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Abstract. In this work, the vibration control of a coupled wind tower — nacelle — blades system subjected to
external lateral loads and rotating blades is studied. To model the tower and blades, the non-linear Euler-Bernoulli
beam theory and the linear Euler-Bernoulli beam, respectively, are considered. The structural control device
studied is an inverted pendulum tuned mass damper (IPTMD) located at the top of the tower. The Rayleigh-Ritz
method, together with Hamilton principle, is applied to obtain a set of nonlinear ordinary differential equations of
motion which are, in turn, solved by the Runge-Kutta method. First, the dynamic instability is studied when
rotating blades are considered, where it is possible to observe veering phenomena. In addition, the optimum
parameters of the IPTMD are obtained. The results show a good performance achieved by the vibration control
adopted to the dynamical behavior.
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1 Introduction

Slender structures such as wind towers, are very flexible and can experience large displacements when
subjected to dynamical external forces considering the occurrence of coupling between tower and blades. One
important way to reduce such excessive vibrations is to apply vibration control to these structures. One alternative
vibration control device is the tuned mass damper (TMD), which is capable of absorbing some of the structural
vibration energy, thus reducing vibration of the main structure (Song and Dargush [1]). The TMD is usually a
spring-mass-damper system and its influence in wind turbines was investigated by several autors such as Murtagh
et al. [2], Farsadi and Kayran [3], Zuo, Bi and Hao [4].

However, the TMD may have a pendular shape as studied by Orlando [5], Guimardes, Morais and Avila [6],
Sun and Jahangiri [7]. The pendulum geometry has practical advantages since its frequency can be tuned changing
the cable length. In this work, an inverted pendulum geometry is considered. This geometry has already shown
good results in previous studies such as in Resende, Morais and Avila [8], where they performed an experimental-
numerical study of the inverted pendulum performance in a one-degree-of-freedom structure.

The wind turbine is composed of a tower coupled to the nacelle and rotating blades at the top. The
mathematical model studied both tower and blades using the non-linear Euler-Bernoulli beam theory. Then, the
Rayleigh-Ritz method, together with Hamilton principle, is applied to study the structure response.

2 Mathematical formulation

The tower-nacelle-blade system model is shown in Fig. 1. The tower has height H, density pr, area Ar,
Young’s modulus Et, moment of inertia Ir, z is the spatial coordinate along the length and v(z, t) is the tower
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transverse displacement. The blade has length L, density p, area A, Young’s modulus E, moment of inertia | and
rotates with speed Q; x is the spatial coordinate and u(x, t) the transverse displacement. At the top of the tower,
there is a tip mass My representing the nacelle. The system is subjected to external lateral load F,(t).
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Figure 1. Wind turbine model

2.1 Energy Functional
The strain energy for the tower-blade system is given by (Orlando [5] and Kang [9]):

H L
U :J.l E, I, (VZH +V2 V2 +1v222v“zjdz+J‘1 El (uix +u’u? +1uzxxu4x)dx D
2 ' a4 0 2 ' 4 07T
0 0

An external harmonic force is applied at the top of the tower, where F is the amplitude of the force and ws is
the frequency of the force. Thus, the work done by this force can be expressed as.

W, =—Fsin(ot)v(z,t)| _, 2
In addition, since the blade rotates with a frequency Q, it is necessary to consider a centrifugal force (Fc) at

the blade. This force acts along the blade’s length and using the dummy variable s, Meirovitch [10] proposed
equation (3) to calculate it, the work done by this force is given by equation (4).

F.(x)= JL.pAsQst ©)]

( 1(du) 1(du)’
w :—‘!‘ Fc (X)(E(&j +§(&) ]dx (4)

In order to obtain the energy functional, the kinetic energy of both blade and tower has to be defined. Only
the translational kinetic energy is considered, thus is given by:

T1 vz . 1 (v@d)Y] f1 (ut)Y
T_.[EPTAr(—at j dZ+EM°(—6t j‘ +_!.§pA(—at j dx (5)

The boundary conditions of the tower and blade are the same of a cantilever beam, therefore displacement
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and slope are zero at one end and at the other end shear force and moment are zero. Though, due to the coupling
between blade and tower, a shear force appears in this region. The work Wy of this force can be calculated by
equation (6), furthermore, it is important to note that the blade displacement is relative to the tower displacement,
since the blade is fixed to the end-tip of the tower, as shown by equation (7), which changes the expression for the
kinetic energy from (5) to (8).

o*v(z,t)
Wac :_[pAL atz

7=

[onluts t’d*]V(z 0., X
g (X,t) = U(X, t) +V(Z't)|z:H (7)

T J‘lpA[augt(,t)j erAau(x,t) ov(z,1)

2
2 ot ot |,y 2 ot »
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dz+=M,| —=
o[ oo (PG e (2
0 z=H
Once the energy terms are defined, it is possible to obtain the energy functional (Ls):
L 2 2 H
L - J‘lpA(au(x,t)j erA8u(x,t) ov(z,t) +lpA(av(z,t)j J‘l TAr(av(z t)j
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2.2 Inverted Pendulum

An inverted pendulum is placed at the top of the tower to act as a TMD (Fig. 2), its behavior is similar to a
regular pendulum, however it requires shorter lengths to achieve equivalent performances. The pendulum has
length I, mass m, rotational spring Ke and the rotational displacement is given by 6.

( h
/ h 1
L S u(xt)
F,
L< ,,,77®§ -
(@) (b)

Figure 2. (a) Detail of structure with an inverted pendulum (b) inverted pendulum deformed shape

From the settings of the height h; (10) and velocity v, (11), it is possible to define the energy functional given
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by (12), which must be added to the expression for the system functional energy.

h, =1cos(0) (10)
V2 = (a"(H 't)jz 22D o0y 412 (@T (11)
ot ot dt
_1 [(ovHY L ovH.Y) (4O |_ .
LP_ZmK P j +2l ot cos(0) +1 (dtj} mgl cos(6) 2KF,G (12)

2.3 Modal solution

The Rayleigh-Ritz method is applied in order to obtain the structure response. Thus, the displacements of
both blade and tower are assumed as:

u(x,t):iajq)j(x), v(z,t):zn:bj\,;j(z) j=1.n (13)
j=0 j=0

where a;and b; are time dependent coefficients, n is the number of modes of the solution and ¢;(x) and ;(z)
are the admissible functions, which satisfy the boundary conditions, they are given by:

_1_ (Zj—l)nx 4 (Zj—l)rcz
¢J.(x)_1 COS|:T ,\yj(z)—l cos T (14)

The Hamilton’s principle is then applied, as shown by Eqg. (15), to get a set of nonlinear differential equations
of motion that can be solved by applying the Runge-Kutta method:

oL, df oL .
—= _ | = |=F . =ca. 15
da, dt(aajj e (49)

]

It is worth mention than Fnc refers to non-conservative forces that may act, especially as viscous damping,
which is given by the product between velocity and damping coefficient c.

First, a free vibration solution is sought to determine the natural frequencies. Then, it is assumed that the
coefficients ajand bj are harmonic, where w is the natural frequency:

a;(t)=a;e"™", b;(t)=b;e'” (16)

By substituting (16) in the differential equations and disregarding the nonlinear terms, it is obtained a set of
algebraic equations, which can be written in matrix form, where K is the stiffness matrix, M is the mass matrix
and A is the amplitude vector:

(K—ofM)Azo (17)

Equation (17) constitutes an eigenvalue problem, where @? are the eigenvalues and the eigenvectors give the
vibration modes. Considering a solution with 5 modes for both blade and tower, the Fig. 3a shows how the natural
frequencies change with the increase in the blade rotating frequency Q. The tower parameters considered are:
height H=46 m, density pr=7850 kg/m?, Young’s modulus Er=210 GPa, the inner tower diameter is 1.49 m and
the outer diameter is 1.50 m; and the blade parameters are: length L=22 m, density p=2770 kg/m?, Young’s
modulus E=69 GPa, the width is 0.5 m and the thickness 0.1 m; the nacelle has a mass My=30000 kg.

Figure 3 displays the natural frequencies of blade and tower in an uncoupled and coupled situation. Figure
3(a), shows the coupled natural frequencies meanwhile Figure 3(b), displays the natural frequencies in an
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uncoupled situation. It is observed that the points of intersection for the uncoupled frequencies in Fig. 3(b) match
the regions A, B and C of the Fig. 3(a), where the veering phenomenon occurs. These regions are worth to
investigate regarding resonance since more than one mode can produce large displacements. Furthermore, when
the rotating frequency Q increases, the natural frequency also increases, leading to the conclusion that the parked
conditions (Q=0 rpm) is the one with more flexibility.

6

=~ ~ Blade
T =
? ‘L:)‘ 44 Tower /
2 g [—
=) g 4
o Q
B= = Blade
E 21 = 2+ Blade
2 2
= 5
& A z Tower

0 —I [ T l T I T l T 0 T 'l T [ T I T | T

0 20 40 60 80 100 0 20 40 60 80 100
Blade rotating speed (rpm) Blade rotating speed (rpm)
(@) (b)

Figure 3. Natural frequencies (a) Coupled structure (b) Uncoupled structure

3 Frequency-domain response

As previously indicated, in order to control the system vibration an inverted pendulum is installed to the wind
turbine and, aiming to determine the optimum parameters for this pendulum, the frequency-domain response is
sought. The coefficients ajand b;j are once again assumed as harmonic in addition to 6, due to the pendulum
addition, then:

a,(t)=a;e", b (t)=be", 6(t)= fe' (18)

The differential equations obtained from Hamilton’s principle become algebraic equations when expressions
(18) are substituted into them. Using a solution with three modes, the following system is obtained:

3pAL  4pAL) ,_ [ 2pALY - . _ [ TpALQ? pALQ? r'El \_
T |0’a +| pAL—-—"—— |®’b, +C ina, + - + =0
[ 2> & j AP o ) Brelod, 24 g 320 )™ (19)
4
(3pAL_3pAij2§1+ AL e AH Ao AH Mo | ) e i+ RE 5
R 2 2 n 2 32H (20)

mlw?b, + ml2w?0 +Ciwd + K0 =0 (21)

The system can be solved for &, b, and 0, therefore they will be written in terms of the frequency ®. Since
b, gives the amplitude of the tower displacement, the dynamic amplification factor (DAF) is the quotient of the
module of El and the static response. Keeping the blade and tower parameters obtained from last section for the
parked condition (=0 rpm), and using a pendulum of mass 850 kg (around 10% of the tower’s mass), spring
stiffness 100 kN.m/rad and length 5.15 m, Fig. 5(a) presents DAF for different damping ratios ({). From Fig. 5(a)
it is possible to verify that the installation of the IPTMD creates two peaks around a without control peak response.
That is the region where the IPTMD is aiming to have best performance. Furthermore, the structure curve with the
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pendulum always intersect two points (P and Q), independently of the damping ratio. This was first observed by
Den Hartog [11], who states that in the optimum condition both points have the same ordinate and also one of
them is a maximum point. Therefore, an iterative process was developed searching the optimum length and
damping ratio for the pendulum, keeping the other parameters constant: from a starting length it is possible to get
the frequencies at P and Q (wp and wg), then each frequency is substituted in the DAF expression generating two
expressions whose subtraction has to be zero, giving a new length and a new wp and wg and so on, until the value
for the length converges. After this, to get the optimum damping ratio, it is necessary to make sure that P or Q is
a maximum point by performing the derivative at this point and making it equal to zero. For the case studied the
optimum length is 5.241 m and damping ratio of 11.4%, the correspondent frequency-domain response is shown

in Fig. 5(b).
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Figure 5. Frequency-domain response (=0 rpm) (a) for 1=5.15 m (b) optimum condition

4 Time-domain response

The Runge-Kutta method can be applied to the differentials equations of motion to get the time response of
the structure. For the parked conditions, the first and second natural frequencies are, respectively, ©=0,99 rad/s
and ©=1,59 rad/s. In order to evaluate the resonance response an harmonic force with these frequencies and
intensity of 1 kN is applied. Figures 6 and 7 show the displacement of the tower top for these conditions. The
pendulum parameter are the optimum ones obtained in the previous section. It is observed that the excitation of
®=1,59 rad/s lead to large displacements, therefore IPTMD was tuned to that frequency aiming to control these

displacements.
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Figure 6. Time response (of =0,99 rad/s) (a) without TMD (b) with TMD
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Figure 7. Time response (of =1,59 rad/s) (a) without TMD (b) with TMD

5 Conclusions

Therefore, the results for time-domain response show that the tower displacement with the IPTMD are kept
at safe levels, however the pendulum works better under the excitation which it was tuned for (v=1,59 rad/s). The
method applied to determine the optimum parameters can be used at any given rotation of the blade, thus it can
work for parked and operating conditions, though further study is necessary to verify if a single IPTMD could be
effective for a wide range of excitations and blade rotation velocities.
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