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Abstract. The Hall thruster is an electric propulsion device commonly used for station-keeping purposes in satel-
lites and in deep-space missions since 1971. This device generates thrust from the interaction between a plasma and
electromagnetic fields. Several aspects of this interaction and the thruster operation are still not well understood.
Recently, numerical simulations and experimental measurements have shown the occurence of a high-frequency,
low-wavenumber instability known as the E × B electron drift instability. This instability modifies the electron
cross-field mobility in the plasma and can affect the thruster efficiency.

In this study we perform numerical simulations of a SPT-100 Hall thruster using the particle-in-cell method.
We describe a two-dimensional model in cylindrical coordinates in which the axial and azimuthal directions are
kept, neglecting variations in the radial direction. Our numerical simulations show that the instability induces a
large-amplitude wave in the azimuthal electric field and the ion density, as expected. We proceed by character-
izing the frequency and wavenumber of this instability using a spectral analysis, and compute power-laws in the
resulting power spectra. Our results demonstrate that the plasma in a Hall thruster displays a turbulent behavior
with an energy cascade induced by the E ×B electron drift instability. We also show that the microturbulence is
characterized by an inertial subrange which extends to scales smaller than 1 mm.
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1 Introduction

The Hall thruster is a technology mainly used for orbit-correction of satellites and propulsion for deep-space
probes. This device generates thrust from the interaction between a plasma and electromagnetic fields. Hall
thrusters have been employed in space technologies since 1960, however several aspects are still not well under-
stood. Recently it was demonstrated that an instability known as E × B electron drift instability (EDI) arises in
Hall thrusters in numerical simulations [1], as well as experimental measurements[2]. This instability is character-
ized by a high frequency and low wave number, and can modify the mobility of electrons in the plasma reducing
the efficiency of the device.

In this work we focus on the microturbulence due to the E × B EDI. We perform numerical simulations
of the Hall thruster SPT-100, using the particle-in-cell method. The device is described using a two-dimensional
model in cylindrical coordinates, keeping the axial and azimuthal variations and neglecting changes in the radial
direction. Our numerical simulations show that the instability induces a large-amplitude wave in the azimuthal
electric field and in the ion density. We also demonstrate that the EDI-induced turbulence is characterized by an
inertial subrange with a power-law ∼ −5/3.

2 Methodology

The plasma dynamics in a Hall thruster is best described using a Particle-in-Cell (PIC) approach. Three-
dimensional self-consistent simulations are extremely difficult to solve and can take a large computational time
[3]. For this reason most numerical studies define a one- or two-dimensional model by neglecting one spatial
direction. For the present study a two-dimensional domain is defined by keeping the axial and azimuthal directions,
and neglecting variations in the radial direction. This is justified because the E ×B EDI occurs in the azimuthal
direction, and ions are accelerated in the axial direction. Models that include the radial direction are important to
understand wall-particle interactions and wall erosion [4] which are outside the scope of this paper.
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A Cartesian system was adopted by neglecting the curvature of the Hall thruster. This is shown in figure 1.
Periodic boundary conditions are imposed in the azimuthal direction. In the axial axis, the boundary conditions
are adopted as follows. Particles that cross the boundaries at z = 0 and z = 4cm are removed from the system.
Dirichlet boundary conditions were imposed to the electrostatic potential, namely, a potential of 300 V at the anode
(z = 0) and 0 V at the cathode (z = 4cm).

We use the XOOPIC code [5] in which the plasma charged particles are modelled using the PIC method.
In this method the charged particles are represented by computational particles, and the electromagnetic field are
computed self-consistently [6]. There are several techniques that can be applied to reduce the computational effort,
for example, reduction of the proton-electron mass ratio, and modification of the vacuum permittivity. However
the interpretation of the results can become difficult. We avoid to apply any of these simplifications and choose to
use argon gas as the propellant due to the reduced ion mass in comparison to xenon gas.

The dotted line in Figure 1 at z = 2.5cm is the exhaust plane which is the limit between the channel region
(0 ≤ z ≤ 0.025m) and the external side (z ≥ 0.025m). The exhaust plane coincides with the maximum value of
the magnetic field B0 = 140 gauss.

Figure 1. Axial-azimuthal model of a Hall thruster. The dashed red line represents periodic boundary conditions.

At each time step, new electrons are injected through the cathode plane. The number of injected electrons is
set to generate a current of 4.5A. Its energy distribution is chosen from a Maxwellian energy distribution with a
temperature of 1 eV. The time step must be less than the cyclotron frequency of the electron which is given by

ωce =
eB0

me
, (1)

where B0 is the modulus of the magnetic field at the exhaust plane (17 mT), e and me are the electron charge and
mass, respectively. The cyclotron period is given by

Te =
2π

ωce
. (2)

At the exhaust plane one has Te = 2.55 × 10−9 s. Thus, the time step was set to ∆t = 10−11 s.
We assume that the magnetic field is purely radial, and displays a Gaussian shape as a function of z following

previous works [1, 4, 7–9]. The maximum value of the radial magnetic field B0 occurs at the exhaust plane and
decreases with the distance from this plane. The magnetic field vector is thus represented by

B(z) =

 B0 exp
(
− (z−zB)2

σ2
B1

)
r̂ 0 < z < zB ,

B0 exp
(
− (z−zB)2

σ2
B2

)
r̂ zB < z.

(3)

where zB = 0.025, σ2
B1 = 6.4 × 10−5 and σ2

B2 = 4 × 10−4.
The distribution of the neutral gas within the acceleration region varies according to the axial direction and is

given by
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nN (z) = n0

(
1 − tanh

(
z − zN
σ2
N

))
, (4)

where n0 = 3 × 1019, zN = 0.02 and σ2
n = 0.004.

The Fourier transform analysis method allows to relate a function of time f(t) with a function in the frequency
domain F (ω). The functions f(t) and F (ω) can be regarded as two different representations of the same function
[10].  F (ω) =

∫∞
−∞ f(t) expiωt dt,

f(t) = 1
2π

∫∞
−∞ F (ω) exp−iωt dω

(5)

If t is measured in seconds, then ω in the above equation is in cycles per second (s−1) or Hertz (Hz). The
Fourier analysis can also be applied to other quantities. If f is a function of the position x (e.g., x is in meters),
then F will be a function of the inverse of spatial scale F (k), where k = 1

λ is called the wavenumber. In this paper
we use the fast Fourier transform code implemented in the MATLAB software (version R2018a).

3 Results

Figure 2. The axial velocity of ions as a function of the axial position z.

The PIC simulations are executed until t = 0.12666µs (i.e., after 1266600 time steps). At that time the
simulation reaches a steady-state in which the ions created by collisions between electrons and the neutral gas are
accelerated towards the exit region. Figure 2 shows a scatter plot of the axial velocity of ion particles as a function
of the axial position. This figure reproduces the typical profile of the internal ion flux of a Hall thruster [4, 11]. For
example, for z > 0.02 m the ions have a positive axial velocity which increases with the distance from the exhaust
plane. This indicates that the ions are being accelerated due to the electrostatic potential.

Figure 3 shows the azimuthal electric fieldEφ and ion density ni using a discrete color scale which highlights
the electron drift instability developing at the exhaust plane. In this simulation the propellant gas is set to represent
argon gas. The electron drift instability can be elucidated as elongated wave-like structures appearing at z = 0.025.
The vertical dashed line indicates the position of the selected data for the spectral analysis.

The upper panel of Fig. 4 shows the power spectrum of the azimuthal component of the electric field. This
figure was computed as an average of 12 steady-state power spectra. The main peak at k ≈ 103m−1 indicates
that the characteristic wavelength is ≈ 1mm, in agreement with previous results [1, 8]. The lower panel of Fig.
4 shows the compensated power spectrum, which was obtained multiplying the power spectrum to k+5/3. The
dashed lines indicate the wavenumber interval in which the compensated power spectrum is nearly horizontal.
This technique allows to clearly elucidate that the power spectrum displays a power-law behavior with a spectral
law −1.74 ± 0.087. This value is close to the −5/3 ∼ −1.67 power-law behavior characteristic of turbulence in
neutral fluids and plasmas [12, 13].
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Figure 3. Azimuthal electric field (upper panel) and ion density (lower panel) showing the onset of the electron
drift instability with argon as the propellant. The vertical dashed line indicates the position of the selected data for
the spectral analysis.

Figure 4. Upper panel: The power spectrum of the azimuthal component of the electric field, in log-log scale. The
straight line represents a power law ∼ 1.74. Lower panel: The compensated power spectrum. The vertical dashed
lines indicates the interval in which the power-law was computed.

4 Conclusions

We presented numerical simulations of a SPT-100 Hall thruster using a two-dimensional model in cylindrical
coordinates in which the axial and azimuthal directions are kept, neglecting variations in the radial direction. This
geometry allows to study the E × B electron drift instability, which is responsible for the observed anomalous
propagation of electrons across the magnetic field. Our numerical simulations show that the instability induces
a large-amplitude wave in the azimuthal electric field and the ion density. The frequency and wavenumber of
this instability were characterizing by a Fourier analysis. Our results show that the plasma displays a turbulent
behavior induced by this instability, and the resulting microturbulence is characterized by an inertial subrange with
a power-law behavior which extends to scales smaller than 1 mm. Our results can contribute to the understanding
of this instability that can affect the efficiency of Hall thrusters.

CILAMCE 2020
Proceedings of the XLI Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC.
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