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Abstract. This paper presents a numerical study using the Finite Element Method (FEM) to model the ductile 

fracture in ASTM A285 Gr. C steel through calibration of a phenomenological damage model. The calibrated 

damage model is composed of a damage initiation criterion dependent on the stress triaxiality and the Lode angle 

parameter coupled with a post-initiation damage evolution law. A series of experimental tests on round bars 

having smooth and notched cross-section, flat notched specimens under axial tensile loads, and fracture 

toughness tests in deeply cracked bending specimens SE(B) were carried out to calibrate the elastoplastic 

response and the damage parameters. Verification of the calibrated parameters is performed using a SE(B) 

sample having a shallow crack size ratio. The agreement between the experimental tests and the numerical model 

results is quite good. The adopted numerical procedure can be used to predict the response of a more complex 

structure. 
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1  Introduction 

The understanding of the mechanisms of ductile fracture has been the subject of many studies due to the 

possibilities of application in the various fields of industry. In critical engineering structures such as pipelines, 

pressure vessels, ships, and aircraft, the ductile fracture is an important failure mode to be verified in the design 

and operation phases. Computational damage models are used to obtain accurate results in the prediction of the 

ductile fracture without the need for a large number of experimental tests. 

Damage models are proposed in order to link field variables (stress, deformation, triaxiality, etc.) to the 

evolution of damage in the material through a weighting function phenomenological defined (empirical) or based 

on micromechanical observations of ductile fracture mechanisms, such as void nucleation, growth, and 

coalescence [1]. These models are commonly classified as uncoupled or coupled as to the coupling of the field 

variable to the material constitutive equations.  

Uncoupled models assume that the damage process is independent of the material plastic behavior, 

assuming that the damage to which the body is subjected does not influence the stress and strain states. They 

predict the fracture to occur when an external control variable, commonly represented by a scalar field, reaches a 

critical value [2]. In the coupled models, the material plastic properties are considered a function of the 

accumulated damage, causing changes in the microstructure of the material during the fracture process [2]- [3]. 

From the physical point of view, the adoption of this coupling occurs due to the nature of the damage, in which 

its advance results in the appearance of microvoids and microcracks related to the reduction of stiffness of the 

solid. In this paper, a phenomenological approach is used to study the ductile failure of a typical pressure vessel 

steel. An uncoupled fracture initiation criterion is calibrated by using the Modified Mohr-Coulomb (MMC) 

criterion and the damage-induced softening is introduced in the post-initiation fracture. 

The calibration of the initiation criterion is performed through experimental tests and FE analysis of 

axisymmetric and plane strain specimens under uniaxial stress. The softening law coefficients calibration and the 

damage model validation are performed through fracture toughness tests.  
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2  Stress States Characterization 

The plasticity theory demonstrates that the mechanical properties of isotropic materials are independent of 

the rotation of the adopted coordinate system [4]. Therefore, a stress tensor 𝜎𝑖𝑗 written as a function of principal 

stresses 𝜎1, 𝜎2, and 𝜎3 can be used to represent the stress state at any point of the body [5]. 

 𝜎𝑖𝑗 = 𝑆𝑖𝑗 + 𝑝.  (1) 

where 𝑝 is the mean or hydrostatic stress, related to the first invariant of Cauchy stress tensor, 𝐼1 

 𝑝 = 𝜎𝑚 =
𝐼1

3
=

(𝜎1+𝜎2+𝜎3)

3
.  (2) 

and 𝑆𝑖𝑗  is the deviator tensor. The second and third invariants (𝐽2 and 𝐽3, respectively) are given by 

 𝑞 =   𝜎𝑒𝑞 = √3𝐽2 = √
[(𝜎1−𝜎2)2+(𝜎2−𝜎3)2+(𝜎3−𝜎1)2]

2
.  (3) 

 𝑟 = [
27𝐽3

2
]

(1/3)

= [
27

2
(𝜎1 − 𝜎𝑚)(𝜎2 − 𝜎𝑚)(𝜎3 − 𝜎𝑚)]

(1/3)

.  (4) 

where 𝜎𝑒𝑞  is the von Mises equivalent stress. 

Damage models conveniently work with two dimensionless parameters to characterize a stress state: the 

first is called stress triaxiality 𝜂, corresponding to the normalization of hydrostatic stress by von Mises 

equivalent stress. 

 𝜂 =
𝑝

𝑞
=

𝜎𝑚

�̅�𝑒𝑞
.  (5) 

The second parameter is the Lode angle 𝜃, related to the normalized third stress invariant 𝜉 by 

 𝜉 = (
𝑟

𝑞
)

3

= 𝑐𝑜𝑠(3𝜃).  (6) 

From the equation above, note that 𝜃 is defined between the angles 0 and 𝜋/3, resulting in a range for 𝜉 of 

−1 to 1. Furthermore, the Lode angle can be normalized by [5] 

 �̅� = 1 −
6𝜃

𝜋
= 1 −

2

𝜋
𝑎𝑟𝑐𝑐𝑜𝑠(𝜉).  (7) 

The range of �̅� is −1 ≤ �̅� ≤ 1. The parameter �̅� is called the Lode angle parameter. For some notable 

loading conditions, �̅� assumes constant values, with �̅� = 1 corresponds to the axisymmetric tension, �̅� = 0 

corresponds to the plane strain or generalized shear loading conditions and �̅� = −1 corresponds to the 

axisymmetric compression. Thus, all stress states can be characterized by the above defined set of parameters 

(𝜂, �̅�) [5]. 

3  Damage model 

3.1 Fracture initiation criterion 

The fracture initiation surface will be constructed according to the Modified Mohr-Coulomb criterion 

(MMC) proposed by Bai and Wierzbicki [6]. The MMC criterion characterizes the ductile fracture of isotropic 

solids, where the fracture occurs according to a surface, when the combination of normal stress 𝜎𝑛 and shear 

stress 𝜏 reach a critical value. Bai and Wierzbicki [6] determined these values according to original Mohr-

Coulomb (MC) criterion: 

 𝑚𝑎𝑥(𝜏 + 𝑐1𝜎𝑛) = 𝑐2.  (8) 

where 𝑐1 and 𝑐2 are the friction coefficient and the shear resistance, respectively. The original MC is transformed 

into a criterion based on local three-dimensional strain in order to predict the onset of the fracture in strain 

hardening materials. Thus, the material ductility is indicated by the equivalent plastic strain to fracture 𝜀�̅� with 

respect to the stress tensor, represented by the parameters η and �̅�. A third material coefficient 𝑐3 is introduced 

for the representation of the three-dimensional surface of 𝜀�̅� [6]. 
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Because 𝜂 and �̅� parameters do not remain constant during incremental load application in numerical 

analysis, average values of 𝜂 and �̅� must be used in the MMC calibration, integrating the values obtained in each 

time step from the beginning of the simulation until the fracture initiation time.  

3.2 Damage evolution 

The damage evolution is governed by a softening law that defines the degradation of the material strength 

when the fracture initiation criterion is reached. For any time of the analysis after reached the criterion, the stress 

tensor is modified by a scalar that considers the evolution of the isotropic damage 

 𝜎 = (1 − 𝐷)𝜎.  (10) 

where 𝐷 is the damage variable that measures the material degradation after initiation and 𝜎 is the effective 

stress tensor calculated in the current increment, representing the stresses that would exist in the material without 

damage. From the beginning of the analysis until the instant when the initiation criterion is reached, 𝐷 = 0. The 

material completely loses its strength when 𝐷 = 1 [7]. 

The damage evolution results in softening of the yield stress and elasticity degradation [7]. In Fig. 1, the 

solid curve represents the damaged response in stress-strain, while the dashed curve is the response without 

damage. The yield stress softening is indicated by the relation 𝐷𝜎 and the elasticity degradation by 𝐸(1 − 𝐷), 

where 𝐸 is the Young’s Modulus. 𝜀�̅� corresponds to equivalent plastic strain when 𝐷 = 1.  

 

Figure 1. Effects of damage evolution on a stress-strain curve [7] 

In this work, a model of exponential softening is adopted, requiring the calibration of two coefficients: the 

effective plastic displacement to fracture �̅�𝑓
𝑝𝑙

 and the exponential softening factor 𝑚. The damage variable 𝐷 is 

related to these parameters by: 

 𝐷 =
1−𝑒

−𝜁(�̅�𝑝𝑙/�̅�
𝑓
𝑝𝑙

)

1−𝑒−𝑚 .  (11) 

4  Test procedure 

4.1 Elastoplastic properties 

The material investigated is the ASTM A285 grade C, a steel commonly used in melt welded pressure 

vessels. Uniaxial tests on smooth round bar specimens were performed by Cuenca and Sarzosa [8], and the test 

data were fitted to the model given by 
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 𝜎 = {
𝐸𝜀,                         0 ≤ 𝜀 ≤ 𝜀𝑒𝑙

𝐴(𝜀 − 𝜀𝑒𝑙)
𝑛 ,                ɛ > 𝜀𝑒𝑙 .

  (12) 

where 𝜎 is the true flow stress, 𝜀 is the true strain and 𝜀𝑒𝑙 is the elastic strain. The material properties are listed in 

Table 1. The insertion of plastic properties in Abaqus requires the supply of the true stress-strain curve of the 

material, shown in Fig. 2.  𝜎𝑌 is the true yield stress of the material 

Table 1. Elastoplastic properties for A285 Gr. C steel. 

Material 
Density 
(Kg/mm³) 

𝑬 
(GPa) 

𝝈𝒚 
(MPa) 

𝝂 
𝑨 

(MPa) 
𝒏 

ASTM A285 Grade C 7.8E-09 207 306.15 0.3 860 0.21 

 

Figure 2. True stress-plastic strain curve of ASTM A285 steel 

4.2  MMC criterion calibration 

The calibration of the fracture initiation criterion was performed with the engineering stress-strain curves 

obtained by tensile tests of different specimens. The history of equivalent plastic strain was calculated at the 

potential fracture location. The equivalent plastic strain corresponding to the measured engineering strain at the 

time of the fracture was then considered as the 𝜀�̅�. 

 The tested specimens consisted of two notched round bars (NRB) and one flat grooved plate (FGP). The 

NRB are characterized by an axisymmetric state of stresses, corresponding to �̅� = 1 in uniaxial tensile tests. 

Fracture in these specimens occurs under ranges of high stress triaxiality (𝜂 > 1/3) [9]. Different values of the 

notch radius were considered to cover a wider range of 𝜂. FGP produce a plane strain state in the notch region, 

causing the specimen to fracture with �̅� = 0. These specimens also fracture under high stress triaxiality ranges. 

The Fig. 3 shows the main dimensions of the tested specimens. 

FE models were developed in Abaqus/Explicit for reproduction of experimental engineering stress-strain 

curves. Due to symmetry, only 1/8 of the geometries were modeled with appropriate constraints imposed on the 

symmetry planes. Eight-node brick element with reduced integration (C3D8R) were used in the simulations. The 

mesh constructed for the numerical analysis of the NRB2 and FGP are shown in Fig. 4. A mesh refinement in the 

notch region was adopted for improving the precision of the numerical results. 

Good match between experimental and numerical engineering stress-strain curves were obtained, as shown 

in Fig. 5. For both tests, the numerical curves are not able to predict the fall of the experimental curves due to the 

absence of ductile fracture initiation criteria in the analysis. 

Equivalent plastic strain, triaxiality and Lode angle parameter histories were obtained through numerical 

analyses mapping the critical element of the specimens, considered the critical point in the initiation of the 

fracture due to the higher levels of 𝜂 and 𝜀�̅�𝑞. The histories were recovered until the instant of fracture initiation, 

characterized by the point on the experimental engineering stress-strain curves where the stress capacity is 
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abruptly lost [3], as indicated in Fig. 5. With the parameters 𝜀�̅�, 𝜂 and �̅� for the three tests, the MMC criterion 

calibration was performed by using a nonlinear fitting tool available in Matlab software, obtaining the 

coefficients 𝑐1 = 0.139, 𝑐2 = 331.7 and 𝑐3 = 0.613. The Fig. 6 shows the fracture initiation surface defined by 

MMC. The tests used for fracture calibration are highlighted. 

 

Figure 3. Main dimensions of the tested specimens (a) NRB (b) FGP 

 

Figure 4. Mesh in finite element of the specimens tested 

 

Figure 5. Engineering stress-strain curves (a) NRB (b) FGP 
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Figure 6. Surface representation of MMC fracture initiation criterion for ASTM A285 

4.3 Softening law calibration 

The damage evolution law coefficients calibration was performed using the load-crack mouth opening 

displacement curves (P-CMOD) obtained from small scale fracture tests of three-point bending specimens 

[SE(B)]. The Fig. 7a shows the settings of these tests. Two specimens were tested, both with 𝑊 = 19 𝑚𝑚, 𝐵 =

𝑊, and 𝑆 = 4𝑊. For the damage evolution law coefficients calibration, a specimen with  𝑎/𝑊 = 0.5 (deep 

crack) were used, while the other specimen with 𝑎/𝑊 = 0.2 (shallow crack) was used for verification purpose 

of the calibrated parameters. Both specimens are provided with side-grooves. FE model was built with only 1/4 

of geometry with its boundary conditions imposed to the respective symmetry planes. C3D8R elements were 

used in the simulations, with a mesh refinement in the crack region. Fig. 7b shows the FE model constructed for 

the SE(B) with deep crack. 

 

Figure 7. SE(B) specimen (a) test settings and main dimensions [8] (b) FE mesh SE(B) deep crack 

The damage variable 𝐷 is calculated according to the exponential softening law presented in Eq. 11, 

requiring the obtaining of two coefficients: �̅�𝑓
𝑝𝑙

 and 𝑚. The adopted calibration procedure consists of performing 

iterations between the values of the two coefficients, in order to reproduce the P-CMOD curve of the SE(B) with 

𝑎/𝑊 = 0.5 [10]. The values  �̅�𝑓
𝑝𝑙

= 0.17 and 𝑚 = 0.50 satisfy the condition. The graphs presented in the Fig. 

8a compares the experimental and numerical curves. The numerical model was able to recover the experimental 

curves by adopting these values for the coefficients. However, when performing the analysis without defining 

the softening law, the numerical curve was unable to predict the correct behavior of the test. Fig. 8b compares 

the experimental and numerical P-CMOD curves for the shallow cracked SE(B) specimen. The agreement is 

good, which validates the adopted numerical procedure for defining the model damage parameters. 
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Figure 8. P-CMOD curves SE(B) tests (a) 𝑎/𝑊 = 0.5 (b) 𝑎/𝑊 = 0.2 

5  Conclusions 

It was presented the calibration process of a phenomenological model composed of a fracture initiation 

criterion coupled with a material softening law after fracture initiation. Experimental tests were performed in 

notched round bars, flat grooved plates, and bending specimens for the model coefficients calibration. 3D 

nonlinear finite element analyses were conducted to obtain the stress and strain histories at the critical points of 

the NRB and FGP and the consequent calibration of the modified Mohr-Coulomb criterion used to indicate 

fracture initiation. The softening law coefficients were obtained with analyzes reproducing the P-CMOD curves 

for the SE(B) with deep crack. Another test of a SE(B) with shallow crack was performed to validate the damage 

model, which was able to predict the ductile fracture of the specimen. 
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