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Abstract. This work aims to simulate the crack initiation and propagation processes in cortical 

bone using a two-dimensional mesh fragmentation technique. High aspect ratio elements (triangle 

elements with height much smaller than its length) are inserted between the regular constant strain 

triangle finite elements, and their behavior is described by a tensile-damage model (stress-strain 

relation). The constitutive model is integrated using an implicit-explicit (Impl-Ex) scheme in order to 

avoid convergence problems. The proposed approach is applied to simulate cortical bone 

microstructures, described as a 4-phased material: interstitial matrix, cement line, osteon and 

Haversian canal. The methodology is validated through the simulation of conceptual problems 

available in literature, in which the influence of the cortical bone microstructure in crack propagation 

process is assessed in three-point bending tests, by considering the presence of one and two osteons. 

Keywords: Cortical bone, Finite element method, Damage mechanics, Mesh fragmentation 

technique.  
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1  Introduction 

In the last century, it has been occurring in several countries, a phenomenon known as the ageing 

of the population. Consequently, health problems that frequently occur on elders have had an increase 

in the number of incidents which, in addition to the short and long-term problems, are financially 

expensive for the society (Burge et al. [1]). Although the technology has been converging to the 

personalized medicine, there are still steps in the development stairway to accomplish such 

achievement (Podshivalov et al. [2]).  

Bone is a living tissue that is both strong, tough and lightweight. Macroscopically, the bone can 

be described by two tissues: the highly mineralized cortical bone and the porous structure called 

trabecular bone (Junqueira and Carneiro [3]). The cortical bone is a heterogeneous hierarchical 

material with non-isotropic properties that needs to be studied in different length scales. In the 

microscale, the cortical bone is composed by the interstitial matrix, cement line, secondary osteons (it 

is also referred as osteons in this work) and Haversian canals (mechanically negligible).  For this 

reason, in this scale of visualization, the bone is considered as a 4-phased composite material (Budyn 

and Hoc [4]; Marco et al. [5]; Gustafsson et al. [6]). In summary, the osteons can be described as stiff 

fibers embedded within a stiff matrix separated by a thin layer (cement line) which is known to act as 

a crack amplifier. Notwithstanding the scientific consensus on the matrix and osteons mechanical 

properties, the cement line properties are still in discussion (Skedros et al. [7]; Milovanovic et al. [8]; 

Nobakhti et al. [9]). In this work the cement line is considered as a much less stiff material than the 

osteons and matrix.    

The finite element method has been demonstrated as a valuable tool to assess cortical bone 

microstructure mechanical behavior since the 70s (Brekelmans et al. [10]; Huiskes and Chao [11]; 

Duda et al. [12]; Bessho et al. [13]; Zysset et al. [14]). The computational resource availability in the 

last decades has allowed complex finite element analyses to be carried out, including several non-

linear analyses simulating crack propagation on microstructure models (Li et al. [15]; Gustafsson et al. 

[16]]). These works aimed to reproduce the behavior observed in experimental researches, in which 

the crack initiation and propagation in bones are dictated by the osteon distribution in the matrix. In 

addition, the cracks are known to travel through the matrix and tend to go around the osteons due to 

the interface properties (Burr et al. [17]). 

Recently, the Extended Finite Element Method (XFEM) has been widely used to simulate the 

nonlinear behavior of the cortical bone microstructure (Abdel-Wahab [18]; Baptista et al. [19]). 

However, these numerical models usually do not have a law to capture or describe the crack initiation 

phenomenon, so a single predetermined crack courses through the model. 

The mesh fragmentation technique, developed by Manzoli et al. [20] is based on the use of high 

aspect ratio finite elements proposed by Manzoli et al. [21], which are inserted in between regular 

constant strain triangle elements of the mesh in order to capture the nonlinear behavior of the 

structures. A continuum tensile-damage model is applied in these interface elements that will behave 

as linear material if the stress applied is below the tension strength or else will behave according to a 

damage evolution law. Therefore, this methodology does not require a crack initiation or crack 

evolution law due to the High Aspect Ratio (HAR) finite elements being interpreted as the cracks. 

In this work, the mesh fragmentation technique (Manzoli et al. [20]) based on the use of high 

aspect ratio finite elements proposed by Manzoli et al. [21] is applied to describe the crack 

propagation in the cortical bone microstructure. An Impl-Ex integration scheme (proposed by Oliver et 

al. [22]) is used to integrate a tensile damage model, and consequently, to avoid convergence 

problems. 

2  Numerical model 

The cortical bone is a complex heterogeneous material that is organized in complex geometries. 

In this work, the numerical model aims to capture the mechanical behavior of this material in two-

dimensional quasi-static analyses considering it as a 4-phase material (interstitial matrix, osteon, 
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cement line and Haversian canal).  

 
Figure 1. A pair of HAR finite elements. 

 

The 2D numerical models are developed using the concepts of the Mesh Fragmentation 

Technique (MFT). Firstly, after the discretization of the problem using Constant Strain Triangle (CST) 

elements, a pair of High Aspect Ratio (HAR) finite elements (see Figure 1) is inserted between two 

adjacent CST elements. 

The output file is loaded in MeFS (Mesh Fragmentation Software developed by the authors in the 

Matlab’s App Designer environment) to insert the HAR finite elements (Figure 2), following the steps:  

 
Figure 2. Detailed view of the mesh fragmentation process. In this image, the height assigned to 

the HARs is greater than usual to facilitate the visualization. In this example, the blue material is 

fragmented and the green is left intact. (a) Regular CST mesh generated in GiD; (b) Gaps are inserted 

between the interfaces; (c) HAR finite elements (yellow) are inserted in the gaps; (d) Details of the 

HAR finite elements (yellow). 

• In MeFS, the information about the number of materials and the number of CST elements 

assigned to each phase of the composite are detailed.  

• The user must define the following parameters: height of the HAR elements, scale multiplier 

(input required if the user wants to change the length unit of the calculation file) and the 

materials to be fragmented.  

• After these definitions, the fragmentation process begins: 

a) The software identifies all the elements to be fragmentated and consequently their 

interfaces. 

b) Separation process begins. In this step, nodes are created, and the regular CSTs are 

separated. The distances between regular CSTs is defined by the user based on the 

height adopted for the HAR elements. 

c) The HAR elements are inserted to fill the gaps. The materials assigned to them are 

defined automatically.  

d) The output file is generated with the updated nodes and elements of the mesh.  

Finally, the user updates the calculation file and loads it in the finite element solver.  
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2.1 HAR finite elements 

 
Figure 3. High aspect ratio finite element (adapted from Manzoli et al. [20]). 

The three-node triangular finite element with high aspect ratio is illustrated in Figure 3. As can be 

seen in this figure, the base b is composed by the segment between nodes 2 and 3, h is the element 

height between node 1 and its projection 1’. 

It is well known that using a standard finite element approximation, the strain field of a finite 

element can be written as: 

 𝜺 = 𝑩𝒖 (1) 

where B and u are the strain-displacement matrix and the nodal displacement vector, respectively. 

Adopting a Cartesian coordinate system (n,s) with the vector n being orthogonal to the base of 

element, the nodal displacement vector of the element is defined as: 

 𝒖 = {𝑢𝑠
1, 𝑢𝑛

1 , 𝑢𝑠
2, 𝑢𝑛

2 , 𝑢𝑠
3, 𝑢𝑛

3}T. (2) 

The vector 𝒖̂ gathers the relative displacement between the node (1) and its projection (1’). Thus, 

it contains the parallel and orthogonal components:   

 
𝒖̂  = {

𝑢̂𝑠
1

𝑢̂𝑛
1} = {

𝑢𝑠
1 − 𝑢𝑠

1′

𝑢𝑛
1 − 𝑢𝑛

1′
} 

(3) 

Substituting the geometric components h and b (height and base) from Figure 3 and the relative 

displacements from Eqs. (3) in (1), the strain tensor (𝜺) can be rewritten as: 

  

 

𝜺 = {

𝜀𝑠𝑠
𝜀𝑛𝑛
𝜀𝑠𝑛

} =

{
  
 

  
 

𝑢𝑠
3 − 𝑢𝑠

2

𝑏
𝑢̂𝑛
1

ℎ
𝑢𝑛
3 − 𝑢𝑛

2

2𝑏
+
𝑢̂𝑠
1

2ℎ}
  
 

  
 

. 

 

 

(4) 

The strain tensor (𝜺) can be divided into two parts (Eq. 5), in which 𝜺̂ collects the components 

that depends of the element’s height (Eq. 6)), and 𝜺̃ contains the rest of components (Eq. 7).  

 𝜺 = 𝜺̂ + 𝜺̃ (5) 

 

 

𝜺̂ =
1

ℎ
{

0
𝑢̂𝑛
1

𝑢̂𝑠
1

2

} 

 

(6) 

 

 

𝜺̃ =
1

𝑏
{

𝑢𝑠
3 − 𝑢𝑠

2

0
𝑢𝑛
3 − 𝑢𝑛

2

2

}. 

 

(7) 
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It is important to note that when ℎ → 0 in Eq. (5), the 𝜺̃ component (bounded) loses relevance; 

thus, the strain field is related almost exclusively to the 𝜺̂ parcel (unbounded) as a function of 𝒖̂, which 

becomes the measure of a displacement discontinuity (strong discontinuity). This structure is 

analogous to the kinematics of the Continuum Strong Discontinuity Approach (CSDA) as described 

by Manzoli et al. [21]. Finally, based on CSDA, bounded stress can be obtained from unbounded 

strains by means of constitutive relation.  

2.2 Tensile-damage model 

In this work, a tensile-damage model is assigned to HAR elements to describe the crack initiation 

and propagation process. In summary, the stress (normal to the element’s base) is verified: the element 

remains in the elastic regime if it does not reach the element’s tension strength or else the damage is 

accounted, and the crack initiation starts. 

The nominal stress is defined as:  

 𝝈 = (1 − 𝑑)𝝈̅, (8) 

where 𝑑 ∈ [0,1] is the tensile scalar damage variable, 𝜎̅ is the effective stress tensor defined by the 

product of the fourth order elastic tensor by the strain tensor (C:𝜺).  
The elastic domain is defined by the following damage criterion: 

 𝜑 = 𝜎𝑛𝑛 − 𝑞(𝑟) ≤ 0, (9) 

where 𝜎𝑛𝑛 is the nominal stress normal to the element’s base and 𝑞(𝑟) is the internal stress variable 

which is a function of the strain-like variable (r) that is the parcel that determine the elastic regime 

threshold in effective stress field. 

The damage criterion can be rewritten in effective stress field as: 

 𝜑̅ = 𝜎̅𝑛𝑛 − 𝑟 ≤ 0, (10) 

 

 𝑑 = 1 −
𝑞

𝑟
. (11) 

The damage evolution is calculated using the Eq. (11), and the internal stress variable (q) is 

defined with an exponential law: 

 
𝑞(𝑟) = 𝑟0𝑒

𝐴ℎ(1−
𝑟

𝑟0
)
. 

(12) 

 

The softening parameter is given by:  

 
𝐴 =

𝑟0
2

𝐸𝐺𝑓
𝐼 . 

(13) 

where E is the Young Modulus and 𝐺𝑓
𝐼 is the fracture energy for mode I.  

Finally, the Kuhn-Tucker relations set the loading and unloading conditions: 

 𝜑̅ ≤ 0,   𝑟̇ ≥ 0 e 𝑟̇𝜑̅ = 0 (14) 

 

2.3 Impl-Ex integration scheme 

The implicit-explicit integration scheme (Impl-Ex) proposed by Oliver et al. [22] is used for the 

integration of the stress-strain relation to avoid numerical convergence problems. This methodology 

has been used in constitutive models based on damage mechanics (Manzoli et al. [20] and Rodrigues 

et al. [23]).  

Thus, the integration of the tensile damage model can be summarized at a current pseudo-time 

𝑡𝑛+1 in the following steps: 
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1. Input variables: 𝜺(𝑛+1), 𝑪, 𝑟(𝑛)𝑟(𝑛−1),𝑟0, 𝐴 

2. Evaluate the effective stress tensor: 

𝝈̅(𝑛+1) = 𝑪: 𝜺(𝑛+1) 

3. Verify the loading-unloading conditions: 

If  𝜎̅𝑛𝑛(𝑛+1) > 𝑟(𝑛): 𝑟(𝑛+1) = 𝜎̅𝑛𝑛(𝑛+1); 

Else:                       𝑟(𝑛+1) = 𝑟(𝑛) 

4. Compute an explicit linear extrapolation of the internal strain-like variable: 

𝑟̃(𝑛+1) = 𝑟(𝑛) +
𝑟(𝑛) − 𝑟(𝑛−1)

∆𝑡(𝑛)
∆𝑡(𝑛+1) 

 

5. Evaluate the damage variable as function of the extrapolated strain-like internal variable:  

𝑑̃(𝑛+1) = 1 −
𝑟0

𝑟̃(𝑛+1)
𝑒
𝐴ℎ(1−

𝑟̃(𝑛+1)

𝑟0
)
 

6. Compute the nominal stress tensor 𝝈̃(𝑛+1); 

If  𝜎̅𝒏𝒏(𝒏) ≤ 0: 𝝈̃(𝑛+1) = 𝝈̅(𝑛+1); 

Else:                 𝝈̃(𝑛+1) = (1 − 𝑑̃(𝑛+1))𝝈̅(𝑛+1) 

7. Evaluate the effective algorithmic tangent operator 𝑪̃(𝑛+1)
𝑡𝑎𝑛𝑔

.   

If  𝜎̅𝒏𝒏(𝒏) ≤ 0: 𝑪̃(𝑛+1)
𝑡𝑎𝑛𝑔

= 𝑪; 

Else:                 𝑪̃(𝑛+1)
𝑡𝑎𝑛𝑔

= (1 − 𝑑̃(𝑛+1))𝑪                  

8. Output variables: 𝝈̃(𝑛+1), 𝜎̅𝒏𝒏(𝒏), 𝑟(𝑛+1), ∆𝑟(𝑛+1). 

 

3  Numerical Analyses 

3.1 Description of the numerical models 

The 2D numerical models of this work represent a conceptual approximation for the cortical bone 

microstructure, as proposed by Marco et al. [5]. The cortical bone is assumed as a 4-phase material, 

and the properties assigned to each phase are listed in Table 1. The standard CST elements and 

undamaged HAR elements behave linearly elastic. 

Table 1. Material properties adopted. 

Component Young’s Modulus (MPa) 𝑓𝑡 (MPa) 𝐺𝑐 (N/m) 

Secondary Osteon 13290[a] 100[b] 800[c] 

Interstitial Matrix 14610[c,d] 55[e] 238[c] 

Cement Line 88[f] 6[g] 163[g] 
* The Haversian canal is considered as a structural void. 

 ** [a] Vercher et al. [24]; [b] Cowin [25]; [c] Li et al. [15]; [d] Rho et al. [26]; [e] Arango Villegas [27];             
[f] Nobakhti et al. [9]; [g] Giner et al. 2017 [28]. 

*** The Poisson’s ratio is 0,3 and constant for all the components. 
 

The numerical analyses are performed in plane strain state by considering quasi-static loading and 

small displacements. 

Figure 4 and 5 show the setup of the three-point bending tests with one and two osteons, 

respectively.  The displacements are imposed at the top of the beams in 5000 steps equally divided. In 

these models, the green color is set to identify the secondary osteons and blue to the interstitial matrix. 

Prior to the analyses, the HAR elements, that represent the cement line and to fill the gaps between the 

CST elements (mesh fragmentation process) are not visible due to their small height of 0,01μm. In the 

preprocessing stage, unstructured meshes were generated with 5μm and 10μm to all surfaces for 
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models with one and two osteons, respectively. In addition, the discretization is performed considering 

the size of 5μm for cement line.  

It is important to highlight that all the interfaces between CST elements are fragmented. The 

mesh dependency of these problems is not significant provided that unstructured mesh with a 

reasonable refinement are used as stated by Manzoli et al. [20]. 

The dimensions of the one osteon model (Fig. 4) are 0,64 x 0,24mm² with an osteon diameter of 

0,2mm and Haversian canal with diameter of 0,05mm.  

 
Figure 4. Setup of the one osteon bending test. 

The two osteons model (Fig. 5) with 1,0 x 0,4mm² contains a large osteon with diameter of 

0,2mm and Haversian canal with diameter of 0,05mm and a small osteon with a diameter of 0,12 and a 

Haversian canal with a diameter of 0,06mm.  

 
Figure 5. Setup of the two osteons bending test. 

3.2 Results 

The results of the two finite element analyses (FEA) are discussed in this section. When there is a 

crack in the cortical bone microstructure, it is known to course around the osteons due to the crack 

amplifier characteristic of the cement line. Normally, if there were no cement line, the crack would 

pursue the Harversian canals due to the critical stress near these discontinuities.  

In the analyses, the load is monitored exactly where the displacement is imposed in every step. 

All the phases of the composite are fragmented, as follow: 

• Red HAR elements: Interface between Secondary Osteons elements; 

• Light Blue HAR elements: Interface between Interstitial Matrix; 

• Yellow HAR elements: Interface between Secondary Osteons and Interstitial Matrix. 

3.3 One osteon bending test  

The model has initially a linear relation between the force and displacement, until a crack appears 

near the notch at mid span. A small crack reaches the cement line before step 900 and it gradually 

enlarges (Fig. 7). At step 1122, the force reaches the peak value (4,74 N), and then, the reaction force 

decreases, while the crack coursing around the osteon through the cement line (Fig. 8). Differently 

from the original work of Marco et al. [5], the osteon, progressively, detaches from the interstitial 

matrix from both sides.    



Modeling Crack Propagation Process in Cortical Bone Microstructure 

CILAMCE 2019 
Proceedings of the XL Ibero-Latin American Congress on Computational Methods in Engineering, ABMEC, 

Natal/RN, Brazil, November 11-14, 2019 

 
Figure 6. Force-Displacement curve of the one osteon bending test. The peak load (4,74N) is 

reached at step 1122 for a corresponding displacement of 2,244μm. 

 
Figure 7. Step 1100. The crack reaches the cement line before step 900 and it remains restricted 

near the notch until the step 1122, in which the peak load (4,74N) is reached (displacements are 10 

times magnified). 

 
Figure 8.  Step 1200. After the peak load, the crack courses around the osteon, through the cement 

line on both sides almost symmetrically, reaching the half of the model’s height. On the side where the 

horizontal displacement is not restricted (right side), the crack is more noticeable (displacements are 

20 times magnified). 
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Figure 9.  Crack pattern at step 5000 (displacements are not magnified). 

 

As can be seen in Figure 9, at the end of the analysis, the osteon is almost fully disconnected from 

the interstitial matrix and although the crack is isolating the osteon, it is still making contact at the 

bottom due to the expelling force coming from the prescribed displacement.  

3.4 Two osteons bending test  

In this second example, an important difference from the previous model is that before the crack 

reaches the cement line, the interface material on the right side of the large osteon, is already damaged. 

In Figure 10, the Force-Displacement relation remains approximately linear until the step 500 

(imposed displacement of 0,826μm) (Fig. 11). Then, the loss of stiffness is associated with the 

connection between the crack from the interstitial matrix and the one from the large osteon (Fig. 12). 

At step 1500, the crack has contoured the large osteon and is starting to propagate toward the small 

osteon. The crack reaches the small osteon by the step 2300 (Fig. 13). Finally, the Figure 14 shows the 

final crack pattern. 

 
Figure 10. Force-Displacement curve of the two osteons bending test. The peak load (3,55N) is 

reached at step 1357 with a corresponding displacement of 2,244μm. 

0

1

2

3

4

0 2 4 6 8 10

F
o

rc
e 

(N
)

Displacement (μm)



Modeling Crack Propagation Process in Cortical Bone Microstructure 

CILAMCE 2019 
Proceedings of the XL Ibero-Latin American Congress on Computational Methods in Engineering, ABMEC, 

Natal/RN, Brazil, November 11-14, 2019 

 
Figure 11. At step 500 (imposed displacement of 0,826μm) the model presents a linear elastic 

behavior (displacements are 10 times magnified). 

 
Figure 12. Approximately at step 1000 the crack reaches the cement line. (Displacements are 10 

times magnified). 

 
Figure 13. Approximately at step 2300, the crack reaches the top of the large osteon 

(displacements are 10 times magnified). 
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Figure 14. Crack pattern at step 5000 (displacements are not magnified). 

4  Conclusions 

In this work a mesh fragmentation technique based on the use of high aspect ratio (HAR) finite 

elements is applied to describe the crack initiation and propagation in cortical bone microstructure. 

The behavior of the HAR finite elements is described by a tensile-damage model. The bone is 

described as a 4-phased composite material (interstitial matrix, cement line, osteon and Haversian 

canal). The numerical model is validated through the analyses of conceptual models, as proposed by 

Marco et al. [5]. 

For both bending tests, with one and two osteons, the results obtained are in accordance with 

those described in literature. Different from the results obtained by Marco et al. [5], in this work, the 

cement line is damaged before the arrival of the crack from the matrix and, as the analysis progresses, 

there are more than one noticeable crack. 

Finally, the results are consistent and show that the mesh fragmentation technique is a valuable 

approach to simulate crack propagation in cortical bone microstructure. 
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