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Abstract. This paper presents a boundary element formulation for 2D, steady-state advection-diffusion
problems with a variable velocity field and punctual source terms. The boundary and the variables are
discretized with continuous linear elements. The domain effects are computed with discontinuous linear
cells. The model shows good agreement with analytical results for variable velocity fields. Four cases
are presented with wind configuration typical of the atmospheric boundary layer - a combination of wind
power classes 1 and 4 for mean velocity, and open flat terrain and suburban areas for roughness. The
response of a unitary point source is analyzed and compared for each case.
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A 2D Boundary Element Formulation for Pollutant Dispersion on the Atmospheric Boundary Layer

1 Introduction

The knowledge of the pollutant dispersion simulation in the planetary boundary layer (PBL) for a
point source is relevant not only to control the impact of the environmental damage of an accidental event
but also to project the site of an industrial complex in order of minimize such event. Furthermore from
the Green Function Theory the solution of an arbitrary pollutant source can be straightly obtained from
the knowledge of the solution for a point source.

The advection-diffusion equations that models this phenomenon, if solved via the traditional nu-
merical domain methods, usually requires fine meshing discretization for problems with high velocity
field and point sources, which demands a significant computational time for the numerical simulations,
(Roache [1]).

We must notice that the analytical methods can be applied to problems with regular domains but not
for realistic domains like the ones with complex topography terrain.

One alternative is to employ analytical solutions in order to analyze a simplified version of the
problem. This, however, is only practical for very specific circumstances and results on a loss in solution
quality when applied to realistic situations (Cunha and Costa [2]).

Ikeuchi and Onishi [3] showed that the boundary element method (BEM) can be used as an alter-
native for decreasing the problem size and maintaining solution quality. Also, the upwind effect of the
mean velocity field is accounted for on the fundamental solution, allowing for the mesh used to be coarser
and the solution numerically more efficient and stable even for very high Péclet numbers (Qiu [4]). The
BEM solution can account for velocity fields high deviations from the mean with domain integration, as
shown by Wrobel and de Figueiredo [5]. However, according to Cunha and Costa [2], BEM applications
to advction-diffusion problems are scarce and to the best of our knowledge there is no application to
problems in the PBL.

In this paper we present a BEM formulation applied to solve the advection-diffusion problem for
a point source in a rectangular domain for some PBL typical flows, al well we also report numerical
simulation and comparisons against literature results.

2 Mathematical Formulation

The pollutant transport, in a Reynolds Average sense, can be described as Eq. (1), taking into
account advective, diffusive, and linear reaction effects.

~v · ∇φ− d∇2φ+ k φ = f (1)

where φ = φ(~x) is the time average pollutant concentration, ~v = ~v(~x) is the velocity field, d is the
turbulent diffusivity, k is the rate os consumption of φ, and f = f(~x) is the source term. Eq. (1) implies
an incompressible velocity field.

The part of this differential problem with constant coefficients has a fundamental solution associated
to it, which we will call u∗i . The subindex i refers to the application point of the Dirac’s delta. u∗i is given
by the solution to:

~vm · ∇u∗i + d∇2u∗i − k u∗i = −δ(~xi) (2)

in infinite domain with evanescent primal and dual variables when the distance from ~xi tends to infinity.
In Eq. (2) ~vm is the spatial mean of the velocity field. The solution to Eq. (2) is given by:

u∗i =
1

2πd
exp

(
−~vm · ~r

2d

)
K0 (µr) (3)
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where Kν is the modified Bessel function of the second kind and order ν, ~r is the distance from ~xi, and
µ is given by:

µ =

√(vm
2d

)2
+
k

d
(4)

The derivative of the fundamental solution in a direction n is:

∂u∗i
∂n

= − 1

2πd
exp

(
−~vm · ~r

2d

)[
µK1 (µr)

∂r

∂n
+
~vm · ~r

2d
K0 (µr)

]
(5)

Equation (1) can be rewritten in its integral form, as shown by Wrobel [5]:

c(~xi)φ(~xi)+

∫
Γ
φ (vn u

∗
i + d q∗i ) dΓ−

∫
Γ
qn d u

∗
i dΓ =

∫
Ω
φ (u∗i ∇ · ~vp + ~vp · ∇u∗i ) dΩ+

∫
Ω
f u∗i dΩ (6)

where c is a coefficient that depends on the location of ~xi, being 1 if it is inside the domain, zero if
outside and depending on the internal angle of Γ at ~xi if it is at the boundary (Brebbia, Telles and Wrobel
[6]); vn is the velocity outward normal to the boundary and ~vp is the difference between the velocity and
the mean velocity. q∗i is given by u∗i · ~n, and qn is the normal diffusive flux given by ∂φ/∂~n.

Equation (6) as written is used in one of the benchmarks, but it can be simplified for incompressible
flows such as those in the PBL, resulting in:

c(~xi)φ(~xi) +

∫
Γ
φ (vn u

∗
i + d q∗i ) dΓ−

∫
Γ
qn d u

∗
i dΓ =

∫
Ω
φ~vp · ∇u∗i dΩ +

∫
Ω
f u∗i dΩ (7)

The domain integral with respect to the source term given by f will receive a analytical treatment.
In this work we consider f as being a series of point sources modeled as Dirac delta functions:

f =

Ns∑
k=1

Qk δ(~xk) (8)

where Ns is the number of sources, Qk is the strength of the source k, and ~xk is the position of source k.
Using Eq. (8) we rewrite the domain integral:

∫
Ω
f u∗i dΩ =

Ns∑
k=1

Qk u
∗
i (~xk) (9)

3 Numerical Implementation

3.1 Discretization and Matrix Equations

Equation (7) was discretized and solved numerically. The variables φ and qn at the boundary, and
the boundary itself, were interpolated using 1D linear finite elements. The elements were continuous
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everywhere except at points where the boundary was not smooth or the boundary conditions had a dis-
continuity, where they were formulated as discontinuous.

The domain integrals were computed using discontinuous linear cells. It is worth remembering
that the BEM formulation uses domain integrals for computing domain effects, and not for building a
solution.

A matrix system was created by applying Eq. (7) at collocation points coinciding with the nodes
used in the interpolation of the boundary. This generates the matrix Eq. (10). We need the concentration
values for the domain cells, and for that we apply Eq. (7) at each cell node, generating Eq. (11).

Hb
ijφj −Gbijqn,j −Bb

ilφl = bi (10)

Hd
ijφj −Gdijqn,j −Bd

ilφl = bi (11)

where the subscript i corresponds to a collocation point, j corresponds to a boundary node, l corresponds
to a domain cell node. The superscript b corresponds to a collocation point belonging to the boundary,
while d corresponds to one belonging to the domain. bi is the computation of Eq. (9).

In well posed problems we know either the primal or the dual variable in each portion of the bound-
ary, with at least a portion of it with the primal variable known. For each boundary node we know either
φj or qn,j , so in order to assemble the final linear system we shuffle the corresponding columns of H and
G, forming a matrix A for the unknown values χ and a vector a resulting form the matrix multiplication
of the known values. The final system is given by:

Abij −Bb
il

Adij −Bd
il

χbj
φl

 =

(bbi + abi)

(bdi + adi )

 (12)

3.2 Numerical Integration

The boundary and domain integrals used to assemble the matrix system were solved with the Gauss-
Legendre quadrature if they did not contain a singularity. If they did contain a singularity, special treat-
ment is required.

Qiu [4] showed the asymptotic behavior of the singularities present on the 2D advection-diffusion-
reaction problem. The G matrix has weakly singular kernels to be calculated for its diagonal, the H
matrix has a combination of strongly and weakly singular terms in its diagonal, and the B matrix has
weakly singular terms. Weakly singular kernels were integrated using a cubic coordinate transformation
proposed by Telles [7].

The singular integrals on the H matrix could be solved indirectly, as suggested by Brebbia [8], if
there were no reaction term. We chose to integrate directly the diagonal of H . In geometrically linear
elements, such as the case of this paper, the strongly singular part of the kernel vanishes and it can be
computed by the same scheme used for weakly singular kernels.

3.3 Solution at Interior Points

As mentioned above, the domain cells are used for computing domain effects, and not for building
the solution. In effect, usually a small number of cells suffice for the calculation of these effects as shown
by Brebbia [8] [6].
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In order to analyze results at the interior we can apply Eq. (7) at any domain point that we want,
since we already know the primal and dual values at the boundary, and also the necessary values for
computing the domain effects. The BEM solution itself is continuous in the domain and is a criterion of
the user how many interior points need to be calculated for data analysis.

4 Benchmark Cases

We show the accuracy of the scheme used by solving two cases with analytical solution, one where
the velocity varies linearly with x and another where it varies quadratically with y.

4.1 First Case - Linearly Varying Velocity

In this case we solve a problem in a unit square where the velocity in y is zero throughout the
domain and the velocity in the x direction can be expressed by:

vx(x) = ln
φb
φa

+ k

(
x− 1

2

)
(13)

φa is the concentration at x = 0 and φb is the concentration at x = 1. We have condition of zero diffusive
flux on y = 0 and y = 1, and the diffusion coefficient was held equal to 1. A particular solution to Eq.
(1) with this velocity field is:

φ(x) = φa exp

[
k

2
x2 +

(
ln
φb
φa
− k

2

)
x

]
(14)

This problem was solved with 40 boundary elements and 10 cells in the x direction, with four
different values for k. In this benchmark only we solved Eq. (6) instead of Eq. (7), since the velocity
field is compressible. From Eq. (13) we see that the greater the value of k the grater is the variation of
the velocity on the domain.

Figure (1) shows a surface plot with the calculated concentration value for this benchmark problem
using k = 4. Figure (2) shows a comparison between the numerical results for φ at the boundary y = 0
with the analytical solution. Figure (3) shows a comparison between the numerical results for qn at the
boundary x = 0 with the analytical solution. These last results show some spurious oscillations near the
corners of the domain that increase with the value of k. They reach 4% deviation with k = 10 and they
get smaller with finer meshes.

4.2 Second Case - Quadratically Varying Velocity

For this benchmark we solve a problem in a unit square where the velocity in y is zero throughout
the domain and the velocity in the x direction can be expressed by:

vx(y) =
(k − C2)2

C
(y −B)2 (15)

where B and C are arbitrary. A particular solution to Eq. (1) with this velocity field is:

φ(x) = φc exp

(
λ

2
y2 − λBy + Cx

)
(16)
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Figure 1. Surface plot for the concentration φ of the first benchmark case with k = 4.

Figure 2. Concentration values along the x direction for different values of the reaction coefficient k.
Comparison between numerical and analytical values.

In order to compare the present results with those obtained by Wrobel [5], we choose d = 1,
k = 9.724, φc = 300, B = 0.25, and C = −3.4012. The analytical value for the primal variable was
applied at x = 0 and x = 1 and the analytical value for the dual variable was applied at y = 0 and y = 1.

This problem was solved with 40 boundary elements and 10 cells in the x direction. The solution is
asymmetrical in both the x and y directions.

Figure (4) shows a surface plot with the calculated concentration value for this benchmark problem.
Figure (5) shows a comparison between the numerical results for φ at the boundaries y = 0 and y = 1
with the analytical solution. Figure (6) shows a comparison between the numerical results for qn at the
boundaries x = 0 and x = 1 with the analytical solution. These last results showed again some spurious
oscillations near the corners of the domain.
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Figure 3. Normal diffusive flux values along the y direction and x = 0 for different values of the reaction
coefficient k. Comparison between numerical and analytical values.

Figure 4. Surface plot for the concentration φ of the second benchmark case.

5 Application to Atmospheric Boundary Layer Flows

In this section we will consider a typical atmospheric boundary layer flow for flat terrain and a
neutrally stratified PBL, the logarithmic profile:

vx(y) = C ln

(
y + y0

y0

)
(17)

where C is the friction velocity divided by the Von Kárman constant and y0 is a roughness measurement.
Four cases will be considered, the combination of two wind power classes and two terrain types. The
values for C and y0, as well as the average wind speed in the first 200m, are shown at the Table 1.

The wind power classes were defined according to the Wind energy resource atlas of the United
States [9] and the terrain roughness values accordingly to the Guide to Meteorological Instruments and
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Figure 5. Concentration values along the x direction for the second benchmark case. Comparison be-
tween numerical and analytical values.

Figure 6. Normal diffusive flux values along the y direction for the second benchmark case. Comparison
between numerical and analytical values.

Table 1. Wind profile information.

Case number Power Class Terrain C(m/s) y0(m) vm(m/s)

I 1 Open field 0.37 0.03 2.91

II 1 Suburb 0.37 1.00 1.61

III 4 Open field 0.90 0.03 7.03

IV 4 Suburb 0.90 1.00 3.90

Methods of Observation [10].
Cases I to IV were solved for a diffusive coefficient of 10 and for k = 0, in the domain represented

in the Figure 7. We considered air at x = 0 without any concentration, and null diffusive flux at the rest
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of the boundary. A unitary point source was placed 40 meters above the ground. 120 boundary elements
and 50 domain cells were used for the simulations.

Figure 7. Geometry and boundary condition information.

Figures 8 to 11 show the wind profile and concentration contour plots for the four studied cases.
We can observe that the stronger the wind, the smaller are the concentration values and the reach of the
plume upwards.

Figure 8. Wind profile and concentration contour plot, case I. Wind power class 1 in a flat open field.

Figure 9. Wind profile and concentration contour plot, case II. Wind power class 1 in a suburban area.

Ne next figures will compare the concentration at three different heights: 10m, 40m, and 70m, for
each case studied. In Figure 13 we see the concentration along the x direction at the same height as the
source. As expected the concentration falls with the distance.

In Figure 12, at a height of 10m, we see that the concentration behaves somewhat different. In
particular, for Case II (wind power class I in a suburban area, the weaker wind studied) the concentration
reaches a peak around 80m after the source location. For Case III, with stronger winds, the concentration
mounts slowly not appearing to reach a maximum on the simulated domain.
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Figure 10. Wind profile and concentration contour plot, case III. Wind power class 4 in a flat open field.

Figure 11. Wind profile and concentration contour plot, case IV. Wind power class 4 in a suburban area.

Figure 12. Wind profile and concentration contour plot, case IV. Wind power class 4 in a suburban area.

Figure 13 shows the concentration behavior at the height of the source. As expected, it falls mono-
tonically with the distance, faster the stronger the wind is.

Finally, in Figure 14 we see the concentration at 70m. The changes in concentration at this height
are smaller with distance when compared with the other cases, and the absolute value is smaller since
the wind is stronger and there is no ground to stop the dispersion.
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Figure 13. Wind profile and concentration contour plot, case IV. Wind power class 4 in a suburban area.

Figure 14. Wind profile and concentration contour plot, case IV. Wind power class 4 in a suburban area.

6 Conclusion

In this work we solved the advection-diffusion equation for pollutant dispersion simulations in the
PBL considering a point source in a rectangular domain. To our best knowledge the solution for this kind
of problem by the BEM method is not found in the literature.

It is well known that the solution for an arbitrary pollutant source is promptly solved using the
Green Function Theory, once the point source solution is known. Taking into account the main feature
of the boundary element method which consist in the discretization of the boundary domain, we are
confident to affirm that the aforementioned method is robust to solve realistic problems with complex
topography terrain. Therefore we shall focus on future attention in this direction. Also considering the
3D advection-diffusion models.
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