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Abstract. The analytical resolution for dynamic problems employs partial derivarives regarding time 

and space. However, sereral methods of temporal integration replace the resolution of it. Thus, this paper 

aims to analyze the dynamic response of two dimensional structural solids through different methods of 

temporal integration for both implicit and explicit cases. In this sense, methods of Newmark, Houbolt 

and Wilson-θ are used as the implicit one. In addition, methods of Central Differences, Souza and Moura 

and Chung and Lee correspond to the explicit case. The analysis of 2D solids under dynamic response 

considers both geometric and material nonlinearities. In order to regard nonlinear geometric effect, the 

positional Finite Element Method (FEM) formulation wich uses node coordinates as variables instead 

of displacements is taken into account. Therefore, the development of each computational routines for 

the proposed formulation induces numerical results that are discussed and compared with examples from 

the specialized literature. 
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1  Introduction 

This paper aims to analyze the mechanical behavior of two dimensional structures taking into 

account geometric nonlinearity through Positional Finite Element Method application whose description 

is based on total Lagrangian formulation. This formulation shows a simple language corresponding to 

nonlinear geometric approach where the main advantage is the absence of co-rotational axes, where only 

positions are used as nodal parameters instead of displacements. This formulation can be found in 

several studies [1–6]. 

The solution of the dynamic problem makes use of temporal integration, as a result of the dynamic 

equilibrium equations that are represented by partial derivatives according to time and space. Hence, 

according to Bottura [7], one seeks to apply established numerical methodologies concerning to 

temporal integration, in which finite and approximate expressions are implemented from known 

displacements and their derivatives at a given past time 𝑡, and thus, to estimate sequential values with 

the purpose of obtain the dynamical equilibrium for a new time step 𝑡 + ∆𝑡.  

Time integration procedures can be classified into two groups, the explicit and implicit algorithms. 

Solutions that are achieved through the use of variables obtained by past time steps compose the group 

of explicit algorithms. On the other hand, implicit algorithms use variables not only associated with the 

past, but also relative to the current time step 𝑡 + ∆𝑡. 

The algorithms of temporal integration are also classified according to its stability. In general, they 

can be classified as stable, which present convergence in the results, and unstable, when one verifies an 

increasing propagation of errors over time. 

The stable methods are classified as conditional and unconditional ones. As reported by Silveira 

[8], all explicit algorithms of temporal integration are conditionally stable. Vieira [9] says that the 

algorithm stability condition has a restriction on the value of the maximum time step duration adopted 

in each analysis. 

In this context, in order to establish the stability of the explicit algorithm, it is necessary rigorous 

restrictions concerning to the size of the time increment value, conducting to a high computational cost 

in determining a quite simple problem response when compared to the performance obtained by implicit 

algorithms. 

In accordance with Silva [10], this problem is due to the critical value for Δ𝑡 is inversely 

proportional to the maximum natural frequency of the system, regardless the type of solicitation that a 

solid is submitted. Therefore, according to Vieira [9], in structural dynamics problems, whose 

frequencies of excitation correspond to lower natural ones, explicit methods become inefficient because 

the critic time step duration is lower than necessary for an accurate integration of the requested modes. 

Another important consideration corresponding to explicit time integration algorithms is how the 

structural disposition has been discretized, due to discrepancies in the size of the elements or even 

different materials in the same structure, increasing, in this sense, the computational cost considerably, 

whereas time step duration is considered equal to all mesh, as reported by Silveira [8] and Dokainish & 

Subbaraj [11]. 

In the case of implicit methods, they are usually considered unconditionally stable, implying no 

restriction on the size of the time step duration, where the time interval is determined only considering 

the accuracy of the response desired, but not by stability of the algorithm, in agreement with Cavalcante 

[12]. However, traditionally, the use of implicit algorithms requires more memory for data storage 

during analysis, considering that it is necessary to assemble global matrix of the structural system. Thus, 

the implementation of implicit time integration algorithms is more complicated when compared to 

explicit ones as stated in Silva [10]. 

In general, explicit procedures are more suitable for solving problems with wave propagation, while 

implicit schemes are more effective for inertial problems as per Cook et al. [13]. 

Thus, the adoption of the optimal time integration algorithm for the problem studied has its 

difficulty related to the rapport of robustness, precision and stability according to Tamma et al. [14] and 

Cavalcante [12]. Therefore, the robustness of the algorithm is associated with its ability to generate 

solutions that minimize the numerical error inherent in the integration process. 

Associated with problems involving inertial forces, several models have been improved over time, 
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especially in the field of numerical methods. Hence, in this paper, the temporal discretization will be 

performed in different explicit and implicit temporal integration algorithms in order to verify the 

nonlinear physical and geometric behavior in different propositions. 

2  Positional numerical method 

The total mechanical energy functional for dynamic problems is determined by four terms of 

energy, represented by total strain energy Ue, the potential energy of applied force P, kinetic energy Kc 

and dissipation energy due to mechanical system damping Ka, as descripted in Eq. (1): 

 Π = 𝑈𝑒 + 𝐾𝑐 + 𝐾𝑎 − 𝑃. (1) 

Applying the minimum potential energy principle, the position established to the dynamic 

equilibrium can be defined in each time t, in the initial volume V0 

 
𝜕Π

𝜕𝑋𝑠
|

𝑡
= ∫

𝜕𝑢𝑒(𝜉,𝜂,𝑋𝑖)

𝜕𝑋𝑠
𝑑𝑉0𝑉0

+ ∫ 𝜌0�̇�𝑖(𝜉, 𝜂, 𝑋𝑖)
𝜕�̇�𝑖(𝜉,𝜂,𝑋𝑖)

𝜕𝑋𝑠
𝑑𝑉0𝑉0

− 𝐹𝑠 + ∫ 𝑐𝑚𝜌0�̇�𝑖(𝜉, 𝜂, 𝑋𝑖)𝑑𝑉0𝑉0
= 0. (2) 

Where 𝑢𝑒 is the specific strain energy, 𝜌0 is the density of the body, �̇�𝑖 is the vector of velocity, 𝑞 

represents the specific dissipative energy functional and 𝑐𝑚 is the damping coefficient. ξ and η are 

non-dimensional Hammer coordinates. 

Considering index notation, for the current time step (𝑡 + 𝛥𝑡), the Eq. (2) is rewritten as: 

 
𝜕Π

𝜕𝑋
|

𝑡+𝛥𝑡
=

𝜕𝑈𝑒

𝜕𝑥𝑠
|

𝑡+𝛥𝑡
− 𝐹𝑡+𝛥𝑡 + 𝑀�̈�𝑡+𝛥𝑡 + 𝐶�̇�𝑡+𝛥𝑡 = 0. (3) 

Where  𝑀 is the mass matrix, 𝐶 is the damping matrix and external forces are represented by 𝐹. 

The term 𝜕𝑈𝑒 𝜕𝑥𝑠⁄  characterizes the material nonlinearity. The elastic strain is obtained according to 

Eq. (4), based on total strain and its correspondent plastic portion 

 𝜀𝑖𝑗
𝑒 = 𝜀𝑖𝑗 − 𝜀𝑖𝑗

𝑝
. (4) 

Hence, the stress tensor can be represented in function of the plastic strain, as descripted on Eq. (5), 

where 𝐶𝑒𝑝 is the consistent tangent operator. 

 𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙
𝑒 = 𝐶𝑖𝑗𝑘𝑙

𝑒𝑝
(𝜀𝑖𝑗 − 𝜀𝑖𝑗

𝑝
). (5) 

The vector of internal forces 𝜕𝑈𝑒 𝜕𝑥𝑠⁄ , is determined by volumetric integration of specific strain 

energy derivative regarding the position, showing the term of plastic strain, as follows: 

 
𝜕𝑈𝑒

𝜕𝑋𝑠
= ∫

𝜕𝑢𝑒

𝜕𝑋𝑠
𝑑𝑉0 =

𝑉0
∫

1

2

𝜕

𝜕𝑋𝑠
(𝜎𝑘𝑙𝜀𝑚𝑛

𝑒 )𝑑𝑉0𝑉0
= ∫

1

2

𝜕

𝜕𝑋𝑠
(𝜀𝑘𝑙

𝑒 𝐶𝑘𝑙𝑚𝑛
𝑒𝑝

𝜀𝑚𝑛
𝑒 )𝑑𝑉0𝑉0

. (6) 

In order to solve the sistem achieved on Eq. (3), Newton-Raphson procedure [2] is applied for the 

current time step (𝑡 + 𝛥𝑡). Furthermore the temporal integration methods are considered as an 

alternative concerned to the time integration resolution. 

Therefore, six temporal integration algorithms, Newmark, Houbolt, Wilson-θ, Souza & Moura 

[15], Central Differences and Chung & Lee [16], will be described in order to adjust to the positional 

formulation, where each algorithm is characterized by the particular equations of position, velocity and 

acceleration, implying in dynamic equilibrium modified equations. 

2.1 Implicit Method of Newmark 

The Method of Newmark is one of the most widespread in the literature, and it has large application 

in structural problems. The method was developed in 1959 by Newmark, wherein he presented the single 

step method as indicated in Eq. (7) and Eq. (8), representing, respectively, the approximate position and 

velocity. 

 𝑋𝑡+𝛥𝑡 = 𝑋𝑡 + 𝛥𝑡�̇�𝑡 + 𝛥𝑡2 [(
1

2
− 𝛽) �̈�𝑡 + 𝛽�̈�𝑡+𝛥𝑡]. (7) 
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 �̇�𝑡+𝛥𝑡 = �̇�𝑡+𝛥𝑡 + 𝛥𝑡(1 − 𝛾)�̈�𝑡+𝛥𝑡 + 𝛾𝛥𝑡�̈�𝑡+𝛥𝑡. (8) 

The 𝛽 e 𝛾 parameters are so-called Newmark coefficients and they determine the proprieties of 

stability, precision and damping as discussed by Cook et al. [13]. These coefficients, according to 

Bottura [7], consider how implicit the method is. For null values for its parameters, the algorithm 

assumes explicit characteristics. 

In line with Hughes [17], the method of Newmark is  unconditionally stable for 1/2 ≤ 𝛾 ≤ 2𝛽 and 

conditionally stable for 𝛾 ≤ 1/2 and 𝛽 ≤ 𝛾/2.  

Manipulating the Eq. (7), we obtain the acceleration for the current time step: 

 �̈�𝑡+𝛥𝑡 =
𝑋𝑡+𝛥𝑡−𝑋𝑡

𝛽𝛥𝑡2 −
�̇�𝑡

𝛽𝛥𝑡
− (

1

2
− 𝛽) �̈�𝑡. (9) 

Applying Eq. (8) and Eq. (9) in Eq. (3): 

 
𝜕Π

𝜕𝑋
|

𝑡+𝛥𝑡
=

𝜕𝑈𝑒

𝜕𝑋
|

𝑡+𝛥𝑡
− 𝐹𝑡+𝛥𝑡 +

𝑀

𝛽𝛥𝑡2 𝑋𝑡+𝛥𝑡 − 𝑀𝑄𝑡 + 𝐶𝑅𝑡 +
𝛾𝐶

𝛽𝛥𝑡
𝑋𝑡+𝛥𝑡 − 𝛾𝛥𝑡𝐶𝑄𝑡 = 0. (10) 

The dynamic contribution of variables in the last time step (𝑡), is represented by 𝑄𝑡 and 𝑅𝑡, 

expressed respectively on Eq. (11) and Eq. (12): 

 𝑄𝑡 =
𝑋𝑡

𝛽Δ𝑡2 +
�̇�𝑡

𝛽Δ𝑡
+ (

1

2
− 𝛽) �̈�𝑡. (11) 

 𝑅𝑡 = �̇�𝑡 + 𝛥𝑡(1 − 𝛾)�̈�𝑡. (12) 

The Hessian Matrix (∇𝑔(𝑋0)) is determined from second order derivative of the total mechanical 

energy functional regarding nodal positions, in consonance with Silva [10]. 

 ∇𝑔(𝑋0) =
𝜕2Π

𝜕𝑋2. (13) 

Applying the second derivative in Eq. (10) regarding nodal positions for the current time step (𝑡 +
𝛥𝑡), we obtain the Hessian Matrix for the dynamic problem, as follows: 

 
𝜕²Π

𝜕𝑋²
|

𝑡+𝛥𝑡
= 𝛻𝑔(𝑋0) =

𝜕²𝑈𝑒

𝜕𝑋²
|

𝑡+𝛥𝑡
+

𝑀

𝛽𝛥𝑡2 +
𝛾𝐶

𝛽𝛥𝑡
. (14) 

2.2 Implicit method of Houbolt 

Houbolt [18] presented a temporal integration method whose variables of velocity and acceleration 

are determined by expressions in descent finite differences, corresponding to a multiple pass method, 

conforming to Bottura [7]. It is an unconditionally stable method resulted from the second order 

derivation of Lagrange cubic polynomials regarding the time, as per Bathe [19]. 

Hence, acceleration and velocity are described, respectively as follows: 

 �̈�𝑡+𝛥𝑡 =
1

𝛥𝑡2
(2𝑋𝑡+𝛥𝑡 − 5𝑋𝑡 + 4𝑋𝑡−𝛥𝑡 − 𝑋𝑡−2𝛥𝑡). (15) 

 �̇�𝑡+𝛥𝑡 =
1

6𝛥𝑡
(11𝑋𝑡+𝛥𝑡 − 18𝑋𝑡 + 9𝑋𝑡−𝛥𝑡 − 2𝑋𝑡−2𝛥𝑡). (16) 

Applying Eq. (15) and Eq. (16) into Eq. (3) that defines the dynamic equilibrium for the current 

time step (𝑡 + 𝛥𝑡), we obtain: 

 
𝜕Π

𝜕𝑋
|

𝑡+𝛥𝑡
=

𝜕𝑈𝑒

𝜕𝑋
|

𝑡+𝛥𝑡
− 𝐹𝑡+𝛥𝑡 +

2𝑀

𝛥𝑡2 𝑋𝑡+𝛥𝑡 + 𝑀𝑄𝑡 +
11𝐶

6𝛥𝑡
𝑋𝑡+𝛥𝑡 + 𝐶𝑅𝑡 = 0. (17) 

Where: 

 𝑄t =
1

Δ𝑡2
(−5𝑋𝑡 + 4𝑋𝑡−Δt − 𝑋𝑡−2Δt). (18) 

 𝑅t =
1

6Δ𝑡
(−18𝑋𝑡 + 9𝑋𝑡−Δt − 2𝑋𝑡−2Δt). (19) 

The Hessian Matrix for the dynamic problem is achieved from the derivative of Eq. (17) regarding 

nodal positions for the current time step, as follows: 
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𝜕²Π

𝜕𝑋²
|

𝑡+𝛥𝑡
= 𝛻𝑔(𝑋0) =

𝜕²𝑈𝑒

𝜕𝑋²
|

𝑡+𝛥𝑡
+

2𝑀

𝛥𝑡2 +
11𝐶

6𝛥𝑡
. (20) 

2.3 Implicit method of Wilson-θ 

Wilson & Bathe [20] presented a modification of the linear acceleration method in order to become 

it in a unconditionally stable method through the incorporation of the factor 𝜃𝑤, because the unstable 

solution tends to oscillate around the truth solution.as discussed by Wilson [21]. 

The method of Wilson-θ considers acceleration as a linear variable in a time interval between 𝑡 and 

𝜃𝑤∆𝑡. Thus, this problem is solved for a time step concerned to 𝑡 + 𝜃𝑤∆𝑡.  

The factor 𝜃𝑤 must assume value greater or equal to 1. If equal 1, the method of Newmark do not 

modifies. If greater than 1.37, this method becomes unconditionally stable. According to Craig Jr. [22], 

the optimal value for 𝜃w  is 1.420815, but employed 1.4 by several other authors. 

Assuming an increment in time 𝜏 as that 0 ≤ 𝜏 ≤ 𝜃𝑤∆𝑡, for the time interval between  𝑡 and 

𝑡+𝜃wΔ𝑡, the acceleration is described as: 

 �̈�𝑡+𝜏 = �̈�𝑡 +
𝜏

𝜃𝑤∆𝑡
(�̈�𝑡+𝜃𝑤∆𝑡 − �̈�𝑡). (21) 

The velocity and position are determined via integration from Eq. (21): 

 �̇�𝑡+𝜏 = �̇�𝑡 + �̈�𝑡𝜏 +
𝜏2

2𝜃𝑤∆𝑡
(�̈�𝑡+𝜃𝑤∆𝑡 − �̈�𝑡). (22) 

 𝑋𝑡+𝜏 = 𝑋𝑡 + �̇�𝑡𝜏 +
�̈�𝑡𝜏2

2
+

𝜏3

6𝜃𝑤∆𝑡
(�̈�𝑡+𝜃𝑤∆𝑡 − �̈�𝑡). (23) 

Considering 𝜏 = 𝜃𝑤∆𝑡, the Eq. (22) and Eq. (23) are rewritten as: 

 �̇�𝑡+𝜃𝑤∆𝑡 = �̇�𝑡 +
𝜃𝑤∆𝑡

2
(�̈�𝑡+𝜃𝑤∆𝑡 + �̈�𝑡). (24) 

 𝑋𝑡+𝜃𝑤∆𝑡 = 𝑋𝑡 + 𝜃𝑤∆𝑡�̇�𝑡 +
𝜃𝑤

2∆𝑡2

6
(�̈�𝑡+𝜃𝑤∆𝑡 + 2�̈�𝑡). (25) 

Hence, we determine the corresponding equations for �̇�t+𝜃𝑤∆𝑡 and �̈�t+𝜃𝑤∆𝑡 in terms of 𝑋t+𝜃𝑤∆𝑡, 

from Eq. (24) and Eq. (25), as follows: 

 �̈�𝑡+𝜃𝑤∆𝑡 =
6

𝜃𝑤
2∆𝑡2

(𝑋𝑡+𝜃𝑤∆𝑡 − 𝑋𝑡) −
6

𝜃𝑤∆𝑡
�̇�𝑡 − 2�̈�𝑡. (26) 

 �̇�𝑡+𝜃𝑤∆𝑡 =
3

𝜃𝑤∆𝑡
(𝑋𝑡+𝜃𝑤∆𝑡 − 𝑋𝑡) − 2�̇�𝑡 −

𝜃𝑤∆𝑡

2
�̈�𝑡. (27) 

Positions, velocities and accelerations concerned to the current time step 𝑡 + ∆𝑡 are determined 

through the instant 𝑡 + 𝜃𝑤∆𝑡. Similarly, the vector of external forces is estimated for 𝑡 + 𝜃𝑤∆𝑡 as 

follows: 

 𝐹𝑡+𝜃𝑤∆𝑡 = 𝐹𝑡 + 𝜃𝑤(𝐹𝑡+∆𝑡 − 𝐹𝑡). (28) 

Based on Eq. (26) and Eq. (27), the Eq. (3) is determined, for 𝑡 + 𝜃𝑤∆𝑡, as: 

 
𝜕Π

𝜕𝑋
|

𝑡+𝜃𝑤∆𝑡
=

𝜕𝑈𝑒

𝜕𝑋
|

𝑡+𝜃𝑤∆𝑡
− 𝐹𝑡+𝜃𝑤∆𝑡 +

6𝑀

𝜃𝑤
2∆𝑡2

𝑋𝑡+𝜃𝑤∆𝑡 + 𝑀𝑄𝑡 +
3𝐶

𝜃𝑤∆𝑡
𝑋𝑡+𝜃𝑤∆𝑡 + 𝐶𝑅𝑡 = 0. (29) 

Where: 

 𝑄𝑡 = − (
6

𝜃𝑤
2∆𝑡2

𝑋𝑡 +
6

𝜃𝑤∆𝑡
�̇�𝑡 + 2�̈�𝑡). (30) 

 𝑅𝑡 = − (
3

𝜃𝑤∆𝑡
𝑋𝑡 + 2�̇�𝑡 +

𝜃𝑤∆𝑡

2
�̈�𝑡). (31) 

The Hessian matrix is achieved through Eq. (29): 

 
𝜕²Π

𝜕𝑋²
|

𝑡+𝜃𝑤∆𝑡
= 𝛻𝑔(𝑋0) =

𝜕²𝑈𝑒

𝜕𝑋²
|

𝑡+𝜃𝑤∆𝑡
+

6𝑀

𝜃𝑤
2∆𝑡2

+
3𝐶

𝜃𝑤∆𝑡
. (32) 
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In order to apply the current time step 𝑡 + ∆𝑡, we consider 𝜏 = ∆𝑡 in Eq. (21), Eq. (22) and Eq. 

(23). Therefore: 

 �̈�𝑡+∆𝑡 = �̈�𝑡 +
1

𝜃𝑤
(�̈�𝑡+𝜃𝑤∆𝑡 − �̈�𝑡). (33) 

 �̇�𝑡+∆𝑡 = �̇�𝑡 + ∆𝑡�̈�𝑡 +
∆𝑡

2𝜃𝑤
(�̈�𝑡+𝜃𝑤∆𝑡 − �̈�𝑡). (34) 

 𝑋𝑡+∆𝑡 = 𝑋𝑡 + ∆𝑡�̇�𝑡 +
∆𝑡2

2
�̈�t +

∆𝑡2

6𝜃𝑤
(�̈�𝑡+𝜃𝑤∆𝑡 + 2�̈�𝑡). (35) 

2.4 Explicit method of Central Differences 

According to Silva [10], the method of Central Differences is a particularization from Newmark 

method, where 𝛽 = 0, exhibiting second order accuracy. Cook et al. [13] considers that acceleration and 

velocity are attained by central differences approach. 

Among the explicit methods, this is one of the most employed, mainly regarding dynamic problems. 

However, small time increments are indispensable, because of the conditionally stable characteristic. 

In this sense, the positions 𝑋𝑡−∆𝑡 and 𝑋𝑡+∆𝑡, are descripted by Taylor expansion centered in 𝑋𝑡, as 

follows: 

 𝑋𝑡+∆𝑡 = 𝑋𝑡 + ∆𝑡�̇�𝑡 +
∆𝑡2

2
�̈�𝑡 + ⋯. (36) 

 𝑋𝑡−∆𝑡 = 𝑋𝑡 − ∆𝑡�̇�𝑡 +
∆𝑡2

2
�̈�𝑡 − ⋯. (37) 

The truncated sum under the terms of the second order produces: 

 �̈�𝑡 =
1

∆𝑡2
(𝑋𝑡+∆𝑡 − 2𝑋𝑡 + 𝑋𝑡−∆𝑡). (38) 

 

Analogously, the difference between Eq. (36) and Eq. (37) determines: 

 �̇�𝑡 =
1

2∆𝑡
(𝑋𝑡+∆𝑡 − 𝑋𝑡−∆𝑡). (39) 

Applying Eq. (38) and Eq. (39) into Eq. (3), we obtain: 

 
𝜕Π

𝜕𝑋
|

𝑡+𝛥𝑡
=

𝜕𝑈𝑒

𝜕𝑋
|

𝑡+𝛥𝑡
− 𝐹𝑡+𝛥𝑡 +

𝑀

𝛥𝑡2 𝑋𝑡+𝛥𝑡 + 𝑀𝑄𝑡 +
𝐶

2𝛥𝑡
𝑋𝑡+𝛥𝑡 + 𝐶𝑅𝑡 = 0. (40) 

Where: 

 𝑄t = −2𝑋𝑡 + 𝑋𝑡−Δt. (41) 

 𝑅t = −𝑋𝑡−Δt. (42) 

From Eq. (40), one has the Hessian Matrix: 

 
𝜕²Π

𝜕𝑋²
|

𝑡+𝛥𝑡
= 𝛻𝑔(𝑋0) =

𝜕²𝑈𝑒

𝜕𝑋²
|

𝑡+𝛥𝑡
+

𝑀

𝛥𝑡2 +
𝐶

2𝛥𝑡
. (43) 

For the purpose to avoid errors propagations along times step, as presented by Bathe [19], the 

increment of time must be smaller than a critical value:  

 Δ𝑡𝑐𝑟𝑖𝑡 ≤
𝑇𝜋

𝜋
. (44) 

Where 𝑇𝜋 is the shortest period of the finite element system and can be estimated by Eq. (45). 

 𝑇𝜋 ≤
2𝜋

𝜔𝑚𝑎𝑥
. (45) 

Where 𝜔𝑚𝑎𝑥 is the largest natural frequency. 
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2.5 Explicit method of Souza & Moura [15] 

Souza & Moura [15] produced a method with the purpose of decrease possible errors that are 

achieved through the use of the Central Differences method, especially when adopting a time increment 

close to the critical value. This methodology, while retaining the advantages of an explicit method, 

essentially eliminates spurious numerical oscillations. 

The main purpose of this method is describe the velocity and acceleration as a Lagrangian 

Polynomial of four degrees. Thus:  

 �̇�𝑡 =
1

2∆𝑡
(𝑋𝑡+∆𝑡 − 𝑋𝑡−∆𝑡) −

1

12∆𝑡
(𝑋𝑡−3∆𝑡 − 6𝑋𝑡−2∆𝑡 + 12𝑋𝑡−∆𝑡 − 10𝑋𝑡 + 3𝑋𝑡+∆𝑡). (46) 

 �̈�𝑡 =
1

∆𝑡2
(𝑋𝑡+∆𝑡 − 2𝑋𝑡 + 𝑋𝑡−∆𝑡) −

1

12∆𝑡2
(𝑋𝑡+∆𝑡 − 4𝑋𝑡 + 6𝑋𝑡−∆𝑡 − 4𝑋𝑡−2∆𝑡 + 𝑋𝑡−3∆𝑡). (47) 

Applying Eq. (46) and Eq. (47) into Eq. (3), one has: 

 
𝜕Π

𝜕𝑋
|

𝑡+𝛥𝑡
=

𝜕𝑈𝑒

𝜕𝑋
|

𝑡+𝛥𝑡
− 𝐹𝑡+𝛥𝑡 +

11𝑀

12𝛥𝑡2 𝑋𝑡+𝛥𝑡 + 𝑀𝑄𝑡 +
𝐶

4𝛥𝑡
𝑋𝑡+𝛥𝑡 + 𝐶𝑅𝑡 = 0. (48) 

Where: 

 𝑄t =
1

12∆𝑡2
(−20𝑋𝑡 + 6𝑋𝑡−∆𝑡 + 4𝑋𝑡−2∆𝑡 − 𝑋𝑡−3∆𝑡). (49) 

 𝑅t =
1

12∆𝑡
(−𝑋𝑡−3∆𝑡 + 6𝑋𝑡−2∆𝑡 − 18𝑋𝑡−∆𝑡 + 10𝑋𝑡). (50) 

The Hessian Matrix is given by: 

 
𝜕²Π

𝜕𝑋²
|

𝑡+𝛥𝑡
= 𝛻𝑔(𝑋0) =

𝜕²𝑈𝑒

𝜕𝑋²
|

𝑡+𝛥𝑡
+

11𝑀

12𝛥𝑡2 +
𝐶

4𝛥𝑡
. (51) 

With the intention of acquire stability, the increment of time is written as follows: 

 Δ𝑡𝑐𝑟𝑖𝑡 ≤ √
2

3

2

𝜔𝑚𝑎𝑥
. (52) 

2.6 Explicit method of Chung & Lee [16] 

Chung & Lee [16] proposed a new family of second order temporal integration algorithms with 

high frequency dissipation for several dynamic problems. Positions and velocities are given by: 

 𝑋𝑡+∆𝑡 = 𝑋𝑡 + ∆𝑡�̇�𝑡 + 𝛽1�̈�𝑡 + 𝛽2�̈�𝑡+∆𝑡. (53) 

 �̇�𝑡+∆𝑡 = �̇�𝑡 + ∆𝑡�̇�𝑡 + 𝛾1�̈�𝑡 + 𝛾2�̈�𝑡+∆𝑡. (54) 

Where: 

 𝛽1 = Δ𝑡2 (
1

2
− 𝛽𝑐). (55) 

 𝛽2 = Δ𝑡2𝛽𝑐. (56) 

 𝛾1 = −
1

2
Δ𝑡. (57) 

 𝛾2 =
3

2
Δ𝑡. (58) 

Therefore, the proposed method presents only a free parameter, corresponding to 𝛽𝑐. From a study 

of accuracy, stability and convergence, one has: 

 1 ≤ 𝛽𝑐 ≤
28

27
. (59) 

The current acceleration is given by: 

 �̈�𝑡+∆𝑡 =
(𝑋𝑡+∆𝑡−𝑋𝑡)

𝛽2
−

∆𝑡�̇�𝑡

𝛽2
−

𝛽1�̈�𝑡

𝛽2
. (60) 
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Applying Eq. (54) and Eq. (60) into Eq. (3), one has: 

 
𝜕Π

𝜕𝑋
|

𝑡+𝛥𝑡
=

𝜕𝑈𝑒

𝜕𝑋
|

𝑡+𝛥𝑡
− 𝐹𝑡+𝛥𝑡 +

𝑀

𝛽2
𝑋𝑡+𝛥𝑡 + 𝑀𝑄𝑡 +

𝛾2𝐶

𝛽2
𝑋𝑡+𝛥𝑡 + 𝐶𝑅𝑡 = 0. (61) 

Where: 

 𝑄𝑡 = −
𝑋𝑡

𝛽2
−

∆𝑡�̇�𝑡

𝛽2
−

𝛽1�̈�𝑡

𝛽2
. (62) 

 𝑅𝑡 = �̇�𝑡 + ∆𝑡�̇�𝑡 + 𝛾1�̈�𝑡 + 𝛾2𝑄𝑡. (63) 

The Hessian Matrix is given by: 

 
𝜕²Π

𝜕𝑋²
|

𝑡+𝛥𝑡
= 𝛻𝑔(𝑋0) =

𝜕²𝑈𝑒

𝜕𝑋²
|

𝑡+𝛥𝑡
+

𝑀

𝛽2
+

𝛾2𝐶

𝛽2
. (64) 

The method of Chung & Lee [16], when 𝛽𝑐 = 1, presents similar characteristics with Central 

Differences one. However, for values close to the upper limit of 28/27, the method has maximum 

numerical dissipation. 

3  Numerical examples 

A set of examples found in the specialized literature are performed herein with the purpose of 

compare the dynamic response obtained by several methods of temporal integration. For this, the 

adopted parameters are given by: 𝛾 = 0,5, 𝛽 = 0,25, 𝜃𝑤 = 1,420815, 𝛽𝑐 = 1,03.  

In this paper, the formulation is composed by two degrees of freedom by node and constant thickness 

is considered. Moreover, triangular finite element with cubic approximation is adopted. 

3.1 Undamped Cantilever beam 

In this example, found in Greco [23] as well as Marques [24] and Maciel [25], a robust cantilever 

beam is subjected to an impact loading at the free end, as shown in Fig. 1. 

The purpose of this example is to verify the behavior of the several temporal integration algorithms 

adopted in this paper. Therefore, the beam is discretized by 88 two-dimensional finite elements with 

two different time steps of 0,0001𝑠 and 0,00001𝑠, respectively for the first and second responses, in 

order to verify the influence of this parameter in different temporal integration methods adopted. Two 

models of loading are adopted. The first one considers a constant loading. The second model admits an 

increase loading until a given time beyond which it becomes constant. 

L

F

b

h

Seção Transversal

 

Figure 1 – Cantilever beam scheme 

The mechanical and geometrical proprieties are given by: 

𝐸 = 210 109𝑁/𝑚2  𝜈 = 0 

𝐿 = 1200𝑚𝑚  𝑏 = 150𝑚𝑚 

ℎ = 300𝑚𝑚  𝜌 = 1691,81 10−4 𝑁 𝑠2/𝑚4 

The first providence in determining temporal integration, in accordance with Bathe & Wilson [20], 

corresponds to setting the appropriate value for the time interval, because it is directly related to the 
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truth structure behavior and numerical instability problems. In this context, Fig. 2 and Fig. 3, as well as 

Fig. 4 and Fig. 5 compare the displacement of the node where the loading is applied, adopting several 

time integration methods with different time intervals. 

It is possible to see in Fig. 2 and Fig. 3 the influence of the time factor on the structural response, 

especially for the explicit methods. Due to the decrease of time interval, the behavior of the responses 

from different methods of temporal integration tend to assume the same form. 
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Figure 2 – Case 1 discretized for  𝜟𝒕 = 𝟎, 𝟎𝟎𝟎𝟏 𝒔.
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Figure 3 – Case 1 discretized for 𝜟𝒕 = 𝟎, 𝟎𝟎𝟎𝟎𝟏 𝒔. 

Figures 2 and 4 shows a small difference between the results obtained by explicit methods. As 

discussed by Cavalcante [12], the method of Chung & Lee [16] exhibited a small numerical damping, 

when compared with Souza & Moura [15] and Central Differences ones, depending of 𝛽𝑐. 

It is perceived a certain damping dissipation presented by the explicit methods when compared to 

the implicit ones, mainly for fairly greater time intervals. As its decreasing, the energy dissipation of 

explicit methods is reduced, whereas the implicit methods do not experiment important changes. 

The method of Newmark expounded results almost identical to those obtained in the literature, 

regardless time interval analyzed. The methods of Houbolt and Wilson-θ show a feeble damping that is 

reduced with the decrease of time interval. 

In general, the computational effort required by the explicit methods is smaller, however, they need 

a greater temporal discretization. In addition, explicit and implicit methods tend to converge to the same 

result as the time interval is decreased. 
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Figure 4 – Case 2 discretized for  𝜟𝒕 = 𝟎, 𝟎𝟎𝟎𝟏 𝒔 
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Figure 5 – Case 2 discretized for  𝜟𝒕 = 𝟎, 𝟎𝟎𝟎𝟎𝟏 𝒔 

3.2 Rod-crank mechanism 

In this example proposed by Marques [24], the performance of temporal integration algorithms 

applied in a rod-crank mechanism is verified. Hence, Fig. 6 shows a scheme about this mechanism which 

is composed by a rod and a crank, connected to each other in the point A. The rod is articulated in the 

point C. The crank turns around the axis placed in B. 
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Figure 6 – Rod-crank mechanism scheme 

The mechanical and geometrical proprieties are given by: 
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𝐸 = 210 109𝑘𝑔/𝑐𝑚2  𝑐𝑚 = 5 𝑠−1  𝜌 = 0,0079 𝑘𝑔/𝑐𝑚3 

𝐿𝐵 = 14,4 𝑐𝑚  𝐻𝐵 = 2 𝑐𝑚  ℎ𝐵 = 1 𝑐𝑚 

𝐿𝑀 = 10,0 𝑐𝑚  𝐻𝑀 = 9 𝑐𝑚  ℎ𝑀 = 1 𝑐𝑚  

𝑅1 = 4,50 𝑐𝑚  𝑅2 = 4,50 𝑐𝑚  𝜈 = 0  

The dynamic response is obtained for two different time steps ∆𝑡 = 0,00025 𝑠 and ∆𝑡 =
0,00005 𝑠. The assembly is discretized by 312 finite elements. Furthermore, it is considered a load 𝐹 =
100000 𝑘𝑔 𝑐𝑚/𝑠2 applied at point C. The loading occurs during a half revolution. 

In accordance with Fig. 7 and Fig. 8, some structural displacements for several time step are 

presented, using Houbolt method. This analysis shows that the time required to perform the current cycle 

is lower than the one observed for the previous period until achieving a constant time of revolution. 
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Figure 7 – Displacement for the first rotation cycle 
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Figure 8 – Displacement for the second rotation cycle 

To evaluate the performance of temporal integration algorithms in this example, the response of 

horizontal position for the load application point is presented. As shown in Fig. 9, a similar behavior is 

remarked when the discretization is performed with smaller time step. 

In addition, the algorithms proposed by Souza & Moura [15] and Central Differences exhibited 

identical behavior for both cases, but the period of revolution performed by them is superior that one 

verified on implicit methods just because they are highly dissipative. The method proposed by Chung 

& Lee [16] proved to be ineffective in the convergence of results. 
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Figure 9 – Horizontal position for the load application point. a) 𝜟𝒕 = 𝟎, 𝟎𝟎𝟎𝟐𝟓 𝒔. b) 𝜟𝒕 = 𝟎, 𝟎𝟎𝟎𝟎𝟓 𝒔  

Methods of Houbolt and Wilson-θ presented consistent response, showing very close results in both 

situations, regardless time step adopted. The method of Newmark demonstrated to converge as the time 

step reduces. 

4  Conclusion 

The main objective was to analyze the structural behavior of two-dimensional solids considering 

geometric and material nonlinearities. This paper contributes significatively about this theme, because 

it can approach the truth performance. Therefore, a positional formulation was performed by comparison 

with specialized literature, in order to investigate the behavior of two-dimensional structures. 

The temporal integration methods applied in this paper was evaluated through several examples 

considering dynamic load applied in different structures. In general, explicit algorithms showed more 

coherent results when associated with smaller time step. However, methods of Houbolt, Wilson-θ and 

Newmark are more suitable in rotational cases. Due to the need for calibration, the method of Newmark 

is less indicated than other implicit methods. Explicit methods of Central Differences and Souza & 

Moura [15] exhibit certain instability that can easily be reduced by considering shorter time intervals. 
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