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Abstract. The rupture processes in ductile materials such as metals and alloys occur by concentration of plas-
tic strains around impurities in the microstructure. Therefore, the formulation of realistic constitutive models for
these materials requires consideration of the effects of this heterogeneity on the distribution of stresses and strains
at the microscale. These impurities are generally considered as voids due to the tendency of detaching from the
surrounding matrix during the deformation process towards rupture. Moreover, different simplifications of the
morphology of both void and matrix portion around it may imply different constitutive responses for identical load
situations. Constitutive responses of porous materials can be constructed through computational homogenization
procedure considering the behavior of representative volume elements (RVE). In this context, the present paper
examines three different geometric configurations of ductile porous media RVE’s subjected to volumetric strains.
The matrix of each RVE is considered to be perfectly elastoplastic undergoing small strains regimes. The homog-
enized constitutive responses of the RVEs are obtained by averaging the stress and strain fields computed by Finite
Element Method (FEM) analyses. The results hereby presented emphasize the determinant influence of the studied
morphologies on the constitutive responses as the load level approaches the rupture regime.
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1 Introduction

Ductile rupture in metals and alloys is strongly related to the presence of voids in the material microstruc-
ture. Taking such (micro)voids into account in mechanical analyses requires more complex constitutive models to
capture the material behavior. In order to obtain more representative answers to this class of problems, studies on
the microscale become attractive by allowing to analyze in more detail the influence of heterogeneities and voids.
However, several studies investigate macroscopically the rupture of porous ductile media using homogenization
techniques based on low scales results obtained from FEM simulations. Next, one cite some recent works on this
approach, which os also the subject of the present paper.

Fritzen et al. [1] employed a computational homogenization procedure to obtain the plastic collapse of cubic
RVE’s with multiple spherical voids randomly distributed within the matrix. Khdir et al. [2] assessed the rupture
of cubic cells with multiple spheroidal voids randomly oriented within the matrix. Both works used 3D numerical
simulations based on FEM to obtain microscopic fields.

Keralavarma [3] used computational homogenization with results obtained by 3D FEM analyses of RVEs to
validate a plastic model of porous materials. The model is developed in a multi-surface approach and includes the
localized and diffuse modes of plasticity on the microscale. In the context of numerical simulations, an additional
analysis of the influence of the void geometry was performed by comparing the influence of a spherical void and a
cubic void, each one within a cubic portion of matrix.

Another recent work on computational homogenization of RVEs simulated with FEM is Carvalho et al. [4].
In this case, the influence of the void morphology in 3D RVEs was evaluated with the nonlinear hypothesis of
finite strains. The focus was on studying centered ellipsoidal voids on cube-shaped RVE’s. Different boundary
conditions were applied to the RVEs: (i) linear boundary displacements (upper bound); (ii) uniform boundary
traction (lower bound); and (iii) periodic boundary fluctuations.

Dæhli et al. [5] obtained the homogenized behavior of porous isotropic ductile solids with matrix dependent
on the second and third stress invariants. In their approach, the matrix is governed by the Hershey-Hosford criterion
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(Hershey [6] and Hosford [7]). More specifically, numerical limit analyses were performed with FEM. The first
analysis is based on the kinematic Gurson’s test field (see details in Benallal [8]). The second analysis consists
of a simple heuristic extension of Gurson’s field (see details in Dæhli et al. [9]). RVE’s with spherical and cubic
morphologies were also compared.

The present work presents a computational homogenization procedure to study the ductile rupture of porous
isotropic solids with a matrix governed by von Mises yield criterion. The influence of RVE morphology on the
constitutive response is evaluated with the consideration of different geometries for it, as well the voids themselves.
With the application of convenient boundary conditions, RVE’s are subjected to volumetric strains and simulated
through three-dimensional numerical analyses based on FEM. Finally, the microscopic fields obtained numerically
(stresses and strains) are submitted to an average-based homogenization approach.

2 Basic concepts of the average-based homogenization theory

Within the scope of homogenization theories, fields in the macroscale (continuous) are obtained by averaging
fields in the microscale (RVE):

E =
1

V

∫
V

εdV =< ε >, (1)

Σ =
1

V

∫
V

σdV =< σ >, (2)

where Σ andE are macroscopic total stress and strain fields, respectively; σ and ε are microscopic total stress and
strain fields, respectively; <> indicates volume average; and V consists of the total initial volume occupied by the
RVE.

The association between the microscale and macroscale is established by the Hill-Mandel principle, based on
the works of Hill [10] and Mandel [11]. In summary, this principle assumes the equivalence between amount of
strain energy on both scales:

Σ : E =
1

V

∫
V

σ : εdV =< σ : ε > . (3)

In the context of the present work, let us consider a porous material represented by an RVE (total volume
V ) composed by simple void (volume Vv) inserted in a matrix (volume Vm = V − Vv). Assuming compatibility
between displacements and strains, after application of the Divergence Theorem to the void portion of the total
volume, the following expressions can be obtained for the homogenized total stress and strain fields:

< ε >=
1

V

[∫
Vm

εdV +
1

2

∫
∂Vv

(u⊗ n+ n⊗ u) dS

]
, (4)

< σ >=
1

V

[∫
Vm

σdV +

∫
∂Vv

(σ · n)⊗ xdS
]
, (5)

where n is the normal versor at the surface of the void; u is the displacement vector; x is the position vector; and
∂ indicates contour.

Another option leading to the same results is to apply the Divergence Theorem in both portions of matrix and
void:

< ε >=
1

2V

∫
∂V

(u⊗ n+ n⊗ u) dS. (6)

< σ >=
1

V

∫
∂V

(σ · n)⊗ xdS. (7)
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The RVE can be subjected to different boundary conditions, such as uniform kinematic boundary condition
resulting from homogeneous strains assumed on the outer surface:

u = E · x ∀x ∈ ∂V. (8)

The void surface is considered to be traction-free.

3 Computational homogenization: influence of morphology on the constitutive response
of RVEs under volumetric strains

This section is devoted to study the homogenized constitutive behavior of different RVEs. The first RVE is
composed of a sphere with a concentric spherical void. The second one consists of a cube with still a spherical
void. The third and last RVE is a cube with a centered cubic void. Therefore, the influence of morphologies of
both matrix and voids can be assessed. In addition, for each geometry studied, three porosity levels are considered:
(i) f = 0.001 = 0.1%, corresponding to initial defects in metals and alloys; (ii) f = 0.01 = 1%, related to ductile
rupture; (iii) f = 0.1 = 10%, aiming to put in clear to evidence possible differences in responses.

All RVEs are subjected to volumetric strains (see Figure 1). In the RVE with spherical external geometry, the
uniform kinematic boundary condition derives from homogeneous strains assumed as a hydrostatic strain tensor
(EmI). Therefore:

u = E · x = EmI · x = Emx ∀ x ∈ ∂V, (9)

where Em = Ekk/3 (strain hydrostatic component); I is the second-order identity; x is the position vector.

Yet the cube-shaped RVE’s are subjected to normal displacement on its external faces (see Figure 1) given
by:

u1 = Emx1, u2 = 0, u3 = 0 ∀ x1 ∈ ∂V1 (10)
u1 = 0, u2 = Emx2, u3 = 0 ∀ x2 ∈ ∂V2 (11)
u1 = 0, u2 = 0, u3 = Emx3 ∀ x3 ∈ ∂V3. (12)

𝜕𝑉: 𝒖 =

𝐸𝑚  𝑥1

𝐸𝑚  𝑥2

𝐸𝑚 𝑥3
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0
0
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Figure 1. Essential boundary conditions in terms of displacement for spherical and cubic RVE’s.

The homogenized response is computationally obtained from the microscopic fields calculated by FEM. In
the three-dimensional analyses, meshes of quadratic tetrahedral solid elements with 10 nodes are used. In each
case, the stress homogenization is performed by using the following expression considering all finite elements
(Nelem):

Σ =
1

V

Nelem∑
i=1

σiVi, (13)

where Σ is the computationally homogenized stress tensor; σi is the average stress in the element i computed at
their integration points; Vi is the volume of the element i; and V is the total volume of the RVE.
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Foz do Iguaçu/PR, Brazil, November 16-19, 2020



Analysis of the elastoplastic behavior of porous microstructures under volumetric strains through a computational homogenization procedure

Initially, a mesh refinement study was carried out on the hollow spherical RVE by taking as a reference the
analytical response of the elastoplastic hollow sphere subjected to uniform radial external displacement. The study
was restricted to porosity f = 0, 01 = 1%. The meshes used in the refinement are shown in Figure 2, which
also indicates data regarding the number of elements, nodes and degrees of freedom. The symmetry and isotropy
allowed to consider only 1/8 of the RVEs in order to reduce the computational cost. It is also necessary to define
the matrix elastoplastic properties referring to the modulus of elasticity (Y ), the Poisson’s ratio (ν) and the the
microscopic yield stress (σ0), whose values are respectively: Y = 200000MPa, ν = 0.3 e σ0 = 500MPa.

Mesh 1 

1221 elements, 2106 nodes  

and 6318 degrees of freedom 

Mesh 2 

3686 elements, 5851 nodes  

and 17553 degrees of freedom 

Mesh 3 

 6200 elements, 9577 nodes  

and 28731 degrees of freedom 

Mesh 4 

10808 elements, 16188 nodes  

and 48564 degrees of freedom 

Mesh 5 

16030 elements, 23732 nodes  

and 71196 degrees of freedom 

Mesh 6 

21848 elements, 32035 nodes  

and 96105 degrees of freedom 

Figure 2. Mesh refining study considering 1/8 of the sphere with spherical void for f = 0.01 = 1%.

Figure 3 exhibits the results of the computationally homogenized hydrostatic stress (Σm) for each mesh. For
the sake of assessment of accuracy, we compare the computed Σcomp

m with its correspondent exact value obtained
from the analytical solution of a perfectly-plastic hollow sphere subjected to external pression: Σanal

m = − 2
3σ0 ln f .

Follow the expression used to calculate the relative error (error):

error =
|Σanal

m − Σcomp
m |

Σanal
m

100%. (14)
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Figure 3. Refinement results considering the sphere with a spherical void for f = 0.01 = 1%.

In general, the differences are small, especially for finer meshes. This highlights the functionality of the
homogenization procedure. Reconciling accuracy and computational cost, mesh 5 (16030 elements, 23732 nodes
and 71196 degrees of freedom) was used as a reference to the other meshes for the proposed geometries and
porosities. The meshes herein studied for f = 0.1, f = 0.01 and f = 0.001 are presented in Figure 4.
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SS: sphere with 

spherical void 

CS: cube with 

spherical void 

CC: cube with 

cubic void 

f 
 =

 0
.1

 
f 

 =
 0

.0
1

 
f 

 =
 0

.0
0

1
 

11996 elements, 18177 nodes  

and 54531 degrees of freedom 

12498 elements, 18777 nodes  

and 56331 degrees of freedom 

12234 elements, 18364 nodes  

and 55092 degrees of freedom 

16030 elements, 23732 nodes  

and 71196 degrees of freedom 

16051 elements, 23711 nodes  

and 71133 degrees of freedom 

16209 elements, 23860 nodes  

and 71580 degrees of freedom 

19761 elements, 29372 nodes  

and 88116 degrees of freedom 
20783 elements, 30546 nodes  

and 91638 degrees of freedom 

23646 elements, 35360 nodes  

and 106080 degrees of freedom 

Figure 4. Meshes studied for all RVE’s with f = 0.1, f = 0.01 and f = 0.001.

The results for the three porosities hereby studied are shown in the Figure 5. In the Table 1 are shown the final
values and also the relative differences of the RVEs with cubic matrix in relation to the RVE formed by the sphere
with spherical void. Follows the expressions used to calculate the relative differences (diffCS and diffCC):

diffCS =
|ΣSS

m − ΣCS
m |

ΣSS
m

100%. (15)

diffCC =
|ΣSS

m − ΣCC
m |

ΣSS
m

100%. (16)

where diffCS is the relative difference of the cube with spherical void; diffCC is the relative difference of the
cube with cubic void; ΣSS

m is the result of the sphere with spherical void; ΣCS
m is the result of the cube with

spherical void; ΣCC
m is the result of the cube with cubic void.

The spherical RVE with spherical void (SS) presents more strength to the volumetric strain condition. On
the other hand, the cubic RVE with cubic void (CC) demonstrates less strength. The RVE with cubic geometry
and spherical void shows intermediate strength among the three cases considered. Therefore, for the applied
boundary conditions, the optimal material configuration refers to the hollow spherical RVE. This is related to the
stress distribution in the microscale (for example, see Figure 6, Figure 7 and Figure 8). Cubic RVE’s do not fully
plasticize, contributing to a lower homogenized strength of the microstructure. Particularly, for the cubic RVE with
cubic void (CC), there is a greater concentration of plastic strains in at internal edges, which generated a loss of
strength compared to the case with spherical void. It should also be noticed that the higher the porosities, the more
evident the divergences between responses are.
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Figure 5. Results of computational homogenization for the different RVEs: sphere with spherical void (SS); cube
with spherical void (CS); cube with cubic void (CC).

Table 1. Comparison of the results of computational homogenization for the different RVEs.

f RVE Σm (MPa) Relative difference to SS

SS 767.56 -

0.1 CS 712.85 7.127 %

CC 641.44 16.430 %

SS 1535.32 -

0.01 CS 1481.41 3.512 %

CC 1413.13 7.959 %

SS 2304.92 -

0.001 CS 2252.26 2.285 %

CC 2185.54 5.179 %

1/8 RVE: front View 1/8 RVE: left side view 1/8 RVE: back view 

500 500 

Figure 6. Sphere with spherical void: von Mises equivalent microscopic stress (MPa) for f = 0.01.

1/8 RVE: front View 1/8 RVE: left side view 1/8 RVE: back view 

.654499 56.1374 111.62 67.103 222.586 278.069 333.552 389.034 444.517 500 

Figure 7. Cube with spherical void: von Mises equivalent microscopic stress (MPa) for f = 0.01.
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1/8 RVE: front View 1/8 RVE: left side view 1/8 RVE: back view 

1.19764 56.6202 112.043 167.465 222.888 278.31 333.733 389.155 444.578 500 

Figure 8. Cube with cubic void: von Mises equivalent microscopic stress (MPa) for f = 0.01.

4 Conclusions

In this article, a computational homogenization procedure was used to evaluate the influence of morphology
on the constitutive response of RVEs subjected to volumetric strains. In general, it was clear that both the matrix
geometry and the void geometry play an important role in the results. When comparing different external mor-
phologies for the matrix, the sphere promotes a more resistant microstructure compared to the cubic ones. When
comparing different void morphologies, the homogenized RVE response with cubic void is less strength compared
to the RVE response with spherical void. These results reveals the relevance of representing the microstructure with
an adequate RVE geometry consistent and increasingly realistic macroscopic rupture responses can be obtained.
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