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Abstract. An efficient and accurate locking-free corotational beam finite element is developed in this
work. The element is locally linear, with the displacement varying according to the Timoshenko
assumption and the difference of electric potential varying linearly through each piezoelectric layer
thickness. The shape functions are appropriately derived from the exact solution of the homogeneous
form of the linear equilibrium equations written in terms of displacements, rotations and differences of
electric potential. Since the resulting 2-node element has the same degrees of freedom as the
associated purely mechanical beam element (two displacements and one rotation per node), it can be
directly plugged into an element-independent corotational algorithm to suitably analyze piezoelectric
plane frames under small strains but large rotations. A consistent incremental-iterative technique based
on the Newton-Raphson method is employed for the solution of the nonlinear equilibrium equations.
Numerical examples that demonstrate the efficiency and large rotation capability of the corotational
formulation are presented. The element results are validated by exact solutions available in the
literature. Very good agreement is found in all cases.
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An Efficient Locking Free Corotational Beam Finite Element

1 Introduction

Smart materials are those that exhibit some type of coupling between different physical domains
and may have their characteristics modified by controlled changes of state variables that characterize
the mechanical, electrical, thermal and chemical domains, for example. Thus, piezoelectric materials
are classified as smart because they exhibit coupling between the mechanical and electrical domains
[1]. Piezoelectrics, available in the form of thin sheets of ceramic or polymer, are the most popular and
practical smart materials due to their coupled electromechanical properties, that make them suitable
for use as distributed sensors and actuators to control structural response.

In the sensor application, strains can be determined from measurements of induced electric
potential (direct piezoelectric effect), whereas in actuator applications strains can be controlled
through the input of appropriate electric potential (converse piezoelectric effect). The technology of
self-monitoring and self-controlling smart structures, by integrating distributed piezoelectric sensors
and actuators, provides the possibility for the development of light-weight and rigid structures.

Linear analysis of smart structures is much more widespread in the literature than the more

sophisticated non-linear analysis [2]. However, the contribution of geometric nonlinearities may be
crucial because external excitations can lead to this type of structure at high rotations, even under
small strains, given its inherent flexibility [3]. Therefore, a linear analysis may be insufficient to
accurately estimate the voltage measured by the piezoelectric sensors [3,4,5], impairing the control of
these structures by the restorative voltage to be provided in the actuators. Non-linear models of
piezoelectric beams under large rotations (but not totally unrestricted) are more widespread in the
literature [4-6] than models with free restriction rotations [2].
Structures under geometric nonlinearity caused by large rotations, but restricted to small strains, can
be described by the corotational formulation, as explained below. The motion of a solid in space is
illustrated in Fig. 1, for didactic purposes, by a clamped—free beam divided into four finite elements
and subjected to a moment-load. Suppose we want to determine the configuration C,, of the element
near the free end when the acting load has magnitude M,. The non-linear nature of the problem
requires that the solution be obtained in steps: we know the configurations Cy, Cy, ... , Cp_1 to then
determine the configuration C,. Four of these configurations are indicated in Fig. 1: the initial
configuration C,, an intermediate configuration C;, the configuration C,,_; and the current
configuration C,, to be determined.

If in the incremental-iterative process for the determination of C,, the equations are established by
reference to a known configuration, a Lagrangian description is being used: in the total Lagrangian
description Cj, is the reference configuration; in the updated Lagrangian description the reference is the
C,,_1 configuration. Cescotto et al. [7] suggest the ‘generalized’ name for the description with
reference in an intermediate configuration C;, which has as particular cases the total Lagrangian
description (C; = Cj) and the updated one (C; = C,,_1). The Eulerian description, which would use the
C,, configuration itself as a reference, has limited use in the mechanics of solids because C,, is an
unknown configuration in the solution process. In geometrically linear problems, the use of the total
Lagrangian description is tacit due to the proximity between €, and C,,.

For large rotations under small strains, the corotational finite elements have shown a certain
superiority comparing to the elements that use Lagrangian descriptions. Such elements adopt an
undeformed auxiliary configuration Cy,, very close to the C,,, which is obtained exclusively by the
rigid-body motion of the element of its configuration Cy. No portion of rigid-body motion exists
between the Cy, and C,, configurations so that any displacement between these configurations is
converted into strain. To identify Cy, with this property would be ideal for the corotational
description, which has its origin in the polar decomposition theorem [8,9]. Using both configurations
Co and Cy, as a reference, the corotational description can not, strictly speaking, be classified as
Lagrangian or Eulerian, as it sometimes appears labeled in the literature.

For a better understanding of why the simultaneous use of the Cy, and C,, configurations is so
essential to the success of the corotational finite elements, realize that we can approximate C,, of C,
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Figure 1. Equilibrium configurations C, C;, C,, and auxiliary configuration Cy,

as much as we want by reducing the size of the element with the refinement of the mesh. Since strain
is measured relative to Cy,, and not to C, as it does, for example, the total Lagrangian formulation
[10], we can adopt a simple linear element to describe the motion between Cy, and C,. All the
geometric non-linearity that occurs in the complete motion between Cy and C, is excluded from the
local formulation (between Cy,, and C,) of the element. It is the relationship that we establish between
the nodal displacement increments between the Cy, and C,, configurations and the C, and C,
configurations that will account for the geometric nonlinearity in the formulation.

Argyris [11] was a pioneer in the formulation of finite elements that is based on the
decomposition of the movement in the rigid portion and in the one that produces strain. This ‘natural
approach’, as it has come to be called, is described in detail in [12]. Similar ideas were also used by
Wempner [13], Belytschko and Hsieh [14], Oran [15-16] and Oran and Kassimali [17]. It is in the
work of Belytschko and Glaum [18] that the name ‘corotational’ appears for the first time to designate
the existence of a local system of axes that moves and rotates continuously with the element. Since
then, most of the articles published on the subject have adopted this terminology.

Using a total Lagrangian description, Mukherjee and Chaudhuri [4,5] propose nonlinear finite
element models for piezoelectric beams under large rotations, but not totally unrestricted. In a similar
description, Cardoso and Fonseca [2] bring a rigorous treatment of geometric non-linearity and show
examples of beams and plane frames using a piezoelectric version of the isoparametric 8-node element
under plane stress found in [19]. Differently from those who deal with a corotational formulation, in
the work of [2], the measurements of stress, strain and electrical quantities are carefully defined about
the Cy configuration taking into consideration large transformations.

Although we have not found in the literature any corotational model of piezoelectric beams, we
find the works of Rama et al. [20] and Marinkovi¢ and Rama [21] about corotational models of
piezoelectric shells. They are emphatic in drawing attention to the difficulty of considering strictly the
follower nature of the load induced by actuators, where both the direction and the intensity of the load
changes with each new configuration of the structure. They suggest, based on recommendations by
[19], that the solution of the nonlinear problem be done in small increments accompanied by the
appropriate updating of this type of load to obtain sufficiently precise results.

We developed in this paper a corotational model of finite elements for piezoelectric plane frames.
A linear element is proposed to describe the motion between the Cy, and C, configurations, whose
displacement varies according to Timoshenko assumption and the electric potential has linear variation
along with the thickness of each piezoelectric layer. Unlike [2], the proximity between Cy, and C,
configurations avoids the use of far-reaching measures of stress, strain and other quantities, thus
justifying the adoption of the linear element. The interpolation functions of the element are identified
from the general solution of the homogeneous part of the system of equations that describes the linear
problem. Therefore, it is a superconvergent element [22-24]. That is, the element can provide exact
nodal results for mechanical quantities (displacement, rotation and stresses) in linear static problems,
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Figure 2. Timoshenko beam configuration

regardless of the number of elements used in the mesh or applied loads. Nothing is yet known about
the accuracy of the electrical quantities obtained by such a type of element.

Since the proposed element has two nodes, with the same degrees of freedom of the
corresponding purely mechanical element (two displacements and one rotation per node), it can be
easily inserted into a corotational algorithm that enables it to deal with piezoelectric plane frames
under large rotations, but small strains. Thus, any additional complexity brought about by
piezoelectricity is treated locally. An incremental-iterative approach based on the Newton- Raphson
method is then employed for the solution of the nonlinear discrete problem. Contrary to the procedure
adopted by [20,21], all the linearizations required by the Newton-Raphson method are analytically and
consistently formulated, including those related to the follower nature of the piezoelectrically induced
loads. Numerical examples illustrate the efficiency of the developed model.

2 Fundamentals

The beam of length L shown in Fig 2 has a pure mechanical core layer (width b, thickness 2h),
and continuous piezoelectric layers attached with at the bottom (width b4, thickness t;) and at the top
(width b3, thickness t3) of the beam. Under the linear kinematic assumptions of Timoshenko
formulation, the displacement components of any (particle) point on the beam can be found by

ue(x,y) = ux) +yB(x)  uy(x,y) = v(x) ey

where u(x), v(x) are the axis displacements in the x,y directions, and B(x) is the rotation of the
cross-section. The potential value along the bottom (k = 1) and top (k = 3) of each piezoelectric
layer may be expressed assuming a linear map [25]

$(x,7) = (1-2%) 6100 + 12 Bress () @

through the thickness, where ¢ (x) and ¢, 41 (x) are the potential value at the bottom of the k-layer

(y = yi) and at its top (Y = Yr41 = Vi + ti) respectively.
According Santos [10], the principle of virtual work applied to the beam depicted in Fig 3 states

that
— [ (NSem + M8k + Q8y + Ly 6¢; + L353)dx
+ fOL(qx6u +qy6v) dx + X7y (Fyi6u; + Fy6v; + M;66;) = 0 )
with the generalized strains
em=u k= y=v+ = (Prs1— i)/ tk (4)
being the energy conjugates of the generalized stresses N, M, Q, Lj; the quantity 8; = —f;; and a

comma indicates differentiation with respect to x. Constitutive relations can be expressed in the form
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Figure 3. Free-body beam diagram
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with constants A;; involving both geometry and material properties of the beam layers. Their values
can vary depending on the constitutive model version. Herein, on assume the version adopted by [26-
29]. Explicit expressions for the entries A;; can be found in [10,30].

After integration by parts of Eq. (3), the fundamental lemma of variational calculus [31] leads to

N'+q,=0 Q +q,=0 M -Q=0 L =0 L;=0 (6)

in 0 < x < L. In these relations, equations involving the quantities N, M, Q establish the mechanical
equilibrium of the beam whereas the remaining ones state the Gauss law for each piezoelectric layer.

3 Finite Element

3.1 Superconvergent formulation

The foremost requirement for formulating a superconvergent element is to derive its shape
functions. Following [22-24], such functions can be identified from the general solution of

N'=0 Q=0 M-Q=0 L,=0 L;=0 (7)

which are the homogeneous part of Eq. (6), i.e., the governing differential equations of the associated
linear problem. Substitution of Eq. (5) and Eq. (4) into Eq. (7), and integrating the resulting relations
yields

Apu' + AP + Ay + Aisps = ¢
Azz(v' +B) = ¢
Aju’ + ApB' + Apapy + Apsps = Cox + c3 3
A’ + AguP' + Agapy = 0
Agsu’ + Ay’ + Assps = 0
where c; are integration constants.
If the bottom/top layers are piezoelectric actuators then the last two equations of the governing

differential system vanish, and the respective prescribed electric potential differences ¢, ¢p5 are
known quantities. In this way, one can accordingly rewrite Eq. (8) in the form
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Aju' + AP+ ClA1py + C3A15¢3 = ¢ — Py
Azz (v +B) = ¢
At + Ao + C1AzaP1 + C3Az53 = Cox + ¢35 — 9
Cr(Apau’ + ApyP' + Agsp) = 0
C3(Agsu’ + AysP + Assps) = 0

If a piezoelectric layer k has a sensing configuration then C, = 1, else C;, = 0. A sensing layer
configuration is consistently taken into account by introducing the relations derived from Gauss law
into the left hand side (LHS) of equilibrium equations, and setting to unity the respective control
parameter Cj. The terms

by =1 - Cl)A14<§1 +(1- C3)A15¢E3
dp = (1= CAzp + (1 — C3)Az503

appearing on the right hand side (RHS) of equilibrium equations only relate to induced potential
effects.

In order to consistently determine the field variables u,  and v, it is necessary to remove from
the RHS of Eq. (9) the terms ¢, ¢g, because of the initially required homogeneous form attribute of
equilibrium relations. After have condensed the electrical relationships within the mechanical ones,
integration of the resulting equation system leads to

(10)

u
{v} =A1Ac 11
B
where c is a vector of integration constants and
[ Ay,x — 2 Appx? —A,x A 0 0]
1= A 1= 1= - _
A =|7Apx? yta “Apx® —ZApx® 0 —Ax A A=Ay Ayp -4,  (12)
| —A5x %/Tllxz Ajqix 0 A 0
with
_ A2 A2
A1 =A11—C -2
11 11— b G
= A4 A AysA
A — A _ C 14424 C 154225
12 127 L7 mm b (13)

T e A3s
A22=A22_C1A _C3A
44 55

Imposition of the nodal displacements, as suggested by Fig. 4, yields

c=A"1d (14)
where
0 0 0 A 0 0
0 0 0 0 0 A iy [ u(0) )
0 0 0 0 -A 0 [vi| | v(O) |
T 1 - - —
Z = AZZLO _EA:[ZL%) _A12LO A 0 0 d — {Zl } — { u€£0; }(15)
1 - A 1 - 1 - 2 ! o) |
Akl lo—jAuld —7Auly 0 —AL A lZZJ | vy |
| Aply —SAply —Aule 0 -A 0 2/ =B (L)
Thus,
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Figure 4. Element nodal displacements

u Nu
Hzmd: N |a (16)
B N%

with Ny, N,,, Ng being the interpolation functions that suitably provide superconvergent properties.
Following Meireles [30], the condensed mechanical-electrical equilibrium equation reads

8d" [Ny (A NiT + ApNiT) + Ny (AN + A NiT) + Ass (N} + Ng) (NI + NB)]dxd
~8d" [(qxNy + ayN, + ¢, N + ¢pNp) dx — 5d"r = 0 a7
The vector 1 collects nodal reaction forces. Since the components of dd are arbitrary and independent
then
f=p+r (18)
where the vectors

L ! !
f=kd b= fOO(QxNu+Qva+¢uNu+¢/3Nﬁ)dx (19)

gather the nodal internal and nodal equivalent forces, respectively.
The element stiffness matrix

k = [°[N}, (41N}, + A1oNp) + Ny (A1, Ny + A55Np) + Ass (N}, + Ng) (NI + N§)]dx (20)

can be analytically expressed as

(A1, 0 -A, —A 0 Ajp ]
2wl w 0 2wl w
h - I
k=Lg" ki A R 0 = 6Ly (- +212)  (21)
All 0 _Alz A33 A
sym 2wl —w
keq

with

_ 2 [Auld 12 @(21‘711 4 L)]
oy =w [36A2 (44 +41,) + Asz \ 3A + Agsl2 + Ay,

3 B i (22)
o [AnlLd 2y Az (244 4 1
ky=w [36A2 (2A — A7) A33( 3A +A33Lg AZZ)]
If the quantities qy, g, ¢y and ¢p are constant along the element length then
CILAMCE 2019
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Figure 5. Element kinematics and coordinate systems
1 0
1 = ( )
Ay Low ‘L 0 0
1 —A12b0 1 0 0 1
p=saley P t3akod %o (HPuy 1 (TP o (23)
1 —
= 1
W S
1 = __L0} O _1
\_aA12LOwJ 6

3.2 Corotational formulation

The main idea in this formulation is to decompose the motion of the element into a rigid body and
pure deformational parts, through the use of a reference system, which continuously rotates and
translates with the element. The deformational response is captured at the level of the local reference
frame, whereas the geometric nonlinearity induced by the large rigid-body motion, is incorporated in
the transformation matrices relating local and global internal force vectors and tangent stiffness
matrices. Assuming the pure deformation part to be small, a geometrical linear theory can be used in
the local system. Using the notations defined in Fig. 5, the relations between the components of
deformational nodal (corotational) displacements d, =|6; u, 6|7 in the local frame and the
components of global displacementsd, = [U; V; ©; U, V; 0,7 are [30]

u; =L—1Lg 0, =0, — (a — ayp) 0, = ©; — (a — ap) (24)

where
L= [(LO COS g + Uz - Ul)z + (LO sin [24)) +V2 - V1)2]1/2 (25)
a =tan"[(Lg sinay +V, — V) (Lo cosay + U, — Up) 7]

The transformation matrix T between the global displacements vector and the local deformational
displacements vector is obtained by
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]
sd,=Téd, T= Zzg = |72 (26)
TY

with

T! = L7'|—sina cosa L sina —cosa O]
TY =|—cosa —sina 0 cosa sina 0] 27)
TY = L7!'|—sina cosa 0 sina —cosa L|T

By equating the internal virtual work in the local and global systems, the equilibrium relationship
between the local and global systems takes the form

\Vg(dg) = fg —DPg Ty = TT(fc —Pc—T) = TT\VC(dc) =0 (28)

Assuming that the nodal reaction forces are independent of the element motion then
dr,/ddy =0, which implies

Vg _0aTf) _ 9p of oT;  op
k,=—9=227Jc ZPg_ pToc 3 R A ')
£ ady ady,  ddg ad, * Zi=1fei ady, adg (29)

where f; are the components of

Lok, %12 Lok, {91} fe1

fe=kd. = L5 Ay —Ap |y =1/ (30)
sym Lok, | \62 fe3
According Meireles [30], the derivatives df ./dd, dT;/dd4 and dp,/dd, can be written as
e _ oy _0Ts _ 207 T 4 o7y T2 _j-1,,1 Py _ 4 0Tz
aq, = kT od, —oa, ~ L T2z +2T3) 3o =1""zz 2a, ~ Puaa, (1)
with
zZ=|sina —cosa 0 -—sina cosa O] (32)

Assemblage of the global equilibrium relations may be done, as usual, by
Y=Yy, = —Y(kiAdy) = —KAD = F — (P + Foyy) (33)
where
K=Yk, AD=X}Ad, F=3Xf, P=3%p, (34)

Equilibrium is then reached by vanishing the global residual forces W(D) = 0, which can be
iteratively solved by the Newton method.

4 Numerical Tests

Piezoelectric cantilevers beams in the sensing configuration are investigated. The length L of the
beams is equal to 200 mm. They consist of a core layer (width b = 25 mm, thickness h = 1 mm)
made of aluminum (E = 70.3 GPa, v= 0.345) and continuous layers of PZT-5H attached at the
bottom (width b; = b, thickness t,; = h) and top (width bz = b, thickness t,3 = h) of the host
structure.

Material piezoelectric constitutive entries are [32]: C;; = C,, = 126 GPa, C;; = 79.5 GPa,
Ci3 = Cy3 = 84.1GPa, C33 = 117 GPa, Cgg = (C11 — C13)/2, Cuy = C55 =23 GPa, ez =e3;, =
—6.5C/m?, e33 =233C/m? e5=ey =17C/m? ¢ =¢&, =1505nC*/Nm? and &, =
13.02 nC%/Nm?2. The poling axis of the piezoelectric layers is aligned along the through-the-thickness
direction.
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Figure 6. Cantilever beam subject to a moment-load

Nonlinear analyses are carried out employing a full Newton-Raphson solution strategy assuming
as starting point the (natural) undeformed configuration. Converge criteria control are set by

max(ep,ep) < 1073 (35)
where
e5 = AD{ADy /Dy 1Dyyq ef = \Pi‘{'k/(P + Foxt)ks1(P+ Foxt)is1 (36)

At the k-th iteration, the quantity e, is the ratio between the Euclidean norm of incremental-iterative
nodal displacement AD and the predicted one D, e is the ratio between the Euclidean norm of
residual force vector W and the predicted vector P + F,,;. It is interesting note that all numerical
pitfalls due to the huge difference magnitude order involving the mechanic and piezoelectric dielectric
constants [2,33] are absent in the proposed formulation, because only mechanical degrees of freedom
are concerned with the solution.

4.1 Cantilever beam with moment at free end

The cantilever beam of Fig. 6 is subjected to a moment M at the free end. The displacement and
rotation components at the free end are identified by U = —u(L), V = v(L) and ® = 6(L) whose
respective exact values U,, V, and ®, are given by Santos [10]. Table 1 presents these values for
ML/ 2nK; = 0.5, 1, 1.5, 2 which correspond to the deformed beam in half turn (semicircle), one turn
(circumference), one and a half turns, and two turns, respectively. Parameter K; is defined by

T3Ty+T,T: Ty T3 +T,T.
Ki=Ky, +Toldy +Tyy 0, = 2020l = DDl 37
1 2 T 1704 + Ty02; 1= 2 g 3= 2o 37)
where
AqA A? Aq,A
Tl _A24 + 124114 TZ _A44 + 14 T3 — 144115
Aq1 A11 A11 (38)
T, = Ay +828s  po_ g A g A
4 = Aps " 5 = Ass T 2 = Az — 74
11 1 11

Table 2 shows the parameters k,, = U/U,, k, =V /V,, kg = ®/0, for successively refined meshes. In
geometrical terms, the discretization with only 2 elements makes the solution impossible. It is
observed a good accuracy of the corotational models with 8 and 16 elements.

To evaluate the potential difference in a given element we proceed as follows. From Eq. (16),

u NE Ngc
()= [Ng]d = [N;C]dc (39)
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Table 1. Exact values U,,

V. and ®,: cantilever beam with moment at free end

ML/2nK, U,/L V,/L 0,
0.5 1 2/m o

1 1 0 21

1.5 1 2/31 3n

2 1 0 47

Table 2. Obtained results: cantilever beam with moment at free end

# Element ML/2nK, ky, k, kg
0.5 1.000 1.111 1.000
2 1 1.000 * 1.000
1.5 - - -
2 - - -
0.5 1.000 1.026 1.000
4 1 1.000 * 1.000
1.5 1.000 1.275 1.000
2 1.000 * 1.000
0.5 1.000 1.007 1.000
8 1 1.000 * 1.000
1.5 1.000 1.060 1.000
2 1.000 * 1.000
0.5 1.000 1.002 1.000
16 1 1.000 *k 1.000
1.5 1.000 1.015 1.000
2 1.000 ok ok 1.000

* Vobtainea = 0

the last two relations of Eq. (9),

_ Ais Az
b1 — _ |Ase Aaa
Ass  Ass

From Eq. (16)

— 422 (1 - 2x))
J \

Ny = A_Lo
l A1z (1, — 2x)

Finally,

_ Air Az
(o — _ @ |Aaa A
¢ ALg |A1s  Azs

2A
Ass  As kA Lo
33

wu

= L Ngc =

A

** Voptainea = 1 X 1078
where Ny, and Ng, are respectively N, and Ng without the first, second and fifth components. Using

Aia Aza
Asa Aga
Ais Azs
Ass  Ass
2A
Asz3Lg
W 33
- A33L
A
- (Lo —2x)(6, —
0

— -8
*** Vobtained = 3x10

Aﬂ (2Ly — 3x)] 0, — [—

+21 (2L — 3x) )

+21 (L, - 3%) |

62)

%2 (Lo — 30)] 6

where u,, 6, and 0, are evaluated using Eq. (24). In this example, the obtained results

_ K o _
7 =1 (43)

match the exact solution given by Santos [10] regardless of the mesh adopted.
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Figure 7. Cantilever beam subject to a transverse load
4.2 Cantilever beam with transverse load at free end

The beam analyzed in the first example is now considered subjected to the transverse force
indicated in Fig. 7. The components of displacement and rotation at the free end are identified by
U=—u(L), V=v(L) and ® = 6(L), whose respective exact values U,, V, and O, are given in Table
3 for P,,LZ/K3 =1, 4,7, 10. Parameter K3 is defined by

2 2
A A3

Ky=A4,, — 22— 44
3 22 7 4 T A (44)
The table also contains, in its last column, the exact value of the parameter
Agal — AssL —
b =" =20 (45)
A24 AZS

at the clamped end.

These exact values are determined by Santos [10] by elliptic integrals of first and second species,
after neglecting the transverse shear deformation (beam Euler-Bernoulli) and the axial deformation of
the beam axis. Thus, they are used herein only as reference values. Table 4 shows the obtained values
ofky =U/Up, kyy =V [V, kg =0O/O,, k1 = P /D, k3 = D3 /D, for successively refined meshes.

Table 3. Exact values U,, V,, ®, and @, cantilever beam with transverse load at free end

P,L? /K3 Ue/L Ve/L O, @,
1 0.056 0.302 0.461 0.944
4 0.329 0.670 1.121 2.684
7 0.473 0.767 1.335 3.690
10 0.555 0.811 1.430 4.450

5 Conclusions

The corotational finite element model developed for piezoelectric plane frames has its efficiency
and large rotations capability proven by numerical examples. The element equation and all the
linearizations required by the Newton-Raphson method are analytically and consistently formulated,
including those related to the follower nature of the piezoelectrically induced loads. The voltage
sensed by piezoelectric sensors, which are important data for their control of these structures, is
completely different from the voltage predicted by linear model. The superconvergent linear element
developed to describe the motion between Cy,, and C,, has interpolation functions dependent on the
mechanical properties of the material and the electrical properties of the sensor layers.
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Table 4. Obtained results: cantilever beam with transverse load at free end

#Element  P,L%/K, k., k., kg kq k4
1 0.962 1.007 1.006 1.001 1.003
2 4 0.990 1.031 1.026 0.997 1.004
7 1.014 1.041 1.032 0.982 0.993
10 1.023 1.046 1.033 0.964 0.978
1 0.990 1.002 1.001 1.000 1.001
4 4 0.998 1.007 1.006 0.999 1.003
7 1.000 1.009 1.006 0.997 1.003
10 1.002 1.011 1.007 0.994 1.003
1 0.998 1.001 1.000 1.000 1.000
8 4 1.000 1.002 1.001 0.999 1.001
7 1.000 1.003 1.001 0.998 1.002
10 1.000 1.003 1.002 0.997 1.002
1 1.000 1.000 1.000 1.000 1.000
16 4 1.000 1.001 1.000 0.999 1.001
7 1.000 1.001 1.000 0.999 1.001
10 1.000 1.001 1.000 0.998 1.001

One advantage of the proposed element is that it can be treated by the corotational algorithm as
being purely mechanical and, thus, any additional complexity brought by piezoelectricity is locally
treated. For instance, all numerical pitfalls due to the huge difference magnitude order involving the
mechanic and piezoelectric dielectric constants are absent in the proposed formulation.
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