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Abstract. Due to the non-local character embedded in their formulation, meshfree methods belonging to
the class of Smoothed Point Interpolation Methods (S-PIMs) have been recently shown to possess certain
regularization properties when applied to localization problems. Since meshfree methods usually provide
only a weak regularization effect, the combination with other regularization strategies is often necessary.
The present work aims to exploit the regularization properties of S-PIMs strategies in the analysis of
quasi-brittle media with scalar damage models; a stronger regularization effect is obtained combining the
meshfree approach with the micropolar continuum theory, another well-known regularization strategy.
The basic theoretical and computational aspects of the application of two S-PIM strategies, the Edge-
Based Smoothed Point Interpolation Method (ES-PIM) and Node-Based Smoothed Point Interpolation
Method (NS-PIM), to micropolar damage models are discussed, and numerical simulations of two plain
concrete experimental tests are presented.

Keywords: Smoothed Point Interpolation Methods (SPIMs), Meshfree methods, Strain localization,
Continuum damage mechanics, Micropolar theory
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1 Introduction

The analysis of strain-softening problems with the standard finite element method (FEM) has always
been a challenging task, due to the presence of a number of pathological behaviours such as strong mesh-
dependency, premature fracture initiation, and instantaneous perfectly-brittle fracture [1, 2]. These
pathological effects are associated to the so-called strain localization phenomenon. It is known that
these pathological behaviours are due to the local representation offered by the classic continuum theory,
in contrast with the non-local nature of phenomena like damage and plasticity [3]. The main aim of
the strategies proposed in the literature to solve this problem (the so-called regularization techniques) is
the introduction of an internal length, allowing to recover the non-local character of the phenomenon.
Two approaches have been proposed in the past. The first one consists in the introduction of an internal
length directly in the continuum model (i.e., at the formulation level); an interesting overview on the
different regularization methods can be found in the papers by de Borst et al. [1] and by Bažant et
al. [4]. Among the different alternatives there are: non-local and gradient-enhanced models [2, 5–10],
viscous models [11], cohesive zone models [12, 13], methods based on the fracture energy approach
[14], phase-field models [15–17], and the micropolar theory [18–26]. The other approach consists in the
introduction of the internal length at the numerical level. Among the various solutions based on the finite
element method there are, for example, the use of elements with embedded discontinuities [27], able
to represent various kind of weak and strong discontinuities, or elements with embedded localization
zones [28, 29]. It has been also shown that some classes of meshfree methods, like moving least square
(MLS) and reproducing kernel (RK) approximations, as well as methods based on strain smoothing
techniques, are able to bring regularization effects on localization problems [30–37], due to their intrinsic
non-local properties. Recently, the regularization effects of the meshfree methods belonging to the class
of smoothing point interpolation methods (S-PIMs) [38–41] have been investigated for the case of scalar
damage by Gori et al. [37]. Aiming to combine the regularization properties of such methods with the
ones induced by the micropolar continuum theory, the same authors also recently proposed an extention
of the SPIM approach to this continuum theory [42].

Taking into account the results provided in the papers by Gori et al. [37, 42], this paper aims to
present some numerical results obtained with the combination of the micropolar continuum theory (a
regularization strategy at the formulation level) with some of the meshfree methods belonging to the
class of smoothed point interpolation methods (regularization strategies at the numerical level), for the
analysis of problems described with scalar damage models. The first part of the paper provides the basic
concepts on the micropolar formulation, both for linear elasticity and scalar damage. Then, some basic
details regarding the use of SPIMs strategies with the micropolar formulation are provided. Finally, two
simulations of plain concrete experimental tests are provided, in order to point out the qualities of the
aforementioned combination. The numerical implementations of the strategies discussed in this paper,
as well as the numerical simulations, have been performed in the open-source software INSANE1. The
triangular background cells used for the construction of the meshfree discretizations have been generated
with the software Gmsh [43].

2 Micropolar media

In a geometrically-linear context, the configuration of a micropolar continuum is characterized by a
displacement field ū and a microrotation field ϕ̄, leading to the strain measures

γ = gradT( ū)− e · ϕ̄ = (uj,i − eijk ϕk) ēi ⊗ ēj (1)

κ = gradT( ϕ̄) = ϕj,i ēi ⊗ ēj (2)

which are referred to as strain tensor and micro-curvature tensor, respectively, and where the symbol
e indicates the standard Levi-Civita operator with three indexes. To these strain measures correspond,

1 More informations on the project can be found at https://www.insane.dees.ufmg.br/; the development code
is freely available at the Git repository http://git.insane.dees.ufmg.br/insane/insane.git.
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respectively, the stress tensor σ and the couple-stress tensor µ, which, in a quasi-static context, must
satisfy the local equilibrium equations for forces and moments

divT (σ) + b̄V = 0̄ −→ σij,i + bV j = 0 (3)

divT
(
µ
)

+ e · σ + l̄V = 0̄ −→ µij,i + ejkl σkl + lV j = 0 (4)

where b̄V and l̄V represent, respectively, volume forces and volume couples acting in the body domain.
In the case of linear elasticity and disregarding the direct coupling between the Cauchy-type and

Cosserat-type effects (i.e., the chirality effect) stress and deformation measures are linked by the follow-
ing constitutive equations

σ = Â .. γ (5)

µ = Ĉ .. κ (6)

The expressions above can be recasted in the following compact form [25, 44], in terms of the generalized
stress (Σ), strain (Γ) and constitutive (Ê) operators

Σ = Ê .. Γ→

σ 0

0 µ

 = Ê ..

γ 0

0 κ

 (7)

Assuming an initially isotropic material in a plane-stress state, the generalized constitutive expression
reduces to the following matricial expression

{Σ} = [Ê ] {Γ} −→



σxx

σxy

σyx

σyy

µxz

µyz


=



E
1−ν2 0 0 νE

1−ν2 0 0

0 G+Gc G−Gc 0 0 0

0 G−Gc G+Gc 0 0 0

νE
1−ν2 0 0 E

1−ν2 0 0

0 0 0 0 2GL2
b 0

0 0 0 0 0 2GL2
b





γxx

γxy

γyx

γyy

κxz

κyz


(8)

where E, G, and ν are the classic Young’s modulus, shear modulus, and Poisson’s ratio, while Gc and
Lb are additional material parameters [18], the Cosserat’s shear modulus and internal bending length,
respectively.

2.1 Scalar damage

The extension to scalar damage is straightforward [24–26], resulting in the following secant and
incremental stress-strain relations

Σ = ÊS .. Γ, ÊS = (1−D) Ê (9)

Σ̇ = Ê t .. Γ̇, Ê t = (1−D) Ê − ∂D(Γeq)

∂Γeq

(
Σ0 ⊗ ∂Γeq

∂Γ

)
, Σ0 := Ê .. Γ (10)

where D is the scalar damage variable, assumed to vary from 0 (undamaged material) to 1 (completely
damaged material) according to a prescribed evolution law D(Γeq). In the numerical simulations of
section 4, the following exponential damage law is considered

D(Γeq) = 1− K0

Γeq

(
1− α+ αe−β(Γeq−K0)

)
(11)
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where K0 is a threshold value for the equivalent deformation Γeq, representing the onset of damage,
and where α and β are parameters that define, respectively, the maximum allowed damage level and
the damage evolution intensity. Different scalar damage models can be obtained choosing a peculiar
equivalent deformation; the one adopted in the examples of section 4 is an extension to the micropolar
formulation of the classic Mazars [25, 45, 46] model, defined by the equivalent deformation

Γeq =

√√√√[ 3∑
k=1

(
< ε(k) >+

)2] (12)

where ε(k) the k-th eigenvalue of the symmetric part of the strain tensor γ, and < ε(k) >+= (ε(k) +

|ε(k)|)/2 its positive part.

3 Micropolar smoothed point interpolation methods

In S-PIM strategies for micropolar media the field variables of the coupled boundary value problem,
i.e., the displacement field ū(p) and microrotation field ϕ̄(p) at each point p ∈ D, where D is the domain
of the problem, are approximated by the functions ūh(p) and ϕ̄h(p) (organized in a certain array {U(p)})
as [42]

{U(p)} =
∑
i∈Sd

[φi(p)]{di} =
∑
i∈Sd

[φAi(p)] [0]

[0] [φCi(p)]

{dAi}
{dCi}

 (13)

where the index i indicates a node pi in the support domain Sd, i.e., the set of nodes in the neighbourhood
of the point p ∈ D, [φi(p)] is the nodal matrix of approximation functions, and {di} is an array containing
the nodal parameters of the field variables at the node i. The subscripts A and C are used to distinguish
between Cauchy-like and Cosserat-like terms

ūh(p) =
∑
i∈Sd

[φAi(p)]{dAi}, ϕ̄h(p) =
∑
i∈Sd

[φCi(p)]{dCi} (14)

The shape functions, in this class of methods, are usually generated using the point interpolation
method (PIM) [47], or the radial PIM (RPIM) with polynomial reproduction [48], and are characterized
by the following properties: they are linearly independent, posses the Kronecker delta property, form a
partition of unity, posses the linear reproducing property, present compact support, and are not compati-
ble. The lack of compatibility, consisting in the possibility of having discontinuities in the approximated
fields, results in functions that don’t belong to the Hilbert space H1(D) of square-integrable functions
with square-integrable first derivative. Liu [39, 40] showed that such functions belong to a different dis-
cretized Hilber space G1

h(D), which he called G-space, of functions that don’t posses a square-integrable
first derivative. A micropolar G-space was proposed by Gori et al. [42].

In order to allow the use of non-compatible interpolation functions, it is necessary to introduce
smoothed derivatives when calculating the measures of deformations of Eqs. (1) and (2). The first step
consists in the discretization of the problem domain into a set ofNS non-overlapping smoothing domains
DS
k , with k = 1, . . . , NS . Two common strategies are constituted by the node-based smoothed point

interpolation method (NS-PIM) [49–51] and the edge-based smoothed point interpolation method (ES-
PIM) [52], represented in Fig. 1(a) and 1(b), respectively. Both these methods are based on a set of
non-overlapping background cells which, in plane problems, are usually triangular. Then, at each point
p ∈ DS

k , the strain measures of Eq. 1 and 2 are replaced by smoothed strain measures, constant over the
smoothing domain DS

k , and expressed by [42]

γ̃(U(pk)) =
1

Ak

∫
∂DS

k

n̄(k)(ξ)⊗ ū(ξ) dS − e · ϕ̄(U(pk)) (15)

κ̃(U(pk)) =
1

Ak

∫
∂DS

k

n̄(k)(ξ)⊗ ϕ̄(ξ) dS (16)
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where Ak =
∫

DS
k

dV , and n̄(k) is the unitary outward normal vector field on the boundary ∂DS
k . Further

details on the theoretical aspects of SPIMs strategies applied to damage mechanics and to micropolar
media can be found in the papers by Gori et al. [37, 42].

Node
Cell edge midpoint
Cell centroid
Integration point

Internal
domain

Boundary
domain

DS
i

DS
j

i

j

(a) Node-based smoothing domain

Node
Cell centroid
Integration point

Internal
domainBoundary

domain

DS
i

DS
j

(b) Edge-based smoothing domain

Figure 1. Smoothing domains

4 Numerical simulations

The present section illustrates the numerical simulations of two different plain concrete experimental
tests, performed using the resources discussed in sections 2 and 3. The first one (section 4.1) is the L-
shaped panel investigated experimentally by Winkler et al. [53], while the second one (section 4.2) is
the four points shear test by Arrea and Ingraffea [54]; both of them has been widely used in the literature
as benchmark tests for numerical investigations on concrete behaviour [55–64]. These examples has
been selected to point out the mesh objectivity properties of the SPIMs, both alone and in combination
with the micropolar continuum theory. In order to illustrate the capability of the adopted strategies
to reproduce the general behaviour of the selected experimental test, the experimental results has been
presented together with the equilibrium path of the simulations. It is remarked, however, that the aim was
not to exactly reproduce the experimental results, since this would have required accurate calibrations of
the damage laws and, possibly, the use of damage models more complex than a simple scalar one, able
to better capture the physical behaviour of the samples.

4.1 L-shaped panel

The plain concrete L-shaped panel depicted in Fig. 2 was characterized by a Young’s modulus E
= 25850 N/mm2, a Poisson’s ratio ν = 0.18, tensile and compressive uniaxial strengths ft = 2.7 N/mm2

and 4.0 N/mm2, a fracture energy Gf = 0.065 N/mm2, and a characteristic length of the material h =
28 mm; in the following simulations its behaviour was reproduced adopting the Mazars scalar damage
model (Eq. (12)), with the following parameters for the exponential damage law, α = 0.950, β = 1100
and K0 = 1.12 ×10−4.
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Figure 2. L-shaped panel geometry

The sample of Fig. 2 was first investigated with the FEM, using four different discretizations (Fig. 3),
each one composed by three-node triangular elements in a plane-stress state, with a thickness of 100 mm.
The four meshes were characterized by a different mean nodal spacing near the concave corner, equal
to 25 mm, 15 mm, 10 mm, and 5 mm, while it was equal to 50 mm elsewhere. The sample was also
investigated with the NS-RPIM and ES-RPIM, using the discretizations of Figs. 4 and 5; it should be
noted that the node- and edge-based discretizations were constructed using the triangular finite elements
illustrated in Fig. 3 as background cells, maintaining the same nodal distributions adopted in the FEM
simulations. At each integration point of the node- and edge-based discretizations, the support domains
were constructed using the T-schemes T3 and T6/3 [38], as well as the influence domain strategy usually
adopted in the Element-Free Galerkin (EFG) method. The meshfree shape functions were constructed
with the radial point interpolation method with polynomial reproduction, using the exponential radial
function with c = 0.002, and adopting 3 polynomial terms. The analyses were performed adopting a
loading process driven by the generalized displacement control method [65], assuming a reference load
F = 7000 N, an initial loading factor increment of 0.005, and a tollerance for convergence in relative
displacement of 1 × 10−4. All the simulations presented in this section were performed considering
the tangent approximation of the constitutive operator, except for some of the meshfree simulations with
influence domains, which required a secant approximation due to convergence issues.

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 (d) Mesh 4

Figure 3. L-shaped panel FEM meshes

The results of the FEM analyses are illustrated in Fig. 6, where the values of the vertical displace-
ment at the point A of Fig. 2 are plotted against the load factor, together with the experimental range
presented by Winkler et al.[53]. As expected, due to the strain-softening behaviour of the adopted model,
the results were strongly mesh-dependent, with the finer meshes presenting peak values of the load factor
sensibly lower with respect to the coarsest meshes.

As it can be observed from Fig. 7 also the meshfree simulations with the T-schemes presented a
certain dependence of the results on the discretization, though with equilibrium paths less dispersed
with respect to the ones of the FEM simulations. Comparing the different meshfree strategies it can be
observed that the equilibrium paths produced with the ES-RPIM T6/3 were the ones with the minor dis-
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(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 (d) Mesh 4

Figure 4. L-shaped panel node-based discretizations

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 (d) Mesh 4

Figure 5. L-shaped panel edge-based discretizations
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Figure 6. L-shaped panel - FEM equilibrium paths
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persion; since the T6/3 scheme considers a larger number of support nodes with respect to the T3 scheme
at each integration point, this points out the benefits associated with degree of nonlocality embedded in
their formulation.
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(a) NS-RPIM T3 (b) NS-RPIM T6/3

(c) ES-RPIM T3 (d) ES-RPIM T6/3

Experimental [53] Mesh 1 Mesh 2 Mesh 3 Mesh 4

Figure 7. L-shaped panel - SPIMs equilibrium paths

In order to better exploit the advantages of the nonlocal character of the SPIMs strategies, the sim-
ulations of with the edge-based approach were repeated using influence domains for the support nodes
selection. While the the spatial size of the support domains produced with the T-schemes is dependent
on the discretization, if the support nodes are selected using the influence domains strategy it is possible
to obtain support domains with a spatial size that is independent of the discretization refinement. In order
to obtain the results depicted in Fig. 8, the support nodes of the edge-based discretizations were selected
using circular influence domains in the region near the concave corner, with radii equal to 20, 25 and
30 mm. As it can be observed in Fig. 8, when circular influence domains with radius R = 20 mm were
adopted, the meshes 3 and 4 exhibited almost the same equilibrium path, with a slight discrepancy in
the softening branch. For the values R = 25 mm and R = 30 mm the two discretizations still manifested
the same peak value, though with larger differences in the post-peak branch. Furthermore, it should be
noted that to higher radii corresponded higher peak values. Considering the results obtained for the mesh
2, it is interesting to observe that as the radius of the influence domains was increased, the difference in
terms of peak-values between the mesh 2 and the meshes 3 and 4 tended to decrease, emphasizing the
behaviour obtained with the T6/3 scheme.

4.2 Four-points shear test

The mixed-mode fracture test depicted in Fig. 9 was characterized by a Young’s modulus E = 24800
N/mm2, Poisson’s ratio ν = 0.20, tensile uniaxial strength between 2.8 N/mm2 and 4.0 N/mm2, and
fracture enegy between 0.10 N/mm2 and 0.14 N/mm2; in the following simulations its behaviour was
reproduced adopting the Mazars scalar damage model (Eq. (12)), with the following parameters for the
exponential damage law, α = 0.950, β = 1000 and K0 = 1.6 ×10−4. The additional micropolar elastic
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Figure 8. L-shaped panel - ES-RPIM with influence domains strategy - Equilibrium paths

parameters were a Cosserat’s shear modulus Gc = 3500 N/mm2, and two different values of the internal
bending length Lb, equal to 5.0 and 10.0 mm.

0.13 P P

203 397 61 61 397 203

82

224

CMSD

Experimental crack path [54]

Figure 9. Four-point shear test - Geometry (measures in mm)

The sample of Fig. 9 was first investigated with the FEM, using three different discretizations
Fig. 10), each one composed by three-node triangular elements in a plane-stress state, with a thickness of
156 mm. The three meshes were characterized by a mean nodal spacing of 30 mm, 20 mm, and 10 mm
between the notch and the point of application of the load P, and 70 mm elsewhere. The notch was rep-
resented as sharp, with an initial opening of 5 mm at its base. The sample was also investigated with the
ES-RPIM, using the discretizations of Fig. 11, based on the same nodal distributions adopted in the FEM
simulations. At each integration point of the node- and edge-based discretizations, the support domains
were constructed using the T-schemes T3 and T6/3 [38]. The meshfree shape functions were constructed
with the radial point interpolation method with polynomial reproduction, using the exponential radial
function with c = 0.002, and adopting 3 polynomial terms. The analyses were performed adopting a
loading process driven by the generalized displacement control method [65], assuming a reference load
P = 130000 N, an initial loading factor increment of 0.0125, and a tollerance for convergence in relative
displacement of 1 × 10−4. All the simulations presented in this section were performed considering the
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tangent approximation of the constitutive operator.

(a) Mesh 1 (b) Mesh 2

(c) Mesh 3

Figure 10. Four-point shear test - FEM meshes

(a) Mesh 1 (b) Mesh 2

(c) Mesh 3

Figure 11. Four-point shear test - ES-RPIM meshes

The results of the FEM analyses are illustrated in Fig. 12, in terms of the crack mouth sliding
displacement (CMSD) plotted against the load factor, together with the experimental results obtained by
Arrea and Ingraffea [54]. As in the case of the L-panel presented in section 4.1, it can be observed that
the FEM results were strongly mesh-dependent, with the finer meshes presenting peak values of the load
factor sensibly lower with respect to the coarsest meshes. As for the L-panel of the previous section,
also for the four point shear test investigated here the ES-RPIM strategy provided less dispersed results
if compared with the FEM, especially when the T6/3 support nodes selection scheme was adopted.

5 Conclusions

The main aim of this paper was to illustrate some numerical results regarding the combination
of the micropolar continuum theory with meshfree methods belonging to the class of smoothed point
interpolation methods for the analysis of problems described in terms of scalar damage models. For
this purpose, two plain concrete experimental tests were selected. The results that were obtained clearly
show some advantages with respect to simulations performed with the standard FEM. As pointed out
by the equilibrium paths presented in section 4, while the FEM simulations presented a strong mesh
dependency, the ones performed with the meshfree approach and the micropolar theory exhibited less
dispersed results, especially when spatially larger support domains were adopted. These results point out
the effectiveness of the proposed approach as a regularization strategy for strain localization problems,
and justify further investigations to exploit this strategy.
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Figure 12. Four-point shear test equilibrium paths
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Fundação de Amparo à Pesquisa do Estado de Minas Gerais) and CNPq (in portuguese: Conselho Na-
cional de Desenvolvimento Cientı́fico e Tecnológico - grant 309515/2017-3).

References
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[6] Pijaudier-Cabot, G. & Bažant, Z., 1987. Nonlocal damage theory. Journal of Engineering Mechan-
ics, vol. 113, n. 10, pp. 1512–1533.
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[59] Jirásek, M., 2007. Nonlocal damage mechanics. Revue Européenne de Génie Civil, vol. 11, n. 7-8,
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