which finally
allows the string motion calculation. It is important to emphasise that this method requires a sample
frequency five times bigger than the sample frequency of the resultant synthesized signal, accordingly to
the convergence evaluation described by Paiva et al. [9].

Frequency domain method (FDM). This method allows to calculate the string motion resulting from
a pluck taking into account that at the coupling point the string and the monochord body velocities are
identical and the total force exerted is the sum of the forces applied to the two separate subsystems. Thus,
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it follows the relation

Ysb(ω)−1 =

Y b
yy(ω) Y b

yz(ω)

Y b
zy(ω) Y b

zz(ω)

−1

︸ ︷︷ ︸
Yb(ω)−1

+ Y s(ω)−1

1 1

1 1


︸ ︷︷ ︸

Ys(ω)−1

, (5)

where Ysb represents the admittance matrix of the string/body coupled system. Yb and Ys represent,
respectively, the body admittance and the string admittance at the coupling point. The expressions used
to calculate such matrices are well described by Woodhouse [1]. The velocity response Gw(ω) at the
coupling point (for w ∈ {y, z}) are calculated as follows:Gy(ω)

Gz(ω)

 = Ysb(ω)

H(ω) 0

0 H(ω)

sinβ

cosβ

 , (6)

where H(ω) is the transfer function from the plucking point to the end of the string as described by
Woodhouse [1] and β is the plucking angle measured from the y direction. The velocities at the coupling
point are finally obtained:

ẇs(xc, t) = ẇb(pc, t) = real{F−1{Gw(ω)}}. (7)

3 Numerical simulations

The models were implemented in Python using the NumPy library. Diverging from the computa-
tional implementation presented by Woodhouse [1] and Paiva et al. [9], some optimizations were made
in both methods.

Model parameters. The string parameters used were L = 0.582m, µ = 0.527g/m, T = 61.57N. The
pluck consists in an impulse of 1N, β = 45◦ , and was applied at the middle of the string. The chosen
sample frequency was 44100 Hz. The maximal frequency considered for the string was 10kHz, the most
significant modes accordingly to Paiva et al. [9], and for the simulated monochord body, 5 kHz, the most
significant modes accordingly to Woodhouse [1]. For those frequency ranges, 69 string modes and 89
body modes were used.

Model validation. To validate the implementations, a comparison between the results of the models for
the same inputs was made, and their frequency response for the y and z directions were compared as
shown for z in the Figure 1a, and for y in the Figures 1b. Therefore, the implementation was validated.
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Figure 1. Comparison between FDM and FDSM frequency response for z and y directions. The FDM
curves were shifted -50 dB for better visibility and comparison.

Asymptotic analysis. The finite difference solution method asymptotic complexity isO(n), considering
the linearity of the finite difference method algorithm, and the frequency domain method is O(n log n),
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considering the asymptotic complexity of the FFT algorithm, where n = TfFs, and Tf is the length in
seconds of the synthesized vector at the coupling point, and Fs is the sampling frequency in Hertz, fixed
in this study as 44100 Hz.

Setup and methodology. Regarding the simulation, 12 virtual machines (VMs) on Google Cloud
servers, with 7.5 Gb of RAM and 1 vCPU, were used, working as a single hardware hyper-thread on
a Intel Xenon Scalable Processor (Skylake), with base frequency of 2 GHz and maximal overclock fre-
quency of 3.5 GHz. As no parallelism was employed, the usage of multi-vCPUs systems provides no
performance difference. The 12 virtual machines were chosen from 3 locations, in a way that each of the
4 algorithms, were simulated at the same 3 locations simultaneously. For each model, the execution time
was measured by varying the length of the synthesized sound Tf from 1 to 256 seconds, choosing values
as 2i s, where i = 0, 1, 2, ..., 7, 8. The choose of the maximal length was made considering the average
length of a commercial song.

Results and discussion. The simulation results are shown in the Figure 2. It is noticeable from the Figure
2a, that the FDSM is slower than the FDM, for planar and nonplanar motion, and for all synthesized
signal lengths (Tf ). In the Figure 2b, Θ is defined as the normalized average execution time per second
of synthesized signal. In this representation,O(n log n) andO(n) are divided by n, resulting inO(log n)
and O(1), helping thereby to indicate the asymptotic behavior of both methods. It is important to notice
that after 128 seconds of synthesized signal, the FDM starts to behave linearly, with slope smaller than
the FDSM curves.
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Figure 2. FDSM and FDM time-cost analysis for planar and nonplanar motions.

Due to the linearity of the FDSM curves, it is possible to extract their average execution times per
second of synthesized signal, for any length of synthesized signal. For planar motion, the average value
is 6.01 seconds, with coefficient of variation (CV) of 0.076%, and for nonplanar motion, the average
value is 10.38 seconds, with CV of 0.134%. For the linear part of the FDM curves, the values are 0.506
seconds with CV of 0.034% for planar, and 3.994 seconds with CV of 0.011% for nonplanar motion.
Therefore, for the synthesis of signals longer than 128 seconds, the FDM method is 11.88 times faster
than the FDSM for planar, and 2.6 times faster, for nonplanar motion.

CILAMCE 2019
Proceedings of the XL Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC.

Natal/RN, Brazil, November 11-14, 2019



Comparative Study of Physical Models for Stringed Instrument Sound Synthesis

4 Conclusions

The simulation pointed a clear difference in computational cost between the FDM and FDSM.
Despite the logarithmic behavior of the FDM algorithm, it has been shown that it is faster than the
FDSM for all the measured values.

It is important to notice that the FDM has limitations regarding nonlinear phenomena inclusion,
unlike the FDSM, what can compromise the realism of the resulting synthesized sound. However, non-
linearities in the FDSM require a larger sampling frequency as pointed by Paiva et al. [9], which is
proportional to the execution time for this method.

Therefore, for further works, nonlinear phenomena like string/string collisions, string/fret collisions
and geometric string nonlinearities can be included to the FDSM. Moreover, psychometric tests to eval-
uate the importance of those phenomena for synthesized sounds realism must be performed in order to
validate them in terms of perceptual aspects .
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