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Abstract. Fluid flow in fractured porous media is a truly relevant phenomenon for the oil industry, but also for
water extraction and aquifer remediation. Modeling this type of problem represents a great challenge, due to the
complexity of depositional environments. In such cases, it is particularly complex to construct structured meshes
capable of adequately modeling the reservoir. In this context, in the present paper, we describe a new strategy to
simulate the single-phase fluid flows in three-dimensional heterogeneous, anisotropic and fractured porous
media using tetrahedral unstructured meshes. Aiming to model fractures, we use the Embedded Discrete Fracture
Model (EDFM) in which fractures are represented explicitly, but without the necessity of building a “fracture
fitting mesh”, which could be an overly complex task. To discretize the elliptic pressure equation, we use the
recently developed 3-D version of the MultiPoint Flux Approximation that uses the "Diamond stencil" (MPFA-
D) which is a robust and flexible formulation, capable of handling highly heterogeneous and anisotropic
reservoir rocks, achieving second order accuracy for the scalar variable and first order accuracy for fluxes. Our
strategy has shown to be notably flexible, and our preliminary results are very promising.

has achieved good preliminary results.

Keywords: naturally fractured reservoirs, single-phase flow, embedded discrete fracture model (EDFM),
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1 Introduction

Fluid flow in fractured porous media is a relevant phenomenon, not only because most of the remaining oil
reserves around the world reside in fractured reservoirs [1], but also due to the fact that fractures are also present
in less deep layers of the crust, which makes them also important in water extraction and aquifer remediation [2].
The objective of this work is to numerically simulate the single-phase flow in 3-D naturally fractured reservoirs.
Modeling this problem is a great challenge, due to the complexity of depositional environments, in which some
properties as permeability, for example, may vary many orders of magnitude over small distances, in addition to
the presence of the fractures [3]. These environments are, moreover, anisotropic media, since the sedimentary
layers can be deposited in different ways, giving different preferential directions to the fluids flows [3], what
makes particularly complex, in such cases, to construct structured k-orthogonal meshes capable of modeling this
type of media adequality [4]. In this context, the presence of the fractures, which potentially introduce
discontinuities on the pressure or the velocity fields [5], represents an additional difficulty, since their influence
on the fluid flow must be correctly included in the model.

The models that represent fractures explicitly, treating them as additional degrees of freedom, may achieve
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more accurate and physics-based results than traditional methods [6], as transmissibility multipliers [7] or dual-
porosity models [8]. Explicit fracture representation methods can be divided into two groups, based on the way
of the discretization: conforming mesh and non-conforming mesh methods. For the first group, the mesh needs
to accommodate the fracture positions, which are placed at the cell edges (in 2-D) or faces (in 3-D). This
condition is critical when it is necessary to discretize small angles and small distances and can lead to excessive
refinements. This is not necessary for the second one, in which the fractures may cross the rock matrix mesh
cells. The second group is less restrictive in terms of mesh construction, and we have decided to use it. In this
context, we have used, to handle the fractures in this work, the embedded discrete fracture models (EDFM) [9],
in which the degrees of freedom of the rock matrix and fractures are discretized separately, but the coupling
terms are modeled in terms of discrete variables directly [10]. Referring to the numerical formulation to
discretize the mathematical model (i.e., the elliptic pressure equation), we used the tridimensional extension of
the multipoint flux approximation approach that uses the "diamond stencil" (MPFA-D) [11] with explicit
weighting for the vertex unknowns. This method shows second-order accuracy for the scalar variable and first
order accuracy for fluxes on arbitrary tetrahedral meshes. We have tested our strategy against some problems
found in literature and our strategy has shown to be notably flexible with very good results for the evaluated
problems.

2 Mathematical Formulation

The steady-state diffusion problem in 3-D can be described by [11]:
V-F =0, with F=-K&Vu in %=(x,y2 €0QcR? 1

in which F represents the diffusive flux, u is the scalar or potential variable, Q(X) is the source term and K(%) is
the diffusion tensor that satisfies the ellipticity condition [12] and that can be written, in Cartesian coordinates,
as:

Kox ny Kyxz
KX) = [ny Kyy K}’Z] )
Kzx sz Kzz
Moreover, the appropriate boundary conditions are defined by:
{u = gp on [} 3)
F-ii=gy on Ty

where the scalar functions g, (prescribed values for u) and gy (prescribed fluxes) are, respectively, defined on
[, (Dirichlet) and Iy (Neumann) boundaries, with dQ = [, U Ty and I, N [y = @, and 7 is the unitary outward
normal vector.

3 Numerical Formulation

In this section, we present the development of the EDFM for tetrahedral meshes and of the MPFA-D.
Given a computational domain Q with boundary ', we discretize it by a set of non-overlapping polyhedral
control-volumes. Then, by integrating Eq. (1) and applying the Gauss’s Divergence Theorem over the control-
volume L (with boundary I; and volume Q;), we have:

f F-iolp=| Qom (4)
'z Q
By using the mean value theorem, we can write:
F-N|, =010
D BVl = 0it )

where Qj is the mean source term in L and # is a face belonging to I} , which is the set of boundary faces of the
control-volume L. In Eq. (5) different approximations for the flux expression F-N produce different finite
volume approximations.
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3.1 The Multipoint Flux Approximation using the Diamond Stencil in 3-D

We start from the formulation presented by Lira Filho et al. [11], which is applicable to diffusion problems
in 3-D tetrahedral meshes, in which the unique flux expression through a face, considering the configuration
shown in Figure 1, is given by:

F-N = _R|N| I:(‘u_ﬁ — uz) — ED]K('LL] — u,) + ED][('LL] - u[()] (6)
with:
KRK?
G=— RL
hiK% + hgK? @
(ﬂ;,ﬁ) 1 < K9 K57 ®)
D:_}——T hz L +h§ R ‘/L,j’zl,];K
i |N|2 |N| Kg Kg
where:
Ty =Nx13; K =——=— K" =——— £ =LR 1,7 =1]K 9
IN| |N|

where hj is the height from £k (# = L, R) to the face IJK, whose normal area vector is N. In this formulation, the
auxiliary vertex unknowns (u;, u;, ux) could be interpolated as a weighting of the values of u at the cells sharing
the respective node (I, / or K). We use the linearity-preserving interpolation strategy presented by Lira Filho et
al. [11].

Figure 1 — Face IJK shared by the tetrahedrons L and R, highlighting £ and R.

3.2 Fracture-Matrix and Fracture-Fracture Intersections Calculation

Let £ be a generic tetrahedron defined by the intersections of the planes m;, m,, w3 and m, (with normal
vectors 7y, My, 13 and 71,) and let my bi thi plane C_E)ntaining the fracture f (with normal vector 7if). Considering
that Pr is a point on 7y and that Ty, T, T3 and T, are the vertices of £, we can determine if there exist any
intersection between £ and 7, verifying if all the vertices of t are in the same hemispace, considering the two
hemispaces defined by 7. If it is false, then the intersection between f and Ty exists. If e N t # @, we can
calculate the area of the intersection between the plane fracture and the tetrahedron through the following
algorithm: Considering that f’)i is a point on 7; (as well as 13} on 1), the intersection between the planes defining
t two-by-two and the plane containing f will give rise to six linear systems as:

Wi My Wz | |y| = | WP + 0y Py + 1B |50 +j (10)

[nix Ny nizl [X] nixPix + niniy + nizPiz ij = 1234
z nfofx + nffoy + anPfZ

Nx  Mpy TNy

whose solutions will define six points coordinates of which, however, only three or four will be on the faces of £.
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These three or four points will form the polygon p = 7y N t, as shown in Figure 2.

Figure 2 — Intersection between 7 and £.

Thus, we have two coplanar polygons (f and p) intersecting each other, so that g = fnp = f Nt as
shown in Figure 3. Mathematically, it is obtained by the intersections between the straight lines containing the
edges of f and p. Naturally, if f have n edges and p have m edges, we will obtain 7 - m intersection points, of
which not all will be part of g = f N p, but only those within the limits of the edges of the polygons, together
with the vertices of f inside p and the vertices of p inside f.

(b)
Figure 3 — Intersection between f and p. (a) f,p, £. b)g=fNnp=f Nt

The intersection between two plane fractures, whenever it is not parallel, in its turn, is made by the
following algorithm: let 7y, be the plane containing the fracture f; and let 7y, be the plane containing the
fracture f,. Let v = 7y N 75, be a straight line coplanar to f; and to f;, this way we can determine the segments
s; =7 N f; and s, =1 N f, (intersecting r with the straight lines containing the edges of f; and f,), so that f; N
f2 = s; N's,, as shown in Figure 4.

3.3 Fracture-Matrix and Fracture-Fracture Transmissibilities Calculation

The matrix-fracture transmissibility is calculated as [13]:

— _1\—1
Ty = (TE + 1Y) (11)
where:
2(TKn) A; 2(RATK,1)A;
1, = 20 KAy t)tf;sz—( 1)y (12)
(d) Wy
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in which Ay is the area of the intersection f N t (f is a fracture cell and £ is a rock matrix cell), 71 is the unitary
normal vector of the plane containing f. K; and Ky are the permeabilities of t and f, respectively, wy is the
aperture of the fracture f and:

L R
(dy=q | In-7100 (13)

f‘ﬂf

where 7 is a vector from the center of f N £ to a point in .

Tr2 Tr2
r r
f2 f2
g Tty o Tty
™ f1
(a) (b)
Tr2 Tr2
r T
f2 f2
“ nfl < nfl
: f1 f1
(©) (d)
Figure 4 — Intersection between f; and f5. (a) 1 = ey N e (B) sy =1 N f1. () s, =7 N fr. (d)s=s;Ns, =
finf.

The fracture-fracture transmissibility is calculated as:

_ _1n—1
Tf1f2 = (Tf11 + szl) (14)
where:
T. = Z(ﬁIKﬁﬁl)WﬁLﬁfz . _ Z(ﬁgKfzﬁZ)szLﬁfz (15)
i~ (dyy) v T (dyq)
12 21

in which Lg, f, is the length of the intersection fi N f, (f; and f, are fractures cells), 7; is the unitary normal
vector of the plane containing f;. Ky, is the permeability of f;, wy, is the aperture of the fracture f; (i = 1,2) and:

L[ e
(dyj) =5 f ;- 8] o, (16)
fi Ty,

where § is a vector from the center of f; N f, to a point in f;.

4 Results

Here, we present the results for a 2-D one-phase flow problem and for its 3-D cubic extruded version:
consider the one-phase flow in a 2-D domain defined as Q = [0,100]%m, with prescribed pressure p; = 1 bar at
X; = (0,0) and prescribed flow g, = 107> m*d at ¥, = (100,100), with isotropic permeability tensors for the
rock matrix (m) and for the fracture (f) defined (in Darcy) as:
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-5 8
Kon = [1% 1(?—5 2% [18 1(())8 ; an

The fractures are placed as shown in Figure 5a, in which we can also see the 2-D mesh (with 1,860
triangles). Through the strategy presented by Cavalcante et al. [14], which is a conforming mesh hybrid-grid
method, we can obtain the solution for this problem, as shown Figure 5d, in which the calculated pressure at the
production well is p, = 0.4750 bar. This result was used as reference for comparison purposes. We have also
solved a 3-D cubic extruded version of this problem, creating an unstructured mesh with 34,963 tetrahedral cells
and including the contributions of the fractures as explained in this paper. The fractures were considered as two
rectangles, each one corresponding to one “beam” of the cross, as shown in Figure 5b. We discretized the
fractures by two ways: in the first one, we consider each rectangle as one additional degree of freedom, as shown
in Figure 5b; in the second one, we divided each rectangle as eight triangles and each triangle is one additional
degree of freedom, as shown in Figure Sc. The result of this 3-D problem is shown in Figure Se (for the fractures
discretization shown in Figure 5b) and in Figure 5f (for the fractures discretization shown in Figure 5c¢). In both
cases, the calculated pressure at the production well is p, = 0.4278 bar. Since the permeability of the fractures
is very high, the pressure along them is almost constant, therefore it does not make any appreciable difference to
discretize them or not. The pressure fields obtained by the 2-D and 3-D strategies are at the same magnitude
order, despite not being equivalent. These differences are expected since we did not use the same meshes. Even
so, we consider that the strategy presented here is capable of satisfactorily including the influences of high
permeability fractures in a 3-D domain adding just a few degrees of freedom to the original mesh (the rock
matrix one) and without the necessity to build it (the rock matrix mesh) fitting the fractures positions, as we do
when using the conforming mesh hybrid-grid method [14].

N
g \
(a)
. 1.00
-0.75
| -0.50
-0.25
k b b I 0.00
(d) (e) (H

Figure 5 — Intersection between. (a) 2-D mesh. (b) Fractures in 3-D problem. (c) Discretization of the fractures in
3-D problem with 16 cells. (d) Solution of the 2-D through the strategy of Cavalcante et al. [14]. (¢) Solution of
the 3-D version of the same problem through here presented strategy using 2 fracture cells. (f) Solution of the 3-

D version of the same problem through here presented strategy using 16 fracture cells.

5 Conclusions

In this work, we presented an embedded discrete fracture model (EDFM) to be applied on unstructured
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tetrahedral meshes in context of one-phase flow in naturally fractured reservoirs. To discretize the elliptic
pressure equation, we use the recently developed 3-D version of the multipoint flux approximation that uses the
"diamond stencil" (MPFA-D). We have discretized the fractures by two ways, as 2 rectangular cells and as 16
triangular cells, without any noticeable differences, in terms of results between them. Since the permeability of
the fractures is very high, the pressure along them is almost constant, therefore it does not make any appreciable
difference to discretize them or not. When compared with the results obtained in 2-D by the conforming mesh
hybrid-grid method presented by Cavalcante et al. [14], our strategy has also achieved good preliminary results,
which are in the same magnitude order than those ones, but without the necessity to build the rock matrix mesh
fitting the fractures positions, as we do when using the conforming mesh hybrid-grid method [14], and needing
just adding a few degrees of freedom to the problem.
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