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Abstract. This paper implemented a numerical routine in MATLAB software to analyze the dynamic
response of a building with several degrees of freedom excited by seismic motion. The loading was
modeled as a one-dimensional stochastic process, which was simulated by passing a Gaussian white noise
process through a Kanai-Tajimi filter. Parameters of ground motion such as frequency, damping and peak
acceleration were considered taking into account a region located in Chile where the seismic problem is
of great importance, and another one taken from a region of Brazil that has the largest seismic activity for
this country. The ground acceleration, in the frequency domain, was generated by Kanai-Tajimi spectrum
and it was transformed into the time domain by the Shinozuka & Jan Method. The structure analyzed
is a 12-story building modeled as a two-dimensional finite element discretized into frame elements.
The structural damping model considered was the Rayleigh model and the mass consistent matrix was
adopted. The structural dynamic motion equation was solved by the Newmark Method and the maximum
values, in absolute values, of the displacements, accelerations and the inter-story drift of the building
were calculated. A maximum value established by national codes for the inter-story drift was considered
as a limiting parameter for structural damage. The results indicate that major damages are obtained when
the frequencies of the site condition were closed to the natural frequencies of the first three vibration
modes of the structure.
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1 Introduction

Dynamic effects over buildings can be a decisive factor in the structural design process. In regions
under high seismic action, considering these effects on the structural project is even more relevant. Even
though Brazil is mostly not an active seismic zone, significant earthquakes occur in some parts of the
country, making it substantial to study these effects on structures.

The main objectives of this study are to model a simplified real structure, generating a seismic
excitation signal and analyzing the structure’s response to the seismic motion.

2 Linear Dynamic Analysis

2.1 Equation of motion

The movement equation of a system, with multiple degrees of freedom, under a seismic excitation
on its base is given by Clough and Penzien [1]:

[M ]{ẍt}+ [C]{ẋt}+ [K]{xt} = {Ft} (1)

Where [M], [C] and [K] are the nxn size structural mass, damping and stiffness matrices, respec-
tively, of the n degrees of freedom number. The parameters ẍt, ẋt, xt correspond, successively, to the
acceleration, velocity and displacement vectors of the degrees of freedom in relation to the base. The
independent factor in the movement {Ft} is the n-dimensional external forces vector and can be deter-
mined by the following expression Miguel et al. [2]:

{Ft} = −MBag,x(t) (2)

Where B is a nxd matrix that contains the cosine directors of the angles formed between the base
motion and the direction of the displacement (degree of freedom) considered , d is the number of direc-
tions of the ground motion and ag,x(t) is the d-dimensional ground acceleration vector of the seismic
excitation.

The negative sign does not affect the dynamic behavior, and is commonly omitted in the formulation.

2.2 Finite element model

Building model

The structure analyzed is a 12-story building as shown in Fig.1 and Fig. 2.
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Raiza Michele Guimarães, Tiago Wagner Dada, Eduardo Pagnussat Titello

Figure 1. Building frame for analysis

Figure 2. Floor plan view scheme

The geometric properties considered for the structural elements are presented in Table 1.

Table 1. Coefficients in constitutive relations

Structural Elements Cross section (cm)

Beam 20 x 50

Slab 12 x L

Columns 80 x 80

Where L represents the span of the slab.
A simplified model for the structure is proposed as a two-dimensional finite element discretized

into frame elements, where the height and the length of the building are represent by axis z and axis x,
respectively.

The simplified model for the floor scheme view is shown in Fig. 3
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Figure 3. Simplified floor view scheme

This model was built in such manner that the cross-sectional area and mass properties of the original
structure would remain.

In order to add the axial stiffness and equivalent mass of the slabs, the cross sectional area of the
beams considered the contribution from slabs. However, the bending stiffness of the beams will not
receive the contribution from slabs. Since in each direction of the cartesian plane there are four equal
frames, the cross-sectional area and the flexural stiffness of the structural elements were calculated by
multiplying those properties from the original model by four. Thus, the mass of the columns from the
original model is equivalent to the mass of the simplified model. This property is used in the mass matrix
elements. The mass of the transverse beams was included by adding this property into the density beam
of the reduced model.

The secant modulus of elasticity (Ecs) of the reinforced concrete for the building, class C35 (Fck
= 35 MPa), is Ecs = 29 GPa [3]. The following properties in Table 2 were adopted for the equivalent
frame. It is noteworthy that the slabs bending stiffness was not considered and only their axial stiffness
were taken into account.

Table 2. Summary of the equivalent frame elements properties

Property/Element Beams Columns

Area (m2) 2.46 2.56

Moment of inertia (m4) 0.008 0.137

Length (m) 6.0 3.1

Mass density (kg/m3) 2906 2500

Young’s modulus (GPa) 29.0 29.0

Frame finite element

Frame elements carry shear forces, bending moments, and axial forces. Each element has two nodes
with three degrees of freedom. Adopting the Euler-Bernoulli beam theory, and interpolation functions
of the element explained by [4] and [1], the frame element stiffness matrix and mass matrix in local
coordinates are given by Eq. 3 and Eq. 4.

KL =



EA
L 0 0 −EA

L 0 0

0 12EI
L3

6EI
L2 0 −12EI

L3
6EI
L2

0 6EI
L2

4EI
L 0 −6EI

L2
2EI
L

−EA
L 0 0 EA

L 0 0

0 −12EI
L3 −6EI

L2 0 12EI
L3 −6EI

L2

0 6EI
L2

2EI
L 0 −6EI

L2
4EI
L


(3)
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ML = µA



L
3 0 0 L

6 0 0

0 13L
35

11L2

210 0 9L
70 −13L2

420

0 11L2

210
L3

105 0 13L2

420 − L3

140

L
6 0 0 L

3 0 0

0 9L
70

13L2

420 0 13L
35 −11L2

210

0 −13L2

420 − L3

140 0 −11L2

210
L3

105


(4)

To transform the element matrices from the local coordinate system to the global coordinate system,
the following relation is used:

[KG] = [T T ][KL][T ] (5)

[MG] = [T T ][ML][T ] (6)

Where [T] is the coordinate transformation matrix expressed by:

[T ] =



cos Θ sin Θ 0 0 0 0

− sin Θ cos Θ 0 0 0 0

0 0 1 0 0 0

0 0 0 cos Θ sin Θ 0

0 0 0 − sin Θ cos Θ 0

0 0 0 0 0 1


(7)

The degrees of freedom in local coordinates for each node are transformed to global coordinates
according to the following equations:

glG1L = 3NG
No − 2 (8)

glG2L = 3NG
No − 1 (9)

glG3L = 3NG
No (10)
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Where 3NG
No represents the node number in the global coordinate system.

Finally, the boundary conditions are applied after eliminating the rigid body movements in the
system.

For this dynamic analysis, the Rayleigh damping was assumed, which is proportional to the linear
combination of the mass and stiffness matrices, as follows:

C = a0M + a1K (11)

Where a0 and a1 are constants to be determined from two given damping ratios that correspond
to two known frequencies of vibration. The procedure of calculating these coefficients is shown in the
following system.

1

2

 1
ωi

ωi

1
ωj

ωj

a0
a1

 =

ξi
ξj

 (12)

Taking into account that the first nature modes of vibration are the major part of the dynamic re-
sponse [1], the damping for the first and the second mode were established. For both modes, the damping
value (critical ratio) of 5% (ξ = 0.05) was adopted, considering as reference the values indicated in liter-
ature for buildings submitted to seismic action without vibration isolation systems as in Soriano [5].

2.3 Natural frequencies and mode shapes analysis

The modal parameters refer to the natural modes of vibration and frequencies, which can be de-
termined by considering the free vibration movement equation for multi-degree of freedom undamped
systems. This can be properly achieved since the structural damping is usually worthless, not having
significant influence over the results Troian [6]. So, the equation of motion in matrix form reduces to:

[M ]{ẍt}+ [K]{xt} = 0 (13)

Assuming that the movement is a harmonic function, multiplied by a vector which defines the modal
shape ϕ, this may be written as x(t) = ϕsen(ωt+θ). When the second time derivative from this relation
is applied into the movement equation, the following relation may be expressed:

[K −Mω2]ϕ = 0 (14)

This equation is an eigenvalue problem. The ω2 terms are the eigenvalue and stand for the problem
free-vibration frequencies, whereas ϕ are the eigenvectors and correspond to the modes of vibration for
each frequency. The nontrivial solution of Eq. 14 is:

|K −Mω2| = 0 (15)

Expanding the terms of the determinant from the previous equation generates a new equation, which
the N roots represent the N vibration frequencies of the N modes of vibration involved in the problem.
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2.4 Seismic Excitation

A seismic excitation simulation can be performed by using real seismic activity measured with
accelerograms or by generating artificial earthquakes through the spectral density functions. In a real sit-
uation, the local soil properties influence on the excitation dynamic properties conforming to Gomez [7].
The Kanai-Tajimi spectrum includes the characteristics of the overlaying soil deposits in the simulation
as stated in [8] and [9].

The ground acceleration on the frequency domain is determined by a one-dimensional stationary
stochastic process, passing a Gaussian White noise filter through the Kanai-Tajimi filter, with a power
spectral density function described as:

S(ω) = S0

[
ω4
g + 4ω2

gξ
2
gω

2

(ω2 − ω2
g)2 + 4ω2

gξ
2
gω

2

]
(16)

Where:

S0 =
0.03ξg

πωg(4ξ2g + 1)
(17)

In which S0 is the spectral density constant, ξg and ωg are, respectively, the damping and frequency
of the local soil.

The solution of the Eq.16 generates a ground acceleration signal in the frequency domain. To obtain
the response in the time domain it is used the method proposed by [10]:

ag,x(t) =

Nω∑
j=1

√
2S(ωj)∆ωjcos(ωjt+ φj) (18)

Where Nω is the number of frequency band range; ∆ωj is the frequency increment expressed by
∆ωj = ωj+1−ωjφj ; φj indicates the random phase angle with uniform probability distribution function
between 0 and 2π; ωj is the natural frequency in the jth iteration and t is the time in seconds.

After obtaining the signal in the time domain, it is necessary to normalize the ground motions to
PGA (peak ground acceleration). So, the analysis will be according to the local soil properties in the
study.

Based on highly regarded analysis of over 367 earthquakes database, [11] presented the parameters
of the Kanai-Tajimi spectrum values for several soil types.

Two different locations were used for generating the seismic signal. In one of them, the building is
situated in Santiago, in Chile. Another one is in the northern region of Brazil, in Acre.

Furthermore, the following data was used for both ground acceleration signal to solve the Eq. 18:
minimum frequency fmin = 0Hz, maximum frequency fmax = 25Hz, frequency increment ∆f =
0.01Hz, initial time t0 = 0s, final time T = 50s, time increment ∆ = 0.01s.

2.5 Newmark Method

Bathe [12] presents in his book with details the solution methods for differential equations of dis-
placement for dynamical analysis of linear and non-linear systems. The direct integration and modal
superposition are two well-known methods to solve discrete linear systems.

Between the different numerical integration methods one can outline the Implicit Method of New-
mark. Characteristically, the equilibrium is considered at time t + ∆t and not at time t for implicit
methods.
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The method use as supposition that the values of displacement and velocity, when t=0, are given as
initial conditions and then the initial acceleration is calculated using the Eq. 19:

ẍ(t0) = M−1[F (t0)− Cẋ(t0)−Kx(t0)] (19)

For the Newmark method the velocity is calcuted by Eq. 20:

ẋ(ti+1) = ẋ(ti) + (1− δ)∆tẍ(ti) + δ∆tẍ(ti+1) (20)

When the integration process is concluded is possible to evaluate the displacement. This is ac-
complished by the numerical integration of the previous velocity equation that results the displacement
equation given by Eq. 21:

x(ti+1) = x(ti) + ∆tẋ(ti) +

(
1

2
− β

)
∆t2ẍ(ti) + β∆t2ẍ(ti+1) (21)

Where δ e beta are parameters that can be determined to obtain integration accuracy stability.
Newmark proposed as an unconditionally stable scheme the constant-average-acceleration method, also
called trapezoidal rule, in which case δ = 1/2 e β = 1/4 according to Bathe [12].

A explicit formula to calculate the acceleration is found when ẍ(ti+1) from Eq. 21 is in evidence:

ẍ(ti+1) = a0[x(ti+1)− x(ti)]− a1x(ti)− a2ẍ(ti) (22)

Where:

a0 =
1

β∆t2
, a1 =

1

β∆t
, a2 =

1

2β
− 1 (23)

And the velocity vector is expressed by:

ẋ(ti+1) = a3[x(ti+1)− x(ti)]− a4x(ti)− a5ẍ(t1) (24)

Where:

a3 =
δ

β∆t
, a4 =

δ

β
− 1, a5 =

∆t

2

(
δ

β
− 2

)
(25)

Having these values is possible to solve the differential equation of motion from the interval of t=0
to t=T, where T is the time of seismic excitation. The final expressions to calculate the displacements,
velocities and accelerations in this method are given, respectively by:

x(ti+1) = D {F (ti+1) +M [a0x(ti) + a1ẋ(ti) + a2ẍ(ti)] + C[a3x(ti) + a4ẋ(ti) + a5ẍ(ti)]} (26)

CILAMCE 2019
Proceedings of the XL Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC.
Natal/RN, Brazil, November 11-14, 2019
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D = (a0M + a3C +K)−1 (27)

ẋ(ti+1) = a3[x(ti+1)− x(ti)]− a4ẋ(ti)− a5ẍ(ti) (28)

ẍ(ti+1) = a0[x(ti+1)− x(ti)]− a1ẋ(ti)− a2ẍ(ti) (29)

3 Algorithm Validation

To validate the algorithm, a building with three floors and two spans, as shown in Fig. 4, was
modeled. Columns cross section area is 0.16m2 and their moment of inertia is 2.13E10−3m4. Beams
cross section area is 0.12m2 and their moment of inertia is 9.0E10−4m4. The material of all the elements
is reinforced concrete with Young’s modulus of 29 GPa and mass density of 2500 kg/m3.

Figure 4. Frame building model for validation

The first five natural frequencies of vibration determined from Ansys software and from the algo-
rithm are presented in Table 3.

Figures 5 and 6 show, respectively, the first mode of vibration obtained from the algorithm produced
and from Ansys software.

4 Results and discussions

Once the algorithm was validated, the parameters of the model were entered. Figure 7 shows the
2D model elements and their respective numbering.

With the discretized structure, the frequencies associated with each natural vibration mode of the
structure were obtained. By analyzing the power spectrum illustrated in Fig. 8, it is clear that the
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Table 3. Comparison of natural frequencies for validation

Modes Ansys Algorithm

1◦ Mode 4.282 4.281

2◦ Mode 15.254 15.263

3◦ Mode 31.676 31.740

4◦ Mode 58.698 58.710

5◦ Mode 63.673 63.921

Figure 5. First mode of vibration – 4.28 Hz

Figure 6. First mode of vibration by Ansys software
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H
ei
gh
t
(m
)

Figure 7. Frame building structure: nodes and elements numbered

frequencies are distributed around a value of approximately 4.0 Hz. Therefore, the first four natural
vibration frequencies were chosen as the most representative of the structure’s behaviour. Values are
shown in Table 4.

Table 4. Comparison of natural frequencies for validation

Modes Hz rad/s

1◦ Mode 0.644 4.047

2◦ Mode 2.192 13.775

3◦ Mode 4.445 27.931

4◦ Mode 7.605 47.782

Figures 9, 10 and 11 and show the first three modes of vibration modes associated with each natural
frequency.

The damping coefficients are determined (Eq.12) assuming the critical damping ratio of the first two
modes of vibration. Thus, the Rayleigh damping matrix is given by:

C = 0.3549[M ] + 0.0049[K] (30)

Once all the structural parameters necessary to obtain its response to external excitation are deter-
mined, two seismic actions generated by the Kanai-Tajimi Spectrum were induced in the model. One of
higher intensity, with soil parameters from a region of Santiago, Chile, where there are major events of
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Figure 8. Frequency power spectrum

Figure 9. First vibration mode - 0.64 Hz
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Figure 10. Second vibration mode - 2.19 Hz

Figure 11. Third vibration mode - 4.45 Hz
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seismic nature; and another with lower intensity, located in Acre, Brazil, which was chosen for being the
most seismic region in this country [13].

4.1 Dynamic response under seismic action in Chile

The Chilean capital is submitted to high seismicity levels and according to the [14] the PGA of this
place is around 0.3g. The accelerogram stations located mainly in the Santiago surroundings point that
the site conditions is mostly composed of rocks conforming to [15]. Thus, a ground frequency value
of ωg = 27.0rad/s was chosen and for the ground damping, a value of ξg = 0.34 was considered,
according to Kramer [11]. The ground frequency is close to the third natural frequency of the building
(Table 4). So, the third mode of vibration is the one being excited.

Figure 12 contemplates the seismic signal, in the time domain, generated by the Kanai-Tajimi spec-
trum with soil parameters from the region of Santiago.

Time (s)

A
cc

el
er

at
io

n
(m

/s
²)

Figure 12. Seismic signal by the Kanai-Tajimi spectrum

Applying the 0.3g PGA, the ground acceleration resulting from the simulated seismic action was
determined, as shown in Fig. 13.

With this seismic excitation, the acceleration was applied at the base of the building. To evaluate the
structural dynamic response, The graph of the maximum displacement, which happened on the twelfth
floor, and the maximum acceleration, were plotted ( Fig. 14 and Fig.15, respectively).

For this situation, the maximum displacement is 22.5 cm. The maximum acceleration is 7.8 m/s2.
The relative displacement between the floors of a building is one of the main parameters for evaluating
structural stability, according to [13] and [3]. This parameter is presented in Fig.16, in which the columns
were named by level.

As in each level there are four bars of the same height, it is considered that the floor has moved
in a fully stiff way, taking into account the axial stiffness of the slab. The major relative displacement
occurred between the fifth and the fourth floors.

4.2 Dynamic response under seismic action in Brazil

In Acre, in which the soil characteristic is predominantly formed by sedimentary rocks, it was
assumed the values of ωg = 22.9rad/s and ξg = 0.30 conforming to [11] considering an alluvial soil.
The PGA for this seismic zone is around 0.15g, according to [13]. Here, also the ground frequency is
close to the third natural frequency of the building (see Table 4). So, similar to the Section 4.1, the third
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Figure 13. Ground acceleration normalize to PGA
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Figure 14. Displacement of the last floor over time
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Figure 15. Acceleration of the last floor over time

Number of bar
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Figure 16. Relative displacement between floors
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Raiza Michele Guimarães, Tiago Wagner Dada, Eduardo Pagnussat Titello

mode of vibration is the one being excited.
Figure 17 shows the seismic signal obtained from Kanai-Tajimi spectrum using the soil parameters

of a region in Acre state, in Brazil. Applying the PGA recommended by [13], the ground acceleration
resulting from the simulated earthquake is determined and shown in Fig. 18.

Time (s)
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n
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Figure 17. Seismic signal in time domain
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Figure 18. Ground acceleration normalized to PGA

Once the ground acceleration in the time domain normalized to PGA from the local site was gen-
erated, the new acceleration was applied to the building base. The dynamic response was obtained. The
displacement and acceleration of the 12th floor is shown in Fig.19 and 20, respectively.
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Figure 19. Highest pavement displacement versus time
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Figure 20. Highest pavement acceleration versus time
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The maximum absolute displacement and acceleration of the structure,respectively, are 10.20cm
and 3.203 m/s2.

The relative displacement factor between the pavements was also verified as shown in Fig. 21.

Number of bar

Figure 21. Relative displacement between pavements for the seismic excitation in Brazil

5 Conclusions

After the analysis of both simulated seismic actions, the limits established by both Brazil and Chile’s
structural codes were compared to the building’s response in order to determine if the structure’s service-
ability would be within each of the limits.

For Santiago seismic case, NCh 433 (INN, 2009) states that the maximum relative displacement
should not be greater than the height (in centimeters) between floors multiplied by 0.002, which cor-
responds to 0.62 cm for this case. This limit was not respected since the maximum displacement was
approximately 2.48 cm (0.8 percent of the height between floors as shown in Figure 16).

For Brazilian seismic case, the limit established by NBR 15421 [13], considering the site conditions
analyzed and a building category II, is defined as 0.015 of the height (in centimeters) between floors,
which corresponds to 4.65 cm. The maximum value from the dynamic response was 1.15 cm (0.37% of
the height between floors, 21).

The results indicate that the local soil properties influence on the excitation dynamic properties.
The major damages were obtained in the first case studied since the frequency of this site condition were
closest to the natural frequencies of the first three vibration modes of the structure. .
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