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Abstract. Numerical methods, such as the finite element method, have been recognized as a great tool for product
design in the present market, helping engineers to increase product quality in less development time. However,
the quality of the element mesh affects the numerical results, so it is necessary to seek a method that gener-
ates good elements. Quadrilateral (two-dimensional) and hexahedral (three-dimensional) mesh is recognized to
produce good numerical results, although the automatic generation techniques are still complex and face some
restrictions in complex geometries to inhibit distorted elements. In general, methods that generate meshes with
fewer singularities require a more restricted geometric shape to generate elements, which demands a greater time
in its construction. The algorithm proposed aims to produce good quality quadrilateral meshes automatically over
arbitrary geometry, for that it preprocesses the current geometry correcting common features that difficult quadri-
lateral mesh generation. In sequence, it generates a quadrilateral mesh, first adjusting in a topological coordinate
system a mesh that considers constraints coming from geometry, like element density and boundary line angles.
Thus, the singularities are arranged in a way that reduces distorted elements. Hence, it maps the resulting mesh
to the Euclidean coordinate system using the transfinite mapping method for all regions. As a result, it is possible
to generate good quality quadrilateral mesh even on distorted geometries in comparison with methods available in
actual commercial software.

Keywords: Boundary Lines Angle Constraint, Element Density Constraint, Geometry Preprocessing, Quadrilat-
eral Mesh Generation

1 Introduction

The use of the finite element method (FEM) for simulations of mechanical behaviors in solid mechanics has
become a necessary step in the design of new projects. However, to obtain an accurate result, care must be taken at
the mesh generation. As showed by Du et al. [1], proper elements shape and distribution lead to better numerical
results and different types of meshes have their pros and cons in processing time or numerical efficiency.

According to Armstrong et al. [2], triangular or tetrahedral meshes have the most robust algorithms, capable
to produce elements in almost any arbitrary geometry with good shape and respecting variable element density.
On the other hand, quadrilateral and hexahedral subdivisions are harder to obtain. As reported by Yu et al. [3]
actual meshing algorithms cannot guarantee to generate a satisfactory mesh for complex geometries. Moreover,
in this type of mesh is problematic to do local topological modifications or refinements because it forms chains of
elements that are difficult to rearrange. Their generation algorithms generally apply only to a portion of geometries
that fits a certain criterion. Nevertheless, that technique presents some advantages over the triangular or tetrahedral
meshes due to several reasons: Natural tensor-product representation, higher computational accuracy, and easier
feature alignment.

Another common classification in mesh generation is structured and unstructured meshes. Structured meshes
are characterized by equal numbers of connections in each node of the mesh. In unstructured meshes, the number
of connections can vary freely. As stated by Ito [4] structured meshes generate more distributed elements and
display a better convergence in numerical methods, although it is harder to achieve.

Like showed by Owen [5] the generation of quadrilateral unstructured elements in surfaces is commonly
subdivided into two categories: the direct and indirect methods. The direct methods generate the elements in its
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final form, without a further transformation after the mesh generation. The most used techniques are the advancing
front method and the block subdivision method. In the indirect methods, the geometry first is subdivided in
triangles and then these are joined together to generate quadrilaterals. Generally, the adoption of this approach
produces distorted elements and/or mixed mesh with triangles and quadrilaterals.

The generation of structured meshes with quadrilateral elements is generally made using mapping methods.
That sort of mesh is recognized to produce good elements, although presents several difficulties in its generation
process, usually involving some sort of block decomposition as showed by Baker [6].

The algorithm presented in this paper is part of a larger FEM mesh generation computational package. This
software aims to produce good quality quadrilateral and hexahedral meshes automatically over arbitrary geometry.
For that it preprocesses the current geometry correcting common features that difficult quadrilateral and hexahedral
mesh generation. It includes the identification of lines contact, overlap and intersection and also lines over surfaces.
Besides that, surfaces with three, five or more edges as well as with internal boundaries are manipulated, joined
and/or subdivided, until quadrilateral surfaces are obtained. Similarly, volumes with any number of lateral surfaces
are also modified until hexahedral volumes with quadrilateral surfaces are obtained. The part of the complete
software shown in this paper is responsible for the generation of quadrilateral elements in an area also quadrilateral
that respect conditions imposed by the geometry, achieving the best possible subdivision.

2 Quadrilateral surface mesh generation

Frey and George [7] subdivided the mesh generation into five methods: i) manual and semi-automatic, ii)
parametric mapping, iii) decomposition of domains in subdomains, iv) insertion points and/or elements creation
and v) constructive methods. When dealing with quadrilateral mesh generation, it is common to use constructive
methods. These techniques use a combination of the other methods to generate the mesh. That is because the tech-
niques intended to produce quadrilateral elements generally require some requisites conditions on the geometry.
The decomposition of domains in subdomains is one of the solutions used to transform a complex model in a set
of simple blocks capable to meet these restrictions.

In the insertion points and/or elements creation methods, the advancing front method is the most applied for
quadrilateral mesh generation. This method proceeds by creating one element at a time from a moving front. Then
the unmeshed area is filled recursively until de front fills all the space. As reported by Staten et al. [8] this technique
generally produces good elements in the boundary where the front started, and bad ones in internal regions, where
it finishes.

The parametric mapping methods are known to generate a balanced element quality in the model, seeing that
a mesh is generated in a topological space and then mapped to the Euclidean space. The function used to do the
transformation can adjust the mesh to the boundary, thus it becomes uniformly distributed inside the geometry.
Problems with the elements shape can be caused because the original geometry is distorted.

For the use of this method, two solutions are possible: the finite element interpolation technique [9] or the
transfinite mapping [10]. The first method uses the Lagrange bilinear elements linear or quadratic to map the
topological mesh to the Euclidean space. It is less used since it is limited to surfaces with boundary composed
by linear or quadratic functions. The second method, instead, is capable to deal with every type of curve in the
boundary. The only requirement is that the parametric equations of the curve are known. Thus, due to the fact of
the quality of the mesh and the facility to work with a lot of geometries this method offers a great solution for the
generation of quadrilateral elements.

Although the transfinite mapping is a good technique that produces efficient quadrilateral meshes, it faces
some difficulties when used in certain conditions. Specific care must be taken with the size of the elements and
with its internal angles since elements with small element aspect ratios or inner angles near 0º or 180º generate
problems during the numerical calculus and must be avoided. As stated by Beatty and Mukherjee [11], internal
angles near 90º are considered the ideal value.

The problem with the angle can have three causes: a bad distribution of elements in the topological space;
a great curvature of the surface, distorting the mapped mesh in a way that the quadrilaterals turn distorted; or the
angles between the curves of the boundary are too obtuse or too acute, forcing the elements in the region to be
the same way. To resolve the third problem, the algorithm proposed in this paper corrects the elements near such
occurrences, imposing some restrictions on the topological mesh. One example of such an occurrence is shown in
figure 1.
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Figure 1. Mesh with obtuse and acute angle in their boundary vertices

3 Proposed algorithm

The algorithm proposed in this paper aims to generate quadrilateral elements that respect conditions imposed
by the geometry, trying to achieve the best possible subdivision using mapping methods on deformed surfaces. For
that, it first distributes the elements in a topological system, using the information read from the model to predict
the best elements arrangement. Then it uses the transfinite mapping method to project the mesh to the Euclidean
space.

In a structured mesh of quadrilaterals, two types of problems influence the numerical result in the application
of the FEM: the distortion of the elements and the number of singularities in the mesh. The problem with the
elements shape is for the reason that in a finite precision floating point arithmetic realized by the computer, the
multiplication of great numbers with low numbers generates larger approximation errors than multiplying numbers
with the same magnitude.

As showed by Armstrong et al. [2] singularities in a mesh represent the nodes that have a different number
of connections in comparison with their neighbors. In a quadrilateral subdivision, four connections are the natural
number. The presence of singularities influences the mesh quality and therefore the convergence of the FEM
calculus. Thus an efficient mesh should combine elements with good shape and a minimum number of singularities.

Two types of elements arrangement can be used in a corner vertex of the geometry. In this paper, it is called as
an orthogonal or polar arrangement. To apply any of them, a reference point is first created. That point is oblique
to the corner vertex and its distance of each boundary is determined by both element edge lengths in the respective
boundary lines. In an orthogonal arrangement, one element is formed at the corner, composed by the connection
between the reference point and the end of the first element edge in each boundary line of the corner. In the polar
arrangement, the reference point is connected with the corner vertex, forming two elements at the position, both
divided by the bisector formed. An example of the arrangement types could be seen in figure 2.

Figure 2. Elements arrangement: a) orthogonal; b) polar.

Both arrangements can be used for two reasons: to correct some different density between opposite lines of
the boundary and/or to minimize the impact of the angle between the boundary lines on the elements shape. In
the first case, the lines of an area can have different densities requirements. It is either because of some restriction
imposed by the user or in case of a great difference between the lengths of its lines, supposing a defined element
size is sought. In this case, four possible dispositions can be applied to correct the different densities. Like showed
in figure 3 the a) situation corrects one element difference between both two opposed lines and can be used, by
means of rotation, in the four vertices. The same analogy is valid for other cases.
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Figure 3. Elements arrangement to correct different densities: a) one polar vertex; b) two consecutives polar
vertices; c) two opposite polar vertices; d) three polar vertices.

Moreover, these two types of arrangements generate an effect on the inner angles of the elements, depending
on the angle between the boundary lines of the area. The orthogonal arrangement will maintain the angle of the
boundary lines in the internal element angle, but the polar arrangement divides the angle between the two elements
in the corner. Only doing the correct treatment of the angle between the boundary lines, it is possible to generate
elements with better internal angles in the corners of the Euclidean area.

Therefore, to do that correction, the algorithm imposes a polar arrangement when the angle is greater than
120º and an orthogonal arrangement when it is less than 60º. Any corner that does not fill inside this angle range the
algorithm interprets that is free, and both types of arrangement could be used. As a consequence, if it is necessary
to perform a correction since there are problems of density, any correction will be allowed. In the current algorithm
only the first layer of elements receives the angle restriction, although depending on the element size and on the
angle magnitude, more inner layers could be corrected for better mesh quality.

There are sixteen possible angle arrangements as shown in figure 4. In each type of imposition, the mesh
density is changed, hence the corrections of density presented before should be applied together, correcting the
densities when the angle restrictions are not valid anymore.

Figure 4. Angle imposition possibilities using polar and orthogonal arrangements
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The algorithm then, using the restrictions and density information, creates a disposition list. This list rep-
resents the sequence of the arrangements that together fill the area of the geometry. This list considers the order
of the arrangement that presents the minimal number of elements and, consequently, nodes. This is an important
constraint that increases quality of the mesh and decreases the number of degrees of freedom. For example, in a
sequence of a) and b) cases of figure 3, the minimum number of elements is achieved when a) cases are first used.

Initially, this list considered only the arrangements shown in figure 4, but as more examples were considered
some additional provisions should be included as an orthogonal L disposition, present in the first case of figure
5. In addition, some adjustments had to be made in the existing dispositions. One of them is the calculation of
reference points in order to generate the most uniform mesh and maintain the continuity of the elements chain.

4 Results

Using the algorithm proposed in the paper, a topological mesh was generated for each possible angle impo-
sition in a quadrilateral geometry. Furthermore, each side of the geometry used a specific element density for all
cases, ne = 8, nn = 5, nw = 7 and ns = 8. That way the algorithm was tested for its capability to deal with angle
impositions and with different mesh densities corrections. The resulting mesh is showed in figure 5.

Figure 5. Topological mesh for all angle imposition possibilities

In all the cases presented, the mesh generated was capable to correct different densities in each boundary line
of the topological area of the model and perform the correction due to the angle imposition using the two different
corner elements arrangements presented in this paper. All the elements generated presents a good shape in the
topological coordinate system and exhibit internal angles near 90º and a satisfactory aspect ratio.
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Besides that, the number of singularities was minimal possible, when using the type of correction proposed in
the paper, for the most of the examples. These singularities were mostly present near the boundary of the models,
revealing a structured mesh in its internal parts.

5 Conclusions

Observing the results, the proposed algorithm can resolve a problem generally found in mapping methods
for the generation of quadrilateral mesh. For that it uses the angle analysis of the boundary lines, adjusting the
topological mesh to compensate the angle using different elements arrangements on the respective corners.

Moreover, the algorithm also was capable to correct density differences between opposite boundary lines
using the same technique. The elements generated in the topological coordinate system presents good internal
angles and a satisfactory aspect ratio.
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