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Abstract. The technological progress has been making possible the building of slender constructions, but very 

susceptible to unwanted vibrations. To control that, it has been advised the use of TDM’s, that can decrease 

considerably the dynamic responses. Following that line, the present work aims to realize a dynamic analysis of a 

tall slender tower, exposed to support motions but with a pendular TDM installed to damp out the dynamic effects. 

In this work a finite elements model of a 90m tall slim tower without damper is modeled in the Scia Engineer 

software, to achieve the natural vibration frequencies, the structure’s equivalent stiffness and mass in the top end. 

With those values, a mathematical model with two degrees of freedom is built: the horizontal movement of the top 

end of the tower (q1) and the pendulum’s vertical angle (q2). The equations that govern the movement of the 

system are derived by the Lagrange Equations. From that model, a program in the Matlab software is introduced 

to calculate the structural displacement with and without a tuned pendular mass damper, to verify the dynamic 

damper effects, and the displacement limit according to international standards. 
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1  Introduction 

 During the structure lifetime, in addition to usual static loads, one must consider dynamic actions such as 

wind, earthquakes and other time dependent excitations. These are the ones that should be analyzed with the 

greatest caution in terms of response, as they cause horizontal displacements and can lead to fatigue of the 

structure. Therefore, they must be controlled in order to make the structure safe, in accordance with ELU and ELS 

current regulation of the country which the structure will be built. 

This work will specifically analyze the operation of a pendulum TDM, in which the damping is provided by a 

mass attached to the end of a wire, forming a pendulum, fixed to the main structure. A characteristic of this device 

is that its frequency of oscillation depends entirely on the length of the wire (assuming the case where the mass of 

the wire is negligible and there is no rotational stiffness). For low frequencies, excessively long wire lengths may 

be required. 

2  The structural model 
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A numerical model of a slender concrete chimney was built in the SCIA software with the characteristics of the 

figure 1 and tables 1 and 2. 

 

Table 1 – Project data 

Nº of nodes 10 

Nº of beams 9 

Nº of slabs 0 

Nº of sólids 0 

Nº of sections 1 

Nº of load cases 1 

Nº of materials 1 

Gravity [m/s²] 9,810 

Standard IBC 

 

Table 2 – Cross section of the structure data 

Type Tub  

Cross section 3000; 500  

Format Thick wall  

Material C4000  

Manufacture Generic  

A [m²] 3,927  

Ay [m²], Az [m²] 2,5 2,5 

AL [m²], AD [m²] 9,4243 1,5707 

𝐼𝑦[𝑚4], 𝐼𝑧 [𝑚4] 3,1907 3,1907 

𝐼𝑡[𝑚4], 𝐼𝑤 [𝑚6] 6,1359 0 

 

 

Figure 1 – Mathematical model of the high tower in SCIA 
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Figure 2 – Cross section of the structure 

 

Table 3 – Material list on SCIA 

Type Name 
Unit Mass 

[kg/m³] 

Density 

without cure 

[Kg/m³] 

Module E 

[Mpa] 
Poisson 

Module G 

[Mpa] 

Concrete C4000 2482,9 2600 2,7800e+04 0,15 1,2087e+04 
 

Table 4 – Mass Group 

Name Load Case 

MG1 LC1 – Self Weight 
 

Table 5 – Combination of Mass Group 

Nome Grupo de massa Coef 

CM1 MG1 1,0 

CM1/1 - 0,21   

CM1/2 - 0,21   
 

Table 6 – Lean nodes 

Name Node Sistem Typo X Y Z Rx Ry Rz 

Sn1 N1 GCS Standard Rigid Rigid Rigid Rigid Rigid Rigid 
 

Table 7 – Sum of mass 

Mass Type X [Kg] Y [Kg] Z [Kg] 

Mass in moviment 872463,4 872463,4 872463,4 

Total Mass 877337,5 877337,5 877337,5 
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Table 8 – Project information 

Mode 
Omega 

[rad/s] 

Period 

[s] 

Freq 

[Hz] 

Wxi / 

Wxtot 

Wyi / 

Wy tot 

Wzi / 

Wz tot 

1 1,30931 4,80 0,21 0,6165 0 0 

2 1,30931 4,80 0,21 0 0,6165 0 
 

Table 91 – Natural frequencies – Combination of mass: CM1 

Nº f [Hz] ω [1/s] ω² [1/s²] T [s] 

1 0,21 1,31 1,71 4,80 

2 0,21 1,31 1,71 4,80 

3  A two degree of freedom mathematical model 

With the equivalent mass and stiffness properties of the concrete tower obtained via FEM, we now present in 

Fig. 3, a simple two-degree-of-freedom mathematical model of the pendular TMD under base motion excitation. 

It was derived using a Lagrange’s energy approach. The generalized coordinates are q1, the tower top 

displacement (m), and q2, the pendulum angular displacement (rad). Their derivatives are noted with superposed 

dots. Seismic base motion is given by 𝑢𝑠. 

 

 

 

 

 

 

 

 

 

 

Figure 3 – The 2 DOF mathematical model 

 

Kinetic energy, strain energy, work of wight force and Total Potential Energy are, respectively, 

𝑇 =  
1

2
[𝑀(�̇�𝑆

2 + 2�̇�𝑆�̇�1 + �̇�1
2) + 𝑚0(�̇�𝑆

2 + �̇�1
2 + 𝐿2�̇�2

2 + 2�̇�𝑆�̇�1 + 2�̇�𝑆 𝐿 𝑞2 ̇ cos 𝑞2 + 2𝐿�̇�1𝑞2̇  cos 𝑞2)]  (1) 

𝑈 =
1

2
𝐾𝑞1

2           (2) 

𝑊 = −𝑚0𝑔𝐿(1 − cos 𝑞2)                (3) 

𝑉 = 𝑈 − 𝑊                        (4) 

Appling Lagrange’s Equations, the following two Differential Equations of Motion are obtained: 

(𝑀 + 𝑚0)𝑞1̈ + 𝑚0𝐿(𝑞2
̈ cos 𝑞2 − 𝑞2̇

2 sin 𝑞2) + 𝐾𝑞1 = −(𝑀 + 𝑚0)𝑢�̈�     (5) 

𝑚0𝐿2𝑞2̈ + 𝑚0𝐿𝑞1̈ cos 𝑞2 = −𝑚0  𝐿 (𝑔 sin 𝑞2 + 𝑢�̈� cos 𝑞2)      (6) 

 Transformation of these two second order EDO into a system of four first order EDOs to use MATLAB 

capabilities is straightforward. 
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4  Numerical simulations 

Initially a MATLAB program simulated the vibrations of the top of the tower without the pendular TDM, with the 

following characteristics: 

M= 235 Equivalent mass of the structure 

K= 400 Equivalent stiffness of the structure 

C= 12 Damping coefficient  

ρ= 0,15 amplitude of the base motion excitation 

ω= 1,3 radians/s frequency of the base motion excitation 

The adopted base seismic motion is fictitious and at the same frequency of the structure to consider the worst case, 

that is, resonance. 

 

Figure 3 shows the displacement of the top of the structure “q1 (m)” time history, showing that after approximately 

124s the displacement amplitude is about 2,1m. 

 

Figure 3 – Displacement Graphic  q1 (m) X time (t) withought dumper 

Next a MATLAB program simulated the vibrations of the top of the same tower with the pendular TDM, with the 

following characteristics: 

 

M= 235 Equivalent mass of the structure 

mo= 6 kg pendulum mass 

K= 400 Equivalent rigidty of the structure 
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L= 5,9 m Pendulum lengh 

g= 10 m/s² 

c1= 12 M’s dumper coeficiente 

c2=0,25 mo dumper coeficient 

ρ= 0,15 amplitude 

ω= 1,3 1/s acceleration frequency 

 

Figure 4 below it is possible for one to see that the maximum displacement decreased significantly to 0,7m 

amplitude, proving the efficiency of the system 

 

 

 

Figura 1 – Graphic of displacement q1 (m) X tempo (t) with o TDM 

5  Conclusion 

In this work, a dynamic analysis of a slender structure excited by seismic ground motions was carried out, 

considering an oscillations control system by a pendular TDM damper. 

A review about the subject was made and a case study of a tall slender concrete tower analyzed with a FEM 

software. A pendular vibration absorption action was verified using a two degree of freedom model derived by 

Lagrange's equations and implemented in Matlab language. 

It was concluded that this device is very effective to reduce vibration displacements amplitude. 

As a proposal for future studies, there is a line of research to be developed by applying the mathematical 

theory of Optimization to arrive at the optimal parameters of mass and cable length of these pendulums for each 

practical application. 
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