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Abstract. The Inverted Double Pendulum (IDP) is a classical nonlinear and unstable mechanical system used as
a benchmark model for the application of innumerous control techniques. However, such a model was never treated
in an off-the-self environment, which represents a gap in its applications range since the demand for underwater
robotics is increasing together with the ocean engineering activities. Thus, to fill this gap and build a new bench-
mark model for the control development of underwater robotics, this paper presents the modeling and control of
an Underwater Double Inverted Pendulum (UDIP). The dynamic model is formulated using the formalism of An-
alytical Mechanics and considering the pertinent hydrodynamic and hydrostatic effects. To keep straight with the
control techniques trends, a Model Predictive Control (MPC) is designed for the UDIP. This controller is tested
through numerical simulations in MATLAB/Simulink© environment considering two scenarios: 1) in the absence
of disturbances, and 2) in the presence of a time-varying water current. The obtained results for the disturbances
case reveal an increase in the control effort in comparison with the case without disturbances. In such a way, this
reflect the difficulty associated to the control of underwater robots in unstructured environments.

Keywords: Underwater Double Inverted Pendulum, Model Predictive Control, Underwater Robotics.
1 Introduction

The Double Inverted Pendulum (DIP) is a nonlinear and unstable mechanical system used as a benchmark
model for the application of innumerous control techniques on different problems, such as the stabilization of a
rocket’s takeoff or its trajectory control (Moss [1]), or even on the stabilization of prostheses (Rusaw and Ram-
strand [2]). About the recurrent works, Sultan and Farej [3] developed a Linear Quadratic Regulator (LQR) for a
heavy DIP. The simulations results considering the linearized version of the dynamic model showed good transient
response. In Moysis [4], the performance of a LQR was compared against a MPC based on Laguerre functions on
the stabilization of a DIP. The results show that the MPC is capable of performing the stabilization of the DIP with
a better transient response than the LQR for the cart’s position. Similarly, Krafes et al. [5] presented a comparison
between a Proportional Integral Derivative (PID) controller and a LQR on the stabilization of a DIP. The simula-
tions showed that both controllers can stabilize the DIP when referring to the nominal case. However, when dis-
turbances are added to the systems, only the LQR is able to stabilize the double pendulum. This happens because
the PID is not robust to disturbances since its gain margin is negative (Krafes et al. [5]). Moreover, Mohan et al.
[6] proposed a Modified Neuro Fuzzy Controller (MNFC) for the stabilization problem of a DIP. The simulations
results and a detailed comparative analysis confirm the superior performance of MNFC over a LQR, an adaptive
Fuzzy Logic Controller (FLC) and a Genetic algorithm tuned Fuzzy Controller (GFC). However, the algorithm of
Mohan et al. [6] has a relatively complex structure, which can difficult its application. Hasnain et al. [7] presented
a new perspective over the classical inverted pendulum problem by modeling and control of an Underwater In-
verted Pendulum (UIP). Such a model was proposed to evaluate the effects of hydrodynamic forces and test the
stabilization of the UIP with a vibrational control technique. The simulation results showed that, depending on the
frequency and amplitude of the introduced vibration, the UIP tends to stabilize around its upright position.

Despite the variety of controllers developed for the DIP, this model was never treated in an off-the-self en-
vironment. This represents a gap in its applications range since the demand for underwater robotics is increasing
with the ocean engineering activities associated to resources exploration and so on. For sake of example, the mod-
eling and control of a UDIP on the underwater environment can generate important insights about the dynamics
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of an Underwater Vehicle-Manipulator System (UVMS). Being more precise, the dynamic coupling between the
Underwater Unmanned Vehicle (UUV) and a robotic manipulator can be investigated with a simpler mathematical
model due to the similarities between the two systems. This can bring new understandings about this phenomenon
that on the underwater environment is a disturbance to the UUV, but on-land is used to stabilize the double pen-
dulum. Therefore, to fill this gap and build a new benchmark model for the control design of underwater robotics
systems, this paper presents the modeling and control of an Underwater Double Inverted Pendulum (UDIP). The
proposed dynamic model is established based on the classical Euler-Lagrange approach of the Analytical Mechan-
ics, considering modified versions of the energy functions to include hydrodynamics and hydrostatic effects. Semi-
empirical models already validated on literature are used to model the nonconservative effects associated with the
hydrodynamic drag. Also, to keep straight with the trends for control system design and take benefit of the estab-
lished mathematical model, an adaptive discrete-time MPC controller is developed for the UDIP. Numerical sim-
ulations are done to test the controller in different scenarios, like still water or considering the disturbances induced
by a time-varying water current.

The remainder of this paper is organized as follows. In Section 2, the detailed model of the UDIP is devel-
oped. Section 3 introduces the design of the MPC controller and the numerical simulations are presented in Section
4. Finally, the conclusions are stated in Section 5.

2 Modeling

The UDIP idealized is composed of a horizontal cart and a vertical double pendulum with cylindrical shaped
links. The motion of the system is restricted to the vertical plane, as shown in Figure 1. On that, N=(0,X,Y) is
the Cartesian coordinated system attached to the inertial reference frame, while s; = (0;,%:,9:) , with i=1,2,3 bodies,
and Se. = (Oee, Xee, Vee) are, respectively, the body-fixed and end-effector reference frames. x(t) is the absolute hor-
izontal displacement of the cart (measured between N and s;), whereas 0,(t) and 6(t) are the absolute angular
displacements of the double pendulum joints (measured between the vertical direction and the body-fixed axis %,
and xs, on the clock-wise sense, correspondingly). Still in Figure 1, the points CG; and CB; are the Center of
Gravity (CoG) and Center of Buoyance (CoB, which is the point where the buoyance force is applied) associated
to the i-th body, respectively. Also, the UDIP is actuated by a horizontal motor force that drives the cart, f(t) , and
it is subjected to the disturbances induced by a time-varying water current, U..(t) , which is assumed to be parallel
to the horizontal direction (irrotational).

Use (1)

(0] X

x(t)

Figure 1. UDIP’s schematic diagram
2.1 Equations of motion

Let g=[x(t) 0.() Gz(t)]T be the vector of generalized coordinates of the system. Thus, the equations of motion
of the UDIP based on the Euler-Lagrange approach can be written as follows (in matrix form):

%[%J*%:Qqu+Cq+D+G:d+T, 1)
where £=T7-u is the Lagrangian function of the systems, with 7 as the kinetic energy and ¢/ as the potential
energy functions (on the left side); Q=[Q;], with j=1,2,3, are the non-conservative generalized forces associated
with the j-th generalized coordinate; M is the generalized inertia matrix, C is the Coriolis and centrifugal effects
matrix, D is the drag forces vector, G is the restoring forces vector, d is the disturbances forces vector, and < is

the control forces vector (on the right site), which is given by: ©=[f(t),0,0]".
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2.2 Kinetic energy (rigid body and added mass effects)

The Kkinetic energy of the UDIP, considering the rigid body portion and added mass effects, can be written in
terms of the contribution of the i-th body, as follows:

3
7= gz(nP)TMmiN , )
i=1

where o =[(v};)T.ol\I" is the velocity vector, with v}, as the absolute velocity vector of the CoG and o}, as
the absolute angular velocity; M; =Mgg; +Ma; IS the mass matrix, where Mgg; is the rigid body mass matrix, and
M, is the added mass tensor per say, which is given by: M,; = (RN)"Ma RN, where RN is the rotation matrix
from S; to N and M,; is local added mass tensor, expressed in the s; . Indeed, as exposed in Newman [10] and
Fossen [11], the added mass tensor has terms dependent on the oscillation frequency. However, it is assumed
oscillations at very slows motion, such that the asymptotic limit at zero frequency can be considered for the added
mass tensor and this can be taken as constant.

2.3 Potential energy (restoring forces)

The generalized restoring forces of the systems are due to the buoyance and weight forces on each submerged
body, also known as hydrostatic forces. These forces can be used to write a generalized potential so that it can be
associated to the potential energy function of the UDIP, as follows:

3
U= (Ry)" PCsio — (F&) 'PLaijo » (3)
i1

being p¥;o and pgg,, the absolute position vectors of the CoG and CoB of the, respectively; R}, and F are the
weight and the buoyance force vectors, correspondingly, which are given by:

Ry =[0 -mig 0] ; FY =[0 pVig 0]', @)

with m; and V; as the mass and the displaced volume of the i-th body, respectively; g is the gravity’s acceleration
on the vertical direction and p is the water density.

2.4 Drag forces (hydrodynamic damping)

Concerning the modeling of viscous drag forces, Leabourne and Rock [8] developed a model for the hydro-
dynamic drag forces of a two-link planar underwater manipulator. This model is similar to the one of McLain and
Rock [9] for the hydrodynamic forces on a single-link underwater arm. However, an additional term is included
on the model of Leabourne and Rock [8] to consider the drag force developed on the end-effector of the manipu-
lator. Such model is based on the Morison’s equation and on the strip theory by means of the discretization of the
links into strips. Thus, considering the model of Leabourne and Rock [8], the vector of generalized drag forces for
the UDIP is given by:

D= SR R (5)
where vy, is the absolute velocity vector of the k-th strip expressed in S; , for k=0,...,n, strips (considering equally
discretized bodies), vg is the absolute velocity vector of the end-effector expressed in S..; Fi, is the drag forces
vector of the k-th strip and Fg is the drag force on the end-effector, as shown below:

Fi =[fsex fse 0] 3 F2=[fe 00]", (6)
with fs ., and fs ,, asthe drag components of the k-th strip and f.. as the drag force of the end-effector. According

to Leabourne and Rock [8], these forces can be calculated through the Morison’s equation as a function of the rel-
ative velocity between the strip and the water current, as follows:

VEE

r.ee,Xee

"

1 : : . 1 : : . 1
fsexi =EPCD,>‘<i Visesi|VisexiBsis Tses =EPCD,Vi V'r,sk,yi 'r,sk,yiAS'i ; fee =EPCD£E Viee gee Ace (7)

where vi, ; and vi, . are the local components of the relative velocity vector of the k-th strip; ve_; s the local
component on the .. direction of the relative velocity vector of the end-effector; A; , Ay, and A.. are the refer-
ence areas projected on the local directions, which are given by: A; =BiH,, Ay =0, Ay =zDiAl, Ay =DiAl; (for
i=23)and A, =7zD3/4,where B, and H; are the front area dimensions of the cart, D; and Al; are the diameter
and strip’s length of the i-th link, respectively, while D; is the diameter of the end-effector; Cpy;, Coy and Cpge
are the drag coefficients on the local directions, which are highly dependent on the flow conditions. Such a de-
pendency can be expressed in terms of the system’s configuration and incorporated into the model with experi-
mentally identified coefficients as in Leabourne and Rock [8] or McLain and Rock [9]. However, in this work, it
is adopted a conservative approach in the sense of producing an overestimation of the drag forces. For this purpose,

the drag coefficients are assumed to be constant.
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2.5 Disturbances modeling (time-varying water current)

The relative velocity components are already taken into account in the drag forces. Therefore, only the inertial
effects associated with the water current need to be modeled. So, following Fossen [11], these can be expressed as
a pair of inertial forces proportional to the augmented mass and Coriolis matrices, as shown below:

d=MgaVh +CrraVl , (8)
where vl =[U,,0,0]" is the current (irrotational) velocity vector, while M and Ceea are, respectively, the aug-
mented mass and Coriolis matrices, associated with the added mass tensor and Froud-Krilov terms, as follows:

Meka = Z?ZIMFKAJ ; Crka = ZLCFKAJ , 9)
with
Mekai = Jgg, (Mei +Mai)(RM)T; Crxas =5, (Mg +Ma)(RN)T(S)T, (10)

being Ji; =[ovig, /og] the Jacobian matrix of the CoG and s; the screw symmetric matrix associated with the
rotation RV, i.e., RN =S;RN.

3 Control design

The block diagram of the proposed adaptive discrete-time MPC is shown in Figure 2. The followings steps

summarize the whole control process:

1) the controller receives a reference, r(k), at the time instant t=kTs, with k=0,1,2,...,N steps and Ts de-
noting the sampling time;

2) based on the dynamic model of the systems and on the current state vector, x(k) , an optimization process
is performed over the prediction horizon, p, to minimize a cost function associated to the error between
the reference and predicted output, y , for sake of example. The optimization is done through the calcu-
lation of an optimum control sequence, G, over the control horizon, c;

3) the first element of the control sequence is associated to the control input, u(k), and sent it to the system;

4) this process is repeated until k=N .

r(k) MPC
Optimization
1 I |
Qutput Predictions Input Predictions
y ] u 1
: Simulation
: Model ]
J ol ! ol
yk) Svstem u(k)
Dynamics

Td(ij

Figure 2. Block diagram of the MPC, adapted from University of Stuttgart [12]

For the MPC design, it is considered a time-varying state-space form of the linearized version of the dynamic
model given by the Eq. (1). So, let x=[q,¢]" be the state vector. Also, define u="f(t) and w=[w;,w,]" =[U.., U]
as the control input and disturbances input vector, respectively. Thus, based on Terry et al. [13], the state-space
model of the UDIP can be written as follows:

X =AX)X+B(X)u+LXWw , (1)
where,

0 1
A(X) = {_M(q)l 6G(q) _ M(q)& 6D(qu!\/\’l) _M(q)—lc(q’q) _ M(q)—l 6D(q7q| Wl):l 1 B(X) = BU (X)OU 1 L(X) = LW(X)OW ’
q q g

(12)
0 0 . 0 1 o, O
5400~ g L0 V(@) Crxn(@.0) ~M@)* LAY )t @) 17|97 1% a)
1
with 1 and 0 as the identity and zero matrices with appropriate dimensions, respectively.
Based on Jagtap et al. [14], the discrete form of the Eq. (11) is given by:
X(K+1) = Ag(K)X(K) + Bg (K)u(k) + Lg (K)w(k) (13)

y(k+1) =x(k+1)
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where x(k), y(k), u(k) and w(k) are the states vector, output vector, control input and disturbances input vector
in the discrete form, respectively; Aq(k), Ba(k) and Lq4(k) are the discrete version of the state matrices, calculated
through the Euler method: Aq(k) = (L+ AG)Ts)| i + Ba(K) = (BOT)],y @NA La(K) = (LOT),y, -

Following Budiyono [15], the predicted outputs are given by the iteration of the discrete model given by the
Eqg. (13) in each prediction step, with i=1,2,...,p steps, as shown below:

gk +i) = X(k +1) = Ay (K)x(K) + Zi,-:lAé'l(k)(Bd(k)G(k +i=])+La(Kw(k)) , (14)
Thus, based on the Eq. (14) and considering a(k+i)=0a(k+c-1); c<i<p-1, the predicted outputs vectors can
be rearranged as follows (the step dependency is not used on the state matrices for sake of notation simplicity):
y(k+1) Aqg By o - 0 ack) Lg 0 -0

Y, 2 Aq4B B 0 0 AqL L -+ 0
y(k:+2) _ A:d %o+ d:d :d ) : u(k:+1) N d:d :d L (15)

)"/(k.+ Pl | AR ANIBy Al?By -+ AFBy 0(k+.c—1) APy APy - Ly
y Sx Sy a Sa
being %, =[x(K),....x(K)]" and W, =[w(k),...,w(k)]" the augmented states and disturbances vectors at the k-th step.
As in Jagtap et al. [14], the objective of the MPC is to minimize the quadratic cost function of Eq. (16, on the

left side). After some algebric manipulation, the optimization can be rewritten as a quadratic programming (QP)
problem, as shown on the Eq. (16, on the right side):

M0, 0) = (7 -ATQE-P)+aRa N 00,0 =0THO 4 FO
uf(.

subject to: ¥ = SxXo + Syl +SaWo < subjectto:Ga>h (16)

Gimin < 0 < O
with F=[r(k+2),r(k+2),....,r(k+p)]", Q= blockdiag([Q,Q,....P]) and R =diag(R,R,...,R]), where r(k+i) is the refer-
ence at the i-th prediction time step, Q and R are weighting matrices for the tracking errors and control efforts,
respectively, while P is the terminal weighting matrix used to enforce the closed-loop stability; the terms of the
QP problem follows: H=STQS,+R, F=2(SIxI +SIW] —F")QS,, G =diag([-1+1]) and h =[—Tmin, +0mex]" -

4 Results

Numerical simulations were conducted to verify the effectiveness of the proposed controller. The simulation
scenario is based on the set-point regulation/stabilization problem. In this case, the objective of the controller is to
make the system reaches and maintaining a set-point for the cart while stabilize the double pendulum on the vertical
position, referring to the unstable equilibrium point. The simulations were performed considering two scenarios:
1) in the absence of disturbances, and 2) in the presence of a time-varying water current. The simulations were
done in the MATLAB/Simulink® environment, considering the 5-th order Dormand-Prince method with a fixed
time step of 0.001 (s) for the numerical integration of the nonlinear model in state-space form. The controller is
implemented with the MPC Toolbox™ of MATLAB® considering a rate frequency of 10 (Hz). Table 1 shown
the simulations parameters.

Table 1. Simulation parameters

Symbols (IT;; i=1,2,3 and 1, =11s) Values Units (SI)
{B1, Hy, Lu. loyoia» loijcai s loiesi » Di, Ali}, dims. {0.15,0.15,0.20,0.50,0.25,0.25,0.05,0.10} (m)
{Cby Cpyy }, drag coefficients {2.0,0,0.60,2.0} )]
Mge, , rigid body mass matrix diag{12.15,12.15,0} ; diag{2.65, 2.65,0.06} (kg; kg; kgm?)
Mexai = Ma; , added mass tensor diag{4.50,4.50,0} ; diag{0.27,0.98,0.02} (kg; kg; kgm2)
p,c;Q;P;R,MPC’s parameters 20,5 ; diag{60, 20, 20,0,0,0} ; diag{90,40,40,0,0,0} ; 0.1 =)

The parameters were calculated considering aluminum as the bodies’ material and the formulation presented
in Newman [10] and Fossen [11] for the local tensors. The drag coefficients were extracted from Leabourne and
Rock [8]. Other parameters of the simulations are: g=9.81(m/s?), p=1000 (kg/m?), Cpe =0.80 (-), Ts =0.1(s) and
Umax = —Umin =60 (N). Also, the water current considered in the scenario (2) is given by: U..(t) = A, sin(o.t)+3, ,
where A, =0.1(m/s), w., =0.63(rad/s) and &., =0.05 (M/s).

To verify the stabilization proprieties of the MPC at the initials instants, a misalignment between the pendu-
lum’s links and the vertical direction is introduced in the initial conditions, as follows: 6,(0)=0,(0) = 0.2 (rad). The
other initial states for the numerical simulation a set to zero, thus: x(0)=[0,0.2,0.2,0,0]" (SI).
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The simulations’ results of the scenarios (1) and (2) are shown in Figure 3 (i)-(iv) and (v)-(viii), respectively.
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Figure 3. UDIP’s frames (i)-(ii); States history (iii)-(iv); Hydrodynamic forces (v)-(vi); Control forces (vii)-
(viii); Scenario (1) — without disturbance — (i)-(iv); Scenario (2) — with disturbances (water current) — (v)-(viii)
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Figure 3 (i; v) shown the traced path of the end-effector (with a color gradient denoting the simulation step
time) together with a sample of the animation frames. Figure 3 (i; v) also shown the reference positions denoted
as Initial Position (IP), Average Position (AP), and Final Position (FP), which are represented by vertical dashed
lines. The time history of the generalized coordinates is shown in Figure 3 (ii; vi), where it can be seen that in both
simulation cases the MPC meets the performance requirements for the set-point regulation of the cart’s displace-
ment while performers the stabilization of the pendulum’s joints. However, in Figure 3 (vi) of the scenario (2), it
is noted a slow oscillation on the steady-state of those displacements. This behavior can also be observed on the
end-effector path in Figure 3 (v), where the AP and FP are not exactly reached in comparison with Figure 3 (i) of
the scenario (1). This is due to a qualitative change of the dynamics that is induced by the water current, as can be
seen on time history of the generalized hydrodynamic forces in Figure 3 (iii; vii), where a slow oscillation is also
verified in Figure 3 (vii) of the scenario (2). Thus, the underwater current has a considerable impact on the system’s
dynamics. Nonetheless, the proposed MPC is formulated based on a well-structured dynamic model, in the sense
of the correct incorporation of the water current effects on its predictions, therefore, this can handle well such kind
of disturbances (assuming that those can be measured) with a minimum impact on the set-point regulation problem
in comparison with the scenario (1). Regarding the control input shown in Figure 3 (iv; viii), it is seen that the
MPC meets the saturation limits imposed during the optimization process, working inside the allowed region in
all the simulation for both scenarios. This observation is also a requirement for the control system since these
limits must be defined according to the actuator. Moreover, comparing Figure 3 (iv) and (viii), it is observed a
slow oscillation in the control force for the scenario (2) on the platoons referring to the steady-state. According to
the previous observations, this is related to the disturbances induced by the water current, which produces an
increase in the control effort, defined here as: E=2>},|u,|. For the scenario (1), a E=162.5 was obtained,
whereas for the scenario (2), with disturbances, a E=203.8 was found. Then, the disturbances induced by the
water current results in a significative increase in the control effort (~ 25.4%), as already expected. In fact, such
an observation can reflect some of the control problems of autonomous underwater robotics systems in unstruc-
tured environments, subjected to disturbances. In these systems, the amount of power available is defined by its
batteries, therefore, any unsuspected increase in the control effort can harm its autonomy.

5 Conclusions

In this paper, it is presented a detailed modeling of an UDIP using the formalism of the Analytical Mechanics
and considering the most relevant hydrodynamic and hydrostatic effects. Due to its completeness, the developed
model can be used as a new benchmark model for control system design considering underwater robotics aspects
for general multibody systems. Based on the developed model, it is proposed an adaptive discrete-time MPC con-
sidering the disturbances induced by a time-varying water current. The proposed controller is tested by means of
numerical simulations in different scenarios to verify its performance. In those tests, the controller performed well
for both scenarios. However, many improvements can be made. The MPC can be extended to include other dis-
turbances effects, such as wave-induced forces, if a suitable mathematical model is available. In this sense, an
observer scheme for the disturbances can be added to the controller. Such a scheme can be made inside the pre-
dictive model or outside, with an ad-hoc observer based on the Kalman filter algorithm. Also, it is known that the
actuators have a considerable impact on the system’s dynamics, while the sensors’ feedback can be very degrading
to the control performance. Due to these reasons, it must be considered in the presented formulation. As well, the
robustness of the proposed controller to model’s parameters variation needs to be verified, since the parameters of
the hydrodynamics forces can change significantly according to the flow conditions. Finally, the authors believe
that, through necessary modifications, the proposed MPC can be applied to more complex underwater multibody
systems (e.g., UVMSs).
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