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Abstract. Due to the lack of consensus among the several models applied to its internal forces
assessment, the design of slabs represents a task of reasonable complexity. The availability of high-
performance software allows its mechanical performance simulation from the continuous plate
concept. Despite its great acceptability the results obtained from such procedure are far from the
reality since the knowledge domain of the mechanical behavior of concrete yet did not reached
fullness. The validation of software’s can be performed by using simplified procedures adopting in
hand calculation or small algorithms. Such kinds of approaches are useful, including, as design
resources for more modest constructive units, namely, residential buildings or small commercial and
industrial structures. The Thin Plates Theory is applied to solid bodies composed by linear, elastic and
homogeneous material, whose thickness is inferior to its remaining dimensions. Some solutions of the
Differential Equation, derived from the referring Model, were proposed by Navier and by Levi. The
aim of this work is the analysis of mechanical performance of reinforced concrete slabs, layered upon
a group of high stiffness beams, from the Thin Plates Theory considering the solutions proposed by
Navier and by Levi. The obtained results have revealed that, even for that cases involving symmetrical
loading and edge conditions, the maximum bend moment in the “y” direction occur at a point deviated
from the center of the plate, and its magnitude is greater than that one recorded at the plate center.
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Mechanical Performance Analysis of Plates

1 Introduction

The Grid Method, The Marcus Method and the Thin Plate Theory represent models suitable to
perform the analysis of displacements and internal Forces. Due to the lack of consensus of these
models that has endured until nowadays, the reinforced concrete slabs design involves approach tasks
of reasonable complexity.

The availability of high-performance computational codes allows the slabs mechanical
performance simulation from plate elements and the assessment of the mechanical performance
parameters from the consideration of their continuity. Nevertheless, the resolution carried out in this
way is far from culminating into irrefutable results due to the fact that the knowledge domain of the
concrete behavioral response is yet to achieve fullness.

The validating operation of the obtained results referring to slabs analysis from automatic codes
can be performed from the adoption of suitable simplified procedures for in hand calculation or small
algorithms implementation.

Such kind of simplified approaches are useful, including, as design resources of more modest
constructive units projects, namely, buildings to support residences or commercial and industrial
activities of low magnitude.

The Kirchhoff’s model, which culminates in the Thin Plates Theory, is applied to those cases
involving structural solids composed by linear elastic homogeneous and isotropic material, of
thickness that is very inferior to its dimensions in plant, for which, including, the Bernoulli hypothesis
is valid.

A partial differential equation, namely, the Differential Equation of the Plates, is associated to the
Kirchhoff’s Model, whose solution, for some special cases, was proposed by Navier and by Levi.

The aim of this work is the analysis of the mechanical performance of reinforced concrete slabs
from the Thin Plates Theory considering the solutions proposed by Navier and by Levi.

Such analysis proceeding is applied to models consisting by laminar structures layered on a group
of high stiffness beams that can be regarded as no displaceable supports.

The structural members defined according this mode are diversified into a set of cases
distinguished from each to another by geometric characteristics, taking into account, specially, the
establishment of, at least, three different ratios between the span lengths, in the two principal
coordinate directions.

2 Modelling

According to the Classical Theory of the Elasticity, the bending stiffness of plates is written in
the form:

B Eh3
C12(1 = v?)

for which the E and v parameters represent, respectively, the modulus of elasticity and the Poisson's
ratio of the plate constituent material, while the h parameter is the plate thickness.

For the plate shown in Fig. 1.a, its deformed shape, Fig. 1.b, is described by the Lagrange
Differential Equation, which stems from the Kirchhoff’s Thin Plates theory, and is of the form
presented by Woinowsky-Krieger and Timoshenko [1], and by Szilard [2], expressed by:

D (D

o* o* a* ,
0,, o o _pxy)
dx* 0x2dy? = dy* D
since p,(x,y) is the load distribution function over the surface wide area of the plate.

(2)

According Szilard [2], the solution proposed by Navier for such differential equation, applied,
solely, to plates that are simply supported along its all four edges, Figure 2.a, is expressed by a double
trigonometric series, as presented in Eq.(3).
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mmx ny

w(x,y) = Z Z W, nsm( ) sin 3)

Ly L,
m=1n=

such that, the “L,” and “L,” parameters, are the span lengths over the “x” and “y” coordinate

directions, respectively. Equation (3) is valid as long as it is possible to approximate the transverse
load for the trigonometric and also double series:

o= 3, Y rwsn () s ()

me=1n= y

According the Fourier’s Middle Period Series concept, the “P,,” parameter is the, so called,

Fourier’s Coefficient and it is obtained from the Euler’s form:

Ly Ly
P = x.y) (mnx),mt dd c
m"_LL p,(x,y) sin I sin L xdy (5)
Once replacing Eqg. (3) and Eq. (4) into Eq. (2) and promoting relevant algebraic transformations,
it may result:
m\2 n\’ ’
Bon = (_) + (_> 7T4DWmn (6)
Ly L,
and,
B
Winn = = 2 )

@)+ (2)] o

If Eq (7) is considered in Eq. (3) this later equation assumes the form of the relationship:

w(x,y) = Z Z 2 sin (HLT[X) sin (n:y) (8)
= [ X) (L)] D x y

If the load is uniformly distributed and p is its magnitude, then:

16p 16p
Pon == and Wy, = ,mn=1,3,5 9)

o @) (g)z]znﬁmnu

The bend moments, Fig. 1.c, are expressed, according the Kirchhoff’s Theory from de
mathematical sentences:

M, = —D azw+ oo M, = —-D 62w+62w 10
X dx?2 vc’)yz ¢ My = Vax? 0y? (10)
while the twisting moments are described according the equation:
0%w
My, = —(1— v)D 5%9y (11)

If Eq. 8 is replaced into Eqg. 10 and Eq. 11, it may be obtained:

M, = ©?D Z Z [ ?)2 + v(%)zl Wypnsin (?) sin (n:y) (12)
x y x

m=1n= y
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M, = D i i [v (Lﬂ)z + (%)2] Winnsin (nznx) sin (rlLﬂ) (13)
m=1n=1 x x

and:

X,u h

ZWy Y

Figure 1. a) Slab; b) Deformed shape; c) Internal forces

As it was presented by Szilard [2], the solution of the Differential Equation of the Plates proposed
by Levi, applied to slabs presenting the boundary conditions indicating in Fig. 2.a is of the form:

. mimx mnx [(mnux . (mmy
w(x,y) = Z A, cosh - + BmL—smh o + W, | sin - (15)
m=1 4 y

y y
For which:
4L% p mmL, - B senh(ay,) + Wy,
= ——=—:aAn = ———; Bp=———and A, = —
(mm)>D 2L, 2cosh(a,,) cosh(a,,)
Replacing Eq. (15) into Eq. (10) and Eq. (11), it may result:
2 mmx mmx mmx
M,=D— z m? {[(1 —v)A,, — 2vB,,|cosh (—) + (1 —v)B,,——senh (—)
Ly &= Ly Ly Ly
mmy
+ Wy sen| —— (16)
Ly
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mmx mmx mmx
m?{[(v — 1)A4,, — 2B, Jcosh|— | + (v — 1)B,, senh
Ly Ly Ly

mry
+vW,, ¢ sen| —— 17)

and:
2

n“D - 2 mmx mmx mmx
Mxy = —(1—1/) L 5 Z m (Am+ Bm)senh L_ +BmL—COSh L_

x = y y y
mn
- cos < y) (18)

As it is described by Szilard [2], Eq. 15, 16, 17 and 18 may be applied, too, for the structural
analysis of slabs presenting the boundary conditions indicating in Fig. 2.b, since it is considered that:

_ Wysenh(ay,)
"~ a, + senh(ay,)cosh(a,,)

(19)

m

For slabs presenting the boundary conditions illustrated on Fig. 2.c, the solution of the
Differential Equation of the Plates proposed by Levi is of the form:

o)

mrmx mmx mmx mmx
w(x,y) = Z Ap + DmL_ cosh T + BmL_ + C,, | senh o
y

= y y y
mmy

+ Wy sen| —— (20)
Ly

since that, the “A,”, “Bn”, “Cn” and “Dy,” parameters are obtained from the set of equations 21, 22,
23 and 24, solution.

cosh(apy,)Am + amsenh(ay,)By, — senh(a,,)Cp — amcosh(ay,)Dy = — Wy, (21)
cosh(ay,)Am + apsenh(ay,)By, + senh(ay,)Cp, + apcosh(ay,)Dy = — W, (22)
senh(ay,)An, + [senh(a,,) + aycosh(ay,)]|By — cosh(ay,)Cp — [cosh(ay,) + apsenh(a,)] D,

=0 (23)
cosh(ay,)Ay, + [2cosh(a,y,) + aysenh(ay,)]|By, + senh(a,)Cn
+ [ZSenIh(am) + a,cosh(ap)]Dy =0 | | (24)
7 N 7
/) NI
Z N7
@ 7 @ N 7 ® Ly
/] N\ /]
7 N 7
/) N\ 7

L Lx Lk Lx ] Lx
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QSS'{S'\ - Clamped edge

- Simple supported edge

=+

Figure 2. Plates boundary conditions
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The bending and the twisting moments may be obtained by Eq. 10 and Eq. 11, respectively.

The tables prepared by Barés, presented by Aradjo [3], exhibit dimensionless parameters in terms
of displacement and internal forces and are determined from the theory of plates, which should be
employed for the final displacements and internal forces calculations.

With the view to carry out the plate structural analysis on the base of the Finite Element
Technique Eq. 10 and Eq. 11 may be written in the matrix form:

{M} = —|Dyl|{k} (25)
The moments matrix is expressed by:
T
M} = [Mx My Mxy] (26)
The stiffness is described in terms of the matrix:
1 v 0
v 1 0
[Dx] =D 0 0 1—v (27)
2
The bending curvature vector is given by:
0’w 0%w 2w’

k} = 2 28
kel [axz dy? dxdy (28)
Once the Kirchhoff’s Theory is valid, solely, for that cases from which the strains due to the shear
stresses are negligible, the mechanical deformation energy may be widely characterized in terms of the
Xy on plan strains “g.”, “g,” e “y,,”, and these strains may be written as a function of the transverse
displacement w(x,y). The Kirchhoff’s plate element may be formulated from the energy deformation

presented by Cook et al [4], as the equation:

1
U= fV S 0T IDIkIdA 29)

For the four nodded element type, Fig. 3, it must be considered three degrees of freedom for each
nodal point, namely, the transverse translation “w;” and the rotations around the coordinate axis “w;”
and “w,;”. On a mathematical meaning, the terms “w ,;” and “w,;” represent the derivative of the “w;”
function relating to the “x” and the “y” variables, respectively. The shape functions, corresponding to
“n” nodal points elements, may be represented from the vector:

{N} = [N1 N, ---N3n] (30)
Z, W
1 4
/ / /
. Yy
W, ’
a
2 “ kY
kY b b \/3 W xs \
e
W3

Figure 3. Four nodded Kirchhoff’s Plate Element

If the nodal displacement vector referring to the plate element is as presented in Eq (31),
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T
{d} = [Wl Wxi Wyt .- Wnp Wyn W,yn] (31)

the translational displacement normal to the middle plan of the plate, for any point placed in such a
plan, will be expressed by:

w = [N]{d} (32)
While, for the curvature vector results the relationship:
{k} = [B]{d} (33)

The geometric matrix [B] in Eqg. 33 presents 3x3n size, such that, the vector {k} will be 3 length
and the vector {M} will be 3n length.

In the other hand, in the Grid Method formulation, the plates are discretized from finite unitary
width tracks in both directions “x” and “y”, and any interaction between two adjacent tracks is
disregarded, highlighting the mechanical performance of two tracks each of them distributed along one
of the coordinate direction and intersecting themselves at the center of the referring structural member.

The tracks so defined are treated as beams whose height is equal to the slab thickness and the
continuity of the set of tracks is established, merely, from the condition that the vertical displacements
at the center of their spans are equals to both beams that represent the perpendicular tracks intersecting
at the referring point. The Mechanics of Solid Materials postulates are applied to derive the equations
that must be used to determinate the displacements and internal forces. The twisting stiffness may be
considered, in an approximate mode, from which the positive calculated moment magnitudes are
reduced by the adoption of the coefficients proposed by Marcus, presented in Aradjo [3].

3 Computational Support

In order to fulfill the objective proposed in this work, computational software was developed in
automatic language C++, drafted upon the formulation affects to the grid method and those one
referring to the solutions that were proposed by Navier and by Lévi. A computational image generator,
elaborated in Delph, called PROJECT 2, Madureira and Silva [5], including, was used.

4  Computational Program Validation

The C++ computational program, characterized on the number 3 section of this paper, will be
validated, naturally, in the course of this text development since the relevant subject of this work is a
comparative structural analysis, based on several approximated models.

5 Analyzed Specimens

The analyzed specimens are laminar structural members cast by C 30 concrete, whose relevant
physical parameters, namely, the Young’s modulus and the Poisson’s ratio, were, properly, evaluated
in accordance to the NBR 6118/2014, Design of Structural Concrete — Procedure [6].

The analysis subject of this work will be performed upon slabs whose span length in the “x”
coordinate direction is fixed as “Ly, = 4,00 m”, considering a set of cases differentiated among
themselves by the boundary conditions illustrated in Fig. 2 and by their span lengths in the “y”
coordinate direction, “L,”.

The analyzed specimens are submitted to uniformly distributed load normal to its middle plan.

The works reported in this paper were carried out from the consideration of two distinct stages of
analysis. At the first one, 11(eleven) different span lengths in the “y” coordinate direction are
considered, in order to establish the different and gradual values for the ratio "A = Ly/LX", namely:
1.0;1.1;1.2;1.3; 1.4; 15;1.6; 1.7; 1.8; 1.9 and 2.0. It was determined, therefore, the dimensionless
parameters values for the bending moments over both coordinate directions and for the transverse
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displacement, to allow the trend analysis. At the second stage of analysis it was performed the works
on slabs presenting, alternatively, three values for the span length in the “y” coordinate direction,
namely: “L, = 4.00 m”; “L, = 5.00 m”; and, “L, = 6.00 m”, and the relevant results comparison were
established, and then the displacements and the moments variation fields along the whole area of the
slabs were drafted.

6 Results

From the obtained results referring to the first stage of analysis, the folders of Fig. 4, 5, 6 and 7
were drafted, and, from such figures it may be noted close agreement, for the number one case,
between the Lévi solution and the Navier double trigonometric series. In addition, it may be observed
that the dimensionless parameters extracted from the Barés tables, agree in a fine approach with its
corresponding results obtained by the Lévi solution.

According to the curves of Fig. 4 and the Table 1, the transverse displacement magnitude on the
slab center, obtained from the Thin Plates Theory, proved to be smaller than those ones determined
from the Grids Method as already reported by Silva e Cashell [7] and by Madureira et al [8].

16,00

14,00
JSI/K

10,00 /./ JL/KZ/EZ/.__,

(8] 8,00 I/ /gz/gﬁ/T

6,00 ot

o e
A I I O B

v

1,00 1,10 120 130 140 150 160 1,70 1,860 1

0 2,00
A=ly/lx
Levi - Number 01 Case —>—Levi - Number 02 Case
—>—Levi - Number 03 Case —H—Barés tables - Number 01 Case
—H—Barés tables - Number 02 Case —H—Barés tables - Number 03 Case
—O—Navier - Number 01 Case —@—Grids Method - Number 02 Case
—0—Grids Method - Number 03 Case —@—Grids Method - Number 01 Case

Figure 4. Transverse displacement dimensionless parameters

On the other hand, the bending moments at the center of slabs, over both coordinate directions,
calculated from the Grid-Marcus Method, have presented smaller magnitudes than those ones referred
in the upper paragraph, Fig. 5 and 6, while the results obtained from Grids Method present the highest
values, Tables 2 and 3.

The differences among the displacement magnitudes reported above are as smaller as greater the
ratio between the span lengths along the two coordinate directions, because, for the case number one,
it was reduced from 37%, for A = 1.0, to 17% for A = 2.0, Table 1.

The differences involving the magnitudes of the positive bending moments in the "x" direction
showed similar trend, ranging from 17% to 5%, if the results from the Theory of Plates and those ones
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from Grid-Marcus Method are compared, and, ranging from 29% to 15%, if the results from the
Theory of Plates and that ones from Grid Method are compared, Table 2.

The differences referring to the positive bending moments over the "y" coordinate direction, seem
have presented the same trendy reported above in this paragraph, if the results from the Theory of
Plates and that ones from the Grid Method are compared, decreasing from 29% to 15%. However, it
may be observed that, at first, it occurs reduction in such difference if the ratio between the span
lengths increases from A = 1.0 up to A = 1.6 and, after that, the difference tends to increase. On the
other hand, if the results from the Theory of Plates and that ones from Grid/Marcus Method are
compared, that difference presented diverse behavior, therefore, they increased from 24% up to 36%,

since the "A" values ranged from 1.0 up to 2.0, Table 3.

Table 1. Displacements dimensionless parameters

Displacements — w,
Number 01 Case | Number 02 Case | Number 03 Case
» . P G P G P G

-------------------------------------------------------------------------------

_______________________________________________________________________________

_______________________________________________________________________________

———————————————————————————————————————————————————————————————————————————————

———————————————————————————————————————————————————————————————————————————————

_______________________________________________________________________________

i P — Plates Theory Data; G — Grld Method Data

‘G 2

Table 2. Positive bending moment in coordinate direction dimensionless parameters

Bending Moment - My
, Number 01 Case 5 Number 02 Case 5 Number 03 Case

A . P . G . GM . P . G i GM . P | G | GM

100 | 442 | 625 | 365 . 317 | 347 . 267 . 390 | 502 . 3.34

0110 . 519 | 743 . 439 . 343 | 367 . 293 | 440 : 552 | 384

120 | 593 | 843 . 514 | 363 | 380 | 313 | 483 | 590 . 4.29

» 130 0 662 @ 926 . 588 379 @ 389 : 330 @ 520 : 6.17 '@ 4.67

0140 ¢ 726 . 9.92 . 657 . 391 | 396 : 343 . 552 | 637 . 4.99

» 150 © 784 @ 1044 © 721 400 @ 401 @ 353 @ 579 ' 652 @ 526

. 160 ; 837 | 1085 | 778 | 407 . 404 | 362 . 6.02 | 663 . 548

170 | 8585 | 1116 . 829 | 412 | 407 . 369 . 621 | 671 | 567

0180 : 928 : 1141 . 873 415 « 409 | 374 . 637 | 677 ! 583

190 @ 966 . 1161 . 912 | 417 .« 410 | 379 . 650 | 682 . 596

0 200 : 1000 @ 1176 : 946 419 . 412 . 383 : 661 : 686 ' 6.08

: P — Plates Theory Data; G — Grld Method Data; Grld Marcus Procedure Data

For the cases 02 and 03 the behavioral trend was the same of that one related above in this text
and was differentiated from the former, solely by the recorded values, Tables 1, 2 and 3. Nevertheless,
it is worthwhile to highlight that the differences among the obtained values from Marcus-Grid Method
and those ones calculated from the Theory of Plates, have resulted, significantly, smaller, and such
differences was as smaller as greater was the slab bending stiffness as it may be seen in Figures 4, 5
and 6, and, in Tables 1, 2 and 3.
The acquired results reveal a satisfactory agreement among all the adopted data sources for the

magnitude of the negative bending moments “M,,”, as it may be note in Fig. 7.
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Figure 5. Dimensionless positive bending moments along the “x” direction
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—O—Navier - Number 01 case —@— Grids Method - Number 02 case
—0—Grids Method - Number 03 case —@— Grids Method - Number 01 case
—O— Grids/Marcus - Number 02 case —@— Grids/Marcus - Number 03 case

—&— Grids/Marcus - Number 01 case

Figure 6. Dimensionless positive bending moments along the “y” direction
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Figure 7. Dimensionless negative bending moments

(Y1)

Table 3. Positive bending moment in “y” coordinate direction dimensionless parameters

Bending Moment - M,
Number 01 Case i Number 02 Case i Number 03 Case

A P G ¢ GM ¢ P ¢ G I GM ! P I G ! GM

. 100 ; 442 : 625 . 365 . 215 . 208 | 179 . 318 . 357 | 272
110 © 449 | 614 . 363 . 198 . 1.82 | 160 . 307 | 325 | 254
120 © 449 586 : 357 181 . 158 : 142 : 293 . 291 . 235
130 | 444 | 548 | 348 | 166 | 138 | 126 | 279 | 260 | 215

» 140 © 436 @ 506 @ 335 ¢ 151 © 121 @ 111 & 264 231 @ 1.95

. 150 | 426 | 464 | 320 | 139 | 107 : 099 . 249 | 206 . 178
160 | 415 | 424 304 | 128 | 095 | 089 | 236 : 184 | 161
1170 . 403 . 38 . 287 . 119 . 084 . 080 223 . 165 .| 147
180 0 391 . 352 . 270 . 111 . 076 | 072 . 212 | 149 | 134

0190 © 379 @ 322 . 253 105 @ 068 : 065 @ 202 : 134 : 122

0200 ;. 368 | 294 . 236 . 1.00 . 062 : 059 . 192 | 122 . 112

P — Plates Theory Data; G — Grld Method Data; GM Grid-Marcus Procedure Data
The results corresponding to the second stage of analysis, for the slabs whose boundary

conditions are illustrated in Fig. 2.a, obtained from the Navier solution, exhibit a good agreement with
those ones calculated from the Lévi’s trigonometric series, Table 4 and Table 5.

For the case number one, according to the results corresponding to the span length over the “y”
coordinate direction “L, = 6,00 m”, specially, once the equilibrium configuration referring to the
loading having been reached, the field of the displacements, of the bending moments and of the
twisting moments have established themselves as the feature shown in Fig. 8. For the remaining cases
such parameters have presented magnitude distribution in a similar way, differentiated, however,
among themselves by their numerical values.
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TRANSVERSE
DISPLACEMENT Mx MOMENT
{m) (kHm/m)
0.0000 0.0000
0.0000 0.0000
0.0021 31339
0.0043 6.2678

0.4017
12.5356
15,6694
18.8033
218372

X 250711

0.0064
0.0085
0.0106
0.0128
0.0149
0.0170

-

(a)

MOMENT
MXY  gevmim)

n

15,6726
1.7544
7.8363
39181
0.0000
0.0000
19501
3.9181
58772
7.8363
0.7954
11.7544
137135

X 156726

(c) (d)
Figure 8. Displacements and Internal Forces Fields — Number one case — 4.00 m x 6.00 m Plate

MOMENT
My (kNm/m}

0.0000
0.0000
1.7020
34041
5.1061
6.8082
8.5102
10.2122
11.9143
13.6163

It may be observed that, in a general way, the fields object of this paper, Fig. 8 and Fig. 9, present
shapes according to the traditional knowledge state about the theme approached.

The examination of the field of displacements of the Fig. 9 may induce the wrong idea that on the
little width track near the clamped edge of the slab, namely, the track colored by grey chromatic
nuance, the transverse displacements would be null. Nevertheless, that fact occurs as a consequence of
the adopted precision by the algorithm results that was used in the numerical mapping to the image
generation of the referring field.
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Table 4. Bending moments at “x” coordinate direction and transverse displacements — number 1 case

Transverse Displacements(mm) Bending Moments M, (KNm/m)
X Ly=40m L,=50m L,=6.0m Ly=40m L,=50m L,=6.0m
(m) N(*) | L(**) N(*) | L(**) N(*) | L(**) N(*) | L(**) N(*) | L(**) N(*) | L(**)
. 000 : 00 0.0 00 @ 00 00 @ 00 0.0 : 0.0 00 1 00 : 00 : 0.0 .
050 (26 26 | 50 (50 | 67 . 67 . 75 | 75 | 98 | 98 @ 118 | 118
100 47 47 91 ¢ 91 122 122 @ 116 : 116 : 159 : 159 @ 194 | 194
150 6.0 60 | 118 ' 11.8 A 158 @ 158 . 136 | 136 191 | 191 @ 237 . 237
200 65 65 | 127 @ 127 © 17.0 @ 17.0 ' 141 @ 141 @ 201 @ 201 @ 251 | 25.1
: N — Navier Solution / L™ — Lévi Solution ( kNm/m) :
y y
TRANSVERSE TRANSVERSE
DISPLEl:r('iEMENT DISPL%EMENT

0.0000
0.0000
0.0007
0.0014
0.0020
0.0027
0.0034
0.0041
0.0047

0.0000
0.0000
0.0012
0.0024
0.0036
0.0048
0.0060
0.0072
0.0084

0.0054 0.0096 X
(a) (b)
Figure 9. Displacements Fields: a. number 2 case; b. number 3 case
Table 5. Bending Moments at “y” Direction and Twisting Moments — humber 1 case
Bending Moments M, (KNm/m) Twisting Moments M,, (KNm/m)

y L,=40m | L,=50m L,=6.0m L,=40m L,=5.0m L,=6.0m
(m) NI$) | L& N | L™ N | L) NI$) | L™ N | L™ N | L&D
0.0 100 00 00 | 00 00 . 00 i 119 | 119 | 143 | 143 : 157 | 157 |
05 1751 75 7.3 7.3 7.1 71 103 ' 103 | 128 @ 128 | 143 | 143 |
10 '116: 116 | 112 : 112 ' 108 | 108 : 73 : 7.3 ' 100 : 100 | 116 : 11.6
15 1136 136 | 132 | 132 ' 126 ' 126 . 3.8 3.8 6.8 6.8 8.7 8.7
20 1141 141 | 141 @ 141 | 133 | 133 | 0.0 0.0 3.4 34 5.7 5.7
25 | FRx | vk 143 | 143 | 136 | 136 | | <xx 0 00 0.0 2.8 2.8

: 30 : *k*k : *k*k : *kk : *k*k : 136 : 136 : *k*k *k*k *k*k * ki 00 00

- N — Navier Solution / L™ — Lévi Solution ( kKNm/m)

It may be noted that, the Barés tables data, refer themselves to the “M,” bending moment,
correspond to that point of the slab placed at the middle span over the “y” coordinate direction, points
C and C’ in Fig. 10. However, for the cases involving clamped slabs, if the ratio between the span
lengths assumes the highest values, the maximum bending moment over the “y” coordinate direction
occurs at points D and D’ deviated from that ones, Fig. 10.
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Thereby, if “L, = 6.00 m”, the bending moment magnitude for the number 2 case, in the point C
vicinity, is “M, = 1.38 KNm/m”, while its maximum value is “M, = 1.78 kNm/m”, corresponding to a
difference by approximately 29%. For the number 3 case, in the other hand, the bending moment
magnitude close to the point C’, is “My = 2.40 KNm/m” while “M, = 2.61 KNm/m” is its maximum
value, corresponding to a difference by the order of 9%.

y y

My MOMENT MOMENT

¥ (ktimim) My {kNm/m)
5.2603 JA174
30452 53380
A.3151 A7793
0.0000 0.0000
0.0000 0.0000
0.7105 10422
14200 20844
24314 34266
28419 4.1688
35524 52110
4.2628 6.2532
49733 7.2954
56938 8.3376

X X
(a) (b)

Figure 10. M, Bending Moment Fields: a. number 2 case; b. number 3 case

7 Conclusions

The mechanical performance comparative analysis of slabs from the Kirchhoff’s Theory, from the
Grids Method, from the Marcus Method and from the Barés Table is carried out in this paper.

The analysis was performed upon three different types of slabs according its boundary conditions,
namely, simple supported along its all four edge, clamped along one edge and simple supported in the
remain ones, and, clamped along two opposite edges and simple supported along the others ones.

At first, it was considered 11 (eleven) different values for the ratio involving the span lengths
along the two coordinate directions, namely, 1.0; 1.1; 1.2; 1.3; 1.4; 1.5; 1.6; 1.7; 1.8; 1.9 and 2.0, and
then the dimensionless parameters referring to displacements and internal forces were calculated.

On a second stage of this work, for the same boundary condition already characterized above in
these conclusions, the analysis from the consideration of three different span lengths in the “y”
direction, namely: “L, = 4.00 m”; “L, = 5.00 m”; and, “L, = 6.00 m” was performed.

At the first stage of the analysis, it was found from the obtained results a close agreement
between the Barés tables data and those results determined from the Kirchhoff’s Theory.

The referring results also revealed that the displacement magnitudes and the positive bending
moments calculated from the Grids Method have presented values greater than those one determined
from the Kirchhoff’s Theory, because, the Grids Method neglects the shear stiffness.

The differences between the displacement magnitudes reported above are as smaller as greater the
ratio between the span lengths along the two coordinate directions, and are too considerable if one
paying attention to the reality that the displacement magnitudes by time, according to the Brazilian
technical standard NBR 6118/2014 recommendation, are, already overrated.
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In addition, it was observed that, the positive bending moments determined from the Grid-Marcus
Method have presented the smallest values among those results obtained from all models that are
being considered in this paper.

The differences referring in the last two paragraphs were as smaller as greater was the ratio
between the span lengths and were as greater as smaller the slab flexure stiffness.

Due to the bending moment magnitude reduction in the “x” direction promoted by the plastic
fitting process, the difference in their magnitude must be decreased, and then, the Marcus’s Method
may be considered suitable for their values determination.

On the other hand, the bending moment magnitude increase in the “y” direction, caused by the
same process referred in the last paragraph, makes the difference mentioned above in this text higher,
revealing, consequently, the needing for the Marcus’s adjuster coefficients evaluation improvement.

The acquired results reveal a satisfactory agreement among all the adopted data sources on regard
to the negative bending moments.

From the fields images, whose generation were the subject of the second stage of the analysis
carried out in this paper, it may be observed a good agreement between the Navier’s solution and the
results obtained by the Lévi’s series.

In addition, it may be observed that, the Barés table present the value of the bending moment in
the “y” direction for a point placed on the center of the slab while for the number 02 and number 03
cases, the maximum values of such internal force, according to Lévi’s solution, occurs at a deviate
region apart from that point.

The resulting difference between the bending moment magnitude in the “y” direction obtained by
Barés table and its corresponding maximum values calculated from Lévi’s solution, may reach up to
29%, so that, if the design engineer uses the Barés tables data to perform design of slabs, such a
procedure may promote the material failure risk.
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