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Abstract. Due to the continuing importance of laminated materials in civil, naval, mechanical
and aerospace engineering, the development of structural analysis theories of laminated beams
has been an active area of research. The well-known classical theories of Euler-Bernoulli and
Timoshenko have limitations because they do not present a field of shear deformation or by the
incorrect consideration of such deformations, without respecting the nullity of the shear stress
in the edges of the beam. Thus, high-order theories have emerged to remedy the limitations of
classical theories, especially the Equivalent Single Layer (ESL) theories. In ESL theory, the
displacement function in the thickness coordinate are assumed to Class C!. This feature
provides a discontinuous shear stress field at the interfaces of adjacent layers with different
materials. In the 1980s, DiSciuva introduced a new class of laminated theories, where a zig-zag
function is added to the ESL theories to describe the displacement in the thickness coordinate.
This new theory allows the continuity of interlaminar tensions and a number of variables
independent of the number of layers of the beam. In this way, the present work seeks to present
the complete development of a finite element model of several ESL-Zig-Zag theories. Thus, a
unified displacement field will be used that allows the simultaneous development and
comparison of several refined theories found in the literature. After obtaining the governing
equations, the finite element model is constructed using the Lagrange and Hermite polynomial
functions. Finally, to show the good efficiency of the finite element model, numerical results
are shown and compared with the exact solution of the elasticity of Pagano (1970).
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1 INTRODUCTION

In recent decades, composite beams have come to play a primary role in civil, mechanical,
aeronautical and robotic engineering applications. As a result, the need for theories that could effectively
describe the mechanical behavior of a laminated composite beam also increased. The classical Euler-
Bernoulli (EBT) theory, although widely known, fails in considering the null shear strain and the cross
section of the beam remains flat and orthogonal to the neutral line after deflexion. Thus, at the beginning
of the twentieth century, Timoshenko [1] proposes a First Order Theory (FOT) that considers constant
shear strain along the cross section. However, because it does not consider the possibility of shear stress
nullity at the beam edges, FOT needs correction factors for an improvement in its efficiency. From the
middle of the twentieth century, high order theories have come to describe the shear strain of the beam
without the need for correction factors ([2-9]). The high order theories propose for their displacement
field, polynomial, trigonometric or exponential functions that allow the nullity of shear stress at the
edges of the beam without incurring the need for correction factors. These theories were initially
proposed for the analysis of isotropic and homogeneous beams. However, it is possible to extend its use
to the analysis of orthopedic and laminated beams through three types of theories commonly found in
the literature: Equivalent Layer Theories (ELT), Layerwise Theories (LW) and Zig-Zag Theories (ZZ).

ELT, LW and ZZ theories differ mainly in the number of variables found in the differential
equation system and in the possibility of zigzag behavior along the beam cross section. The ELT theory
(Sayyad et al [10]), while simpler, has the disadvantage of assuming a C' displacement field that results
in a continuous strain field and since the layers have different transverse shear modulus, the shear stress
field will be discontinuous. The LW theory (Reddy [11]) proposes the construction of an independent
displacement field for each beam layer, however, the amount of variables will increase proportionally
with the number of layers, which considerably increases the computational cost of the theory (in
practical applications it is common for the number of layers to exceed 100). In the 1980s, DiSciuva [12]
proposed a displacement field in which a piecewise function allows zigzag behavior, so the number of
variables remains independent of the number of beam layers. In order to improve the efficiency of this
theory for the clamped boundary and enable its implementation by finite element method with C°
functions, it was proposed in DiSciuva et al [13] the Refined ZigZag Theory (RZZ). Thus, among the
mentioned theories, the RZZ theory presents the ideal combination of efficiency and cost computational.

In this paper, several high order models are developed simultaneously in conjunction with the
77 theory for the analysis of the static and dynamic behavior of symmetrical and asymmetric laminated
beams subjected to a transversal loading. The equations that describe the problem are derived from the
Hamilton principle. A C! finite element model using interdependent interpolation functions is also
developed. The numerical results are compared with the elasticity theory obtained in Pagano [14] and
Giunta et al. [15]

2 GOVERNING EQUATIONS

2.1 Kinematics

Consider a beam of thickness /, composed of N orthotropic layers with the main material
coordinates (xlk , xf , x3k ) of the kth layer oriented at an angle 6, related to the x coordinate. The kth layer

is located between the points z =2z, and z = z,,, in the thickness direction (Fig. 1).
In order to cover the kinematics of various refined theories, the unified field of displacement
given in Eq. (1) is used:

N-1

wzt) = u, 250+ f(2)6 + SUICEENE "

w(z, z,t) = w(z,t),
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where, u(z,2,t),u,(z,t),w(z,t) and ¢(x,t) represent, respectively, the axial displacement, the axial
displacement of the centroidal axis, the transverse displacement of the centroidal axis and the cross
section rotation due to shear, z is the z coordinate at the N-7 beam interface, v, (z,t) is an unknown
function and Y is a singular function worth 1 when (z - Zk) > 0 and worth 0 when (z - zk> < 0 and

f(2) is a function that describes the used shear theory as shown in Table 1.

Figure 1. Laminate composite beam geometry.

The adopted strain field is presented in Eqgs. 2(a and b):

du  Ou *w o =Y,
==t — A+ flR)—+ > —E(z2—2)Y , 2
eu 833 8.77 z 8:1?2 f(z) 8.77 Pt 8.77 (Z Zk) ( a)
_ 0w Ou ——df(z)(¢>)+Ni¢Y (2b)
T oz 0z dz e

Using the constitutive law for ortotropic materials (Reddy [11]), the stress field in Egs. 3(a and
b) can be achieved:

O = Qllexmc’ (3a)
Tor = QSS’Y(I?Z ’ (3b)
where:
Q, = 1 Exx003(9)4 + (Eyyvxy + El,l_vyx)003(6)231'71(9)2 + Eyysin[0]4 + @
(_1 + vxyvyx) Giy(l = Uy Uy )SZn[29]2
Qs =G, cos(0)® + G, sin(6)?. (5)

In Egs. (4 and 5), E;; and Gj; (i=x,y) are, respectively, the Young and the Shear modules in
relation to the main axes; 6 is the angle that the fiber makes with the main axis of the beam.
To ensure the continuity of shear stress, the following condition is imposed:
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lim 70 = lim 717, (6)

Table 1. Shear theory used in the displacement field.

Model Author Function f(z)
Model 1 Reddy [2] Z(h2 z2
)= —[— ——j
204 3
Model 2 Shi —Voyiadjis [3] 52 472
o[22
4 3h?
Model 3 Ambartsumyan [4] | 472
z)=z|l—
o]
Model 4 Touratier [5]
f(2) =ﬁsin{E}
V4 h
Model 5 Soldatos [6] 1 P
f(z)=| zcosh —j—hsinh —
2 h)
Model 6 Karama et al. [7] 2\ 7
f(z)= zexp{—Z (ZJ
Model 7 Akavci [8] )

37 an( 2
f(z2)= 5 {htanh(h

)
-“j(%ﬂ

Model 8 Thai et al. [9] .
f(z)=htan" (7)—2

After replacing Eq. (3b) in Eq.(6), results:
b, = o7, (7

oo Eo G i)+ B | ®

55 g=1

where:

The Hamilton principle (Reddy [16]) is used to obtain the equations of motion for the
displacement field given in Eq. (1). Thus, the equations that describe the theory are presented in Eq. 9
(a, band c):

2
N
oW, 0K, (9a)
x> ot
*M OR, 0w
e A + pbh—— =q. 9b
o owot o " P
*P,  9M° as, a7,
2 4R 4T 4040, 9
0s> o T ot ot G)
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where:
ON
N, = Au, — B, 8w+( +Gy)o, R, L Lk =12..N. (10a)
T QF 0t
oM
M, = —Byu, + Coa—w —(E, + H,)o, R, = Lk[ £ ],k =12.N. (10b)
ox Qll
0P,
P = (Dy)u, — (Eo)a_w +(Fy +1)p, Sy =2 [ ] k=12.N. (10¢)
oz QF
oM;
M = (Gy)u, — (Ho)a—w + U, +Jy)o, T, = [ ],k =12..N. (10d)
oz QH
Rz = (KO + L0)¢7 Tza = (LO + M[))¢ . (loe)
[ Z f (1,2, 22)bQldz . (109)
[Dy, By, By | Z f (12 f(2)] f(2)bQLdz . (10q)
Zk+1
N-1 N-1
[G H,.1 J Zf Lz, f(2), ak(z—zk> ak(z—zk>YbQ1k1dz. (10h)
Lo k=1 k=1
% N-1 2 (N-1 2
(K, 2 f ), > aY | Fl(2bQhdz, M, Z f S aY | bQhdz.  (10i)
k=1 k=1 1o, Uk=1

where b, h, N, p and g represent, respectively, the section width, its height, the numbers of layers present

in the laminated beam, its density and the applied distributed loading. In addition to the domain
equations (Egs. 9a-c and 10a-i), we have the following boundary conditions:

G _0M, _ OR, ]|

w L 92 oz
ow | |, =2
8([ or T a . (11)
® i - opP. ~0M
u oz oz
? - ON,

- Oz

For dynamic purposes Egs. (9a-c) can be formulated considering an eigenvalue problem to find

natural frequencies. Thus, Egs. (12a-c) represent the periodic movement of the beam under free vibration
(Reddy [17]):

u,(z,t) = U(z)e ™. (12a)
w(z,t) = W(x)e ™. (12b)
CILAMCE 2019
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B(x,t) = S(x)e ™" . (12¢)

where w is the natural frequency of transverse motion, U ( x) , W(:C) and S ( x) are the modal shape
of the transverse motion. Replacing Egs. (12 a-c) in Egs. (9 a-c) (being ¢ = 0) gives an eigenvalue
problem whose solution represents the natural frequency of the beam subjected to free vibration.

2.2 Shear stress

Although the shear stress field of the present theory is continuous, it is possible to refine the results
by employing the methodology for obtaining the shear stress given by Reddy [11]. Reddy [11] proposed
an alternative way to obtain interlaminar stresses through the equilibrium equations of three-dimensional
elasticity:

O — xx + Xy + Xz ,

Ox oy Oz

0 0 0
0=t Pom O (13)

ox oy oz

or

0 — asz + zy + ao_zz

ox oy 0z

For each layer, Egs. (13) can be integrated with respect to z and obtain interlaminar stresses

within each layer (2, <2<z, ). Thus, the shear stress 7 is given as:

F or,
T :_J aa_m_Fi dZ+G(k), (14)
o\ Ox oy

where G'*)is an integration constant that can be obtained through the nullity of shear stress at the beam
edges and the interlaminar continuity condition.

3 FINITE ELEMENT MODEL

This section discusses the development of the finite element method applied to the ZZ theory
for laminated beams. In this paper, the Hermite cubic approximation is used for both, the deflection and

its derivative, and the Lagrange quadratic approximation for the variables u,(z,t) and ¢(z,t), in order
to avoid the shear locking effect (Reddy [16]).

3.1 FEM formulation for the theory

For the Higher-Order Zig-Zag FEM formulation (FEM-ZZ), aproximations for the w(x,?),

u, (x, t ) and ¢(x, t ) are considered as follows:

m n n

wia,t) = 3w (el (@), (n,0) = 3007 (@), dat) = 30,0 (). (15)

) 2

where gojl and gojz are Hermite cubic and Lagrange quadratic polynomial interpolation functions,

respectively, w; are nodal values consisting of W(x,t ) , u; are nodal values consisting of u, (x,t ) and
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(;57 are nodal values consisting of ¢(x,t ) Replacing Eq. 15 in the weak formulation of Eqs. 9(a-c)

0] (6] (K] g [0 D] DoY)y ()
] D] [ b ] ] el =Ll oo
] bee] feli) (e fue] pegl) e

——

where
T 2, (1) 72 (1) T 2 (1) do®
K.l.lzfcd% L2 . K.l?:f —(E, +H)d Lo
" . O d? da? Y . de dx
" ' 2) 4,2 (17)
T dQD@) d2 (1) (10 QDJ
21 _ ;oY 2 _ [|(Fy +20, +J,) +
K= | B i) e K f( ;1:1: G|
Iu Ia KO + 2-[/0 + M D SDJ ()0]
T d 1) d(,O T d‘)O(‘Q) d2(p(1)
K13 — f _ pi Ty ) K3l — f —(B ) J )
v O da?  do e O dr da?
o o2 42 N o) dp
23 j J 32 j j
k% = [|(D, +G,) =i, K [1(Dy +6,) o,
T d(,O(Q) d(p( )
33 _
K5 =[] o o [
T, d(p ey ()0( ) % ) d(p(l)
M = [ — + bh(,p(l)@ Ylde, M2 = _—<E + H )—’ 90(.2) x
1 k 0 i 1 ) 1 k 0 0 7
{ ' dez d { i dx
.Tb dgpl(l) ‘Tb
M = f — (8, + Hy )l e M = f LBy + 20, + Ty e
z, 11 z, (W11
z, dplV f 7, p do
M713 _ _[L A i 90('2) dz, Md71 _ _ _B() i 90('2) z,
/ { o de 7 o { o de 7
Ty Ty
23 _ p @), (2 32 _ p 2
My = f —(Dy + Gy )y |da, My = f QT(DO + Gy )@ s |da, (18)
z, \ W11 z, \ @11
Ly
33 P 2, ,(2)
]]—f[[kAo%ij iz
z, 11
F! = ( Dz +Q, F? = @, F} = Q,,
= V(0 Q= by (5). @ =T, (0). Q= 0y (5). ()
QOE -M,, a) Q =M, (xb) Q7E_N(xa>a QSEN(%>'
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4 DISCUSSION OF NUMERICAL RESULTS

This section compares the efficiency of the Finite Element Method applied to ZZ theories (FEM-
Z7). For the static case, a comparison is made between the transverse and longitudinal displacement
fields and the normal and shear stress fields for laminated composite beams subjected to sinusoidal
loading. The number of layers (two, three and four) and the stacking configuration (0°/90°, 0/90°/0 ¢
0/90°/90°/0, see Figure 3), referring to the angle that the fibers form with the main axis of the beam,
were considered in the response field analysis. The L/h ratio considered in these examples is 4, that is,
a moderately thick beam where the effects due to shear make it prominent over those of flexion. In these
analyzes, the results obtained by FEM-ZZ are compared with the analytics developed by Pagano [14].
For dynamic analysis, it is considered the same beam of Figure 3 subjected to free vibration. In this
dynamic consideration, the beam has the stacking configuration equal to 0°/90° ¢ 0°/90°/0° and the L/h
ratio varying in 100, 10 and 5. The results obtained by FEM-ZZ are compared to those obtained by the
three-dimensional FEM. shown in Giunta et al. [15]. In all the examples is considered the graphite-
epoxy material whose Young modulus and Poisson ratio are:

E ,=25MPa G, =0.5MPa
E,=1MPa  G_=02MPa

v, =V, =0.25

qll

ATy

L.
L .
H’J 'r -
b)
T T - T - |
h/2
¢ e | o -
h/3 ) s0° > ‘F
‘NV W4 { so° (
A IR | |
L L s -
Figure 2 a) Simply supported beam subjected to a sinusoidal load; b) Fibers arrangements in laminated

beams.

For the results to be independent of the geometric and loading parameters, the response fields
were dimensionless as follows:

uE b 100wE bh? b
7(0,2,0) = —~,  @(2,0) = ——— am[é,z,o]:ﬁ,
qOh qOL 2 QO (20)
b /
7_-TZ(07Z70>: TM? GZW[LQ M ) S—£7
' 9 4, h

where w is the dimensionless longitudinal displacement of the cross section, w is the dimensionless

w
deflection in the middle of the beam, & is the dimensionless normal stress, 7_ is the dimensionless
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shear stress, ¢, is the amplitude of the sinusoidal load and @ is the natural frequency of the first mode
of vibration. The L2-Norm error was calculated by the expression:

, JR —VC)2+(VR, —VC, Y +...+(VR, - VC,
relative error, , (%) =
JVR Y +(VR,) +...+ (VR,

x100%.  (21)

where VR ¢ VC, (i=1,2...n) are calculated reference values, respectively.

4.1 Static Analysis
4.1.1 Two cross-ply laminated beam under transverse loading [0°/90°]

Figure 3(a - d) shows the results for the displacement and stress fields when various kinematics
are used in the FEM-ZZ (16-element). The deflection, W, was aproximated by Hermite cubic

polynomials. The axial displacement U, and rotation ¢ were approximated by Lagrange quadratic

polynomials.
a) b)
i 0,50 . — .
'*\ S FEM Reddy 3] -I-FEVI—Rxﬂ/[Zj I 030 c |
\ I E:m :.ihib- V;yiadjisl [?J] + FEM- Shi - \byiedis [3] N
A \ ﬁ —¥— FEM - Touratier [533 ------- -:‘- FEVI-A’]M[‘H
—— FEM - Soldatos [6] == FEM- Teudtier [5]
0,25| —4—FEM -_Karam_a etal. [7] + FEVI'&‘(HCS[GJ QE
I iiﬂ :'-?:2\1126[;]. 101 <4 FEM- Kaanmetd. [7
—fe— Pagano [14] + FEW-AM [8]
> 4= M- Treietdl, 9] a0
0,00 - Regro[14] _ E}
= RN R Tzl
Axial displacement (u) ‘ m(o_) .Qz
: | A
H50)
\ PR
-0,50
c) d)
; - 03 R
0 02| 104 06 08 10 I ﬁ&' -\bhiS.LE:ﬂH
AR - o
- | \ y i
g 4 —A- FEV- Ankatamyen[4] e =~ M- Aad[g
£ e D N - o T 3
3 —4— FEM-Sicics 6] o R :
) - Aadly ' 165 ~J5]_1200 1257 |30
5 LA Tread. g
—_ == A o~
3 2 \ & / 02 Sersies(s,) }
L S e St /e e Y WO U SO L UL SO AL S T
@
2 ¥
-
'qw /”’*
3

Figure 3. Field of (a) axial displacement, (b) normal stress, (c) transverse deflection along the beam, (d)
shear stress when using 16-element FEM-ZZ. Response fields (a) and (d) are related to x = L and fields (b)
and (c) are related to x = L/2 to the beam [0°/90°].
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Figures 4(a - d) show the L2-Norm errors between the various kinematics used and the reference
solution (Pagano [14]) as the number of elements is increased. Figure 3 shows the good agreement of
the results obtained by the various FEM-ZZ kinematics in relation to the reference solution. Figure 4
shows the convergence of results after the use of 16 elements. Analyzing Figs. 3 and 4 shows the low
influence of high order theories on the mechanical effects of the beam. Overall, all theories performed
similarly with errors less than 10%, 9.5%, 4%, and 2% for the effects of axial displacement, normal
stress, transverse deflection, and shear stress, respectively.

a) b)
100 15
St LR o - FEV R -
99] T M-S Voeds(d ~4- FAV- S\oads(d;
== FEM- Arbertsumyen(4]. ’ FEM- Artatamen4
i —v- FEM-Tourtier [9) — FEM- Tourstier[3
1 —¢ FEM- Kaamaetd 7], 12 == FBV- Kaamaet d [7]
—> FEM- Ak [§] gl
—_ o7 = FEM - Thei etdl. [9] ~ 1 g
T 97 = s —-FEM-Treetd. [
O g 1
1
£ % | g . A
w 5 9 P =
o | Nl 7
o4 !
0 T4 T8 T TR D K] 7
. 0 4 '8 2 o 2B 2
c) d)
6,0
—8—FEM-Reddy[2] | | B T
—8— FEM - Shi-Voyadjis [3]-- N R
55 —&A— FEM - Ambartsumyan [4 -'-FEM'M/[Q .
FEM - Touratier [5]~+] V- Soedis[3
—)— FEM - Soldatos [6] | e FEVH-Avbartsumen
—4#—= FEM - Karama et al [7] \ =¥ FAVI- Taurdier [
50| ——FEM - Akavci [8] | \ S FEM- SicHos g
\ —@— FEM - Thai et al. [9] ¢ FEIVI-Kaa*raddr/]
g p = \ = FEVH A (g
5 45 \u—_g o .. 2 | o~ FEM- Tt dl
2 i N |
w 1. [ o 1
5 \
4,0 g
) .
— A -
35 R
\\
3,0 .
0 4 8 12 16 20 24 28 32 3 ' :
NEL 0 '4 '8 12! 1\111 g 2B 2

Figure 4. L2-Norm errors: a) axial displacement, b) normal stress, c) transverse deflection and d) shear
stress as the number of elements (NEL) increases. The response fields (a) and (d) are related to x =L and
fields (b) and (c) are related to x = L/2 to the beam [0°/90°].
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4.1.2 Three cross-ply laminated beam under transverse loading [0°/90°/0°]

For this example, the main advantages of the ZZ theory were highlighted. The approximation
used to obtain the solutions showed in Figs. 5 (a-d) is again Hermite's cubic, for W, and Lagrange's

quadratic for axial displacement ¥, and rotation ¢ , with 16 elements. It is observed in Fig. 5a the

zigzag behavior of the ZZ theory obtaining an error of less than 14% when considering the parabolic
theories. The axial tension is presented in Fig. 5b, with greater emphasis on the parabolic Soldatos
theories [6], with errors less than 12%. The transverse displacement and shear stress are presented in
Figs. 5c and 5d, both obtained errors less than 5% when considering the parabolics and Soldatos theories
[6]. Among the studied theories, Thai et al. [9] obtained the lowest efficiency.

a) b)
0m| | ARy | SRR 05 |
R < -~ FEV-Sh-\ojadis 3 4 FEM- SH - e 3] < =
N N =~ FEV-Antatsumen(4 - FEM- Artartsmyen[4] N
ik FEM- Tauratir [ v M- Toeter 5 A
4~ FEV- Suctes [ ~4— FEM- Sttos ]
= FEV-Kaenreet . [7}1 e FEM- Keametdl. 7]
= FEVI- Aavd [§ B FEM- Aad [8]
FEM- Thei et . [9}1-1 == FEM- Thei etal. [9]
000 —#— Pagaro[ 14 k= Pagro[14]
407 105 07 1057 110, 15 T30 2D 10 2
S S
Axial displacenent (u) '0’5,
N
50 ‘\\ ~ om0
0 v o Norm stress () _

c) d)
050
10 \\\\

B 02 - rav-Ret 2
= o [FES-vasl
] N [ EMAEsme ]
5 o Tt
g 000 4 Favt s 6]
& — M kaaadd. [708 1 16 20
5 =~ FEV-Aad g
T - FEv- Tt d.[9]
g 02 R
2 S
g J
= 01 e P

T Sherstres (i)

Figure 5. Beam behavior: (a) axial displacement, (b) normal stress, (c) transverse deflection along the
beam, (d) shear stress when using 16-element FEM-ZZ. Response fields (a) and (d) are related tox =L
and fields (b) and (c) are related to x = L/2 to the beam [0°/90°/0°].
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s \ <%= FEM-Theietdl.[g 9 e e
< = o~ FEV- Thei et . [9
s 18 g
5 5
w 1% ‘\ w
e
12
0 4 8 T | 27
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Figure 6. L2-Norma errors: a) axial displacement, b) normal stress, c) transverse deflection and d) shear
stress as the number of elements (NEL) increases. Response fields (a) and (d) are related to x =L and
fields (b) and (c) are related to x = L/2 to the beam [0°/90°/0°].

4.1.3 Four cross-ply laminated beam under transverse loading [0°/90°/90°/0°]

For this example was used, again 16 elements and the same approximated polynomials of the
previous example. From the results presented in Figs. 7 (a-d) it is possible to observe again the good
efficiency of the ZZ theory. The parabolic theories and trigonometric theories of Soldatos [6] obtained
the best results in relation to the others. The smallest errors obtained for these theories were 11%, 8%,
1.5% and 1.5% for axial displacement, normal stress, transverse deflection and shear stress, respectively.
Figure 8 show the convergence of FEM-ZZ from 16 elements.
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Figure 7. Fields of: (a) axial displacement, (b) axial stress, (c) transverse deflection along the beam, (d)
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Figure 8. L2-Norm errors: a) axial displacement, b) axial stress, c¢) transverse deflection and d) shear
stress as the number of elements (NEL) increases. The response fields (a) and (d) are related to x =L and
fields (b) and (c) are related to x = L/2 for the beam [0°/90°/90°/0°].
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4.1.4 Shear Locking

The shear locking effect corresponds to not recovering the correct response field as the beam
becomes thin. To show the absence of this effect, the maximum transverse displacement of a beam
[0°/90°/0°] using FEM — ZZ (16 elements) is shown in Fig. 9, as the L/k (S) ratio increases. In addition
to the theories developed here, we also show the Euler-Bernoulli (EBT) theory which has a field of
response independent of the value of S. It is evident that all theories seek to recover the analytical value
developed by Pagano [14] for both, moderately thick and thin beams.
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Figure 9. Maximum transverse displacement W of the beam as L/h(S) ratio increases [0°/90°/0°].
4.2 Free vibration analysis
The natural frequency is obtained by solving the eigenvalue problem proposed in Egs. (233,

using the Finite Element Method. Thus, the approximation for the vibration modes W(X) and S (x
are shown in Eq. (22):

W(a) = Wl @), Ul = 0,062, S@) = 28,060, @)

where gogl) and gog?) are Hermite cubic and Lagrange quadratic polynomial interpolation functions,

respectively. The finite element model is given by:
[Km] [K22] [KB] — &> [Mm] [Mzz] [MB] {S} _ {0} ‘ (23)

To show the efficiency of the model proposed in Eq. (23) is considered a simply supported beam
subject to free vibration. The stacking configurations used were [0°/90°] and [0°/90°/0°] and its L/h ratio
varied in 100, 10 and 5. It was observed the convergence of the model using 8 elements. Tables 2 and 3
compare the FEM-ZZ (8 elements) and the three-dimensional FEM solution shown in Giunta et al. [15].
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The natural frequency obtained was dimensionless according to Eq. (20). It is evident that all theories
have a good efficiency in obtaining the natural frequency with relative errors less than 1%. Among the
presented theories, the parabolic ones had the highest efficiency, with a maximum error of 0.7% for all
analyzed cases. Also noteworthy is the efficiency of FEM — ZZ for both thin and moderately thick
beams.

Table 2. Natural frequency @ for a simply supported beam [0°/90°/0°].

Author S =100 S=10 S=5
Reddy [2] 13,948 10,345 6,940
Shi-Voyiadjis [3] 13,948 10,345 6,940
Ambartsumyan [4] 13,948 10,345 6,940
Touratier [5] 13,948 10,352 6,962
Soldatos [6] 13,948 10,344 6,938
Karama et al. [7] 13,948 10,364 6,989
Akavci [8] 13,948 10,350 6,955
Thai et al. [9] 13,948 10,380 7,022
FEM 3D [13] 13,932 10,334 6,888

Table 3. Natural frequency @ for a simply supported beam [0°/90°].

Author S =100 S=10 S=5
Reddy [2] 6,175 5,807 5,016
Shi-Voyiadjis [3] 6,175 5,807 5,016
Ambartsumyan [4] 6,175 5,807 5,016
Touratier [5] 6,175 5,808 5,019
Soldatos [6] 6,175 5,807 5,015
Karama et al. [7] 6,175 5,810 5,024
Akavci [8] 6,175 5,808 5,018
Thai et al. [9] 6,175 5,812 5,030
FEM 3D [13] 6,169 5,772 4,936

S CONCLUSIONS

In this paper, a finite element model was developed for several high-order Zig-Zag theories. All
theories were observed to have a similar performance, especially the parabolic theories - which had the
same performance - and the trigonometric theory of Soldatos [6]. ZZ theories showed good efficiency
for both, static and dynamic effects. In particular, the effects of transverse displacement, shear stress
and free vibration showed errors less than 5% in all analyzed examples. In general, FEM — ZZ presented
convergence without shear locking effect using from 16 elements.
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