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Abstract. Classical finite difference methodologies, obtained through Taylor series expansions of the functions,
are feasible only when the points are distributed on structured or Cartesian grids defined over rectangular domains
or mapped to rectangles. In this paper we present a technique capable of generating approximations for the two-
dimensional acoustic and elastic wave equations on structured and unstructured meshes over more general domains.
The stencils were calculated at each point of the arbitrary grid by interpolation techniques and the results shown
that the order of accuracy, obtained when the structured grid is used, is maintain to case unstructured and minimum
number of points of the stencils.
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1 Introduction

A paper that introduced finite difference discretizations in transient problems was [[1]], where Maxwell’s equa-
tions of electromagnetism are approximated on interleaved meshes, which can be understood as a dual mesh con-
taining points of a discrete finite difference mesh and an intermediate mesh, where the classical finite difference
operators are obtained at the points of the original mesh by means of approximations performed on an intermediate
mesh. Generalized finite difference methods (GFDM) presented in [2] made it possible to simulate applied me-
chanics problems on more general domains and irregular meshes, where approximations for elliptic and parabolic
problems are obtained by the method of least squares. In [3] the finite difference approximations on intercalated
meshes introduced in the work of Kane Yee [[1] are used in modeling seismic wave propagation problems. In what
follows, the GFDM was extended in [4] where hyperbolic partial differential equations are also studied.

2 Transient wave equations

Let 2 C R? be a smooth subset and [0, 7] be a time interval. The model problem with source term associated
with the acoustic wave equation will be defined as

9%u

o2 V- (*Vu) = f(z,y,t) on Qx (0,T), (1)
u(.,t) =00n 90 x (0,7), ()
u(.,0) = ug, us(.,0) =wvpon. (3)

with ¢ constant.
The mathematical model capable of describing the propagation of elastic waves given a vectorial field w(u1, us)
that satisfies it, under these conditions, is given by
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pa—:; —dive(u) = f, onQ,
o(u) =De(u) on €, )
u=0onT,
subject to initial conditions
Ou(x,0)

’LL((L’, 0) = ’U,o(w), = ’Uo(il?), )

ot

where u; = u;(x1,x2,t), ¢ = 1,2, represent the displacements of the solid oriented by the directions x1 and xo,
in that order.

Here the p parameter is the density of the medium, which we will adopt as constant, o = [0, 02] is the
symmetric Cauchy stress tensor, D = 2ull + A\I ® I is the isotropic elasticity tensor where Iis the second-order
identity tensor and I is the fourth-order identity tensor on symmetric second-order tensors. The linear strain tensor
is defined as e(u) = %(Vu + VuT). Furthermore, the symmetric strain tensor can be defined, under these
media conditions, as a function of the constitutive parameters. That is, the functions defining the stress vector
o; = [0, UiQ]T, i = 1, 2 can therefore be written in terms of the constitutive parameters

8 1 8 2 8 1 a 2
o — (2 + ) gor + A — H (8;2 + agl) ©)
n(Ge+92) NG (20 + ) Q2

where p and A are the Lamé coefficients. For plane and linear stresses the Lamé coefficients are given by the
relations

FEv - E
1+o)1-20) "~ 21 +0)
where I and v are the modulus of elasticity and Poisson’s ratio, respectively.

We cite [5, 6] and [7, 8], in that order, as example articles where classical operator approximations are
presented for the acoustic and elastic wave equations.

(7

3 Approximations of operators on unstructured meshes

Obtaining approximations for differential operators can be accomplished by defining stencils and calculating
their coefficients. The mathematical model of a generic boundary value problem can be abstractly presented as:
Finding a function u(x): 0 — R™=4, ¥x € (), so that

L(u)=f on (2,
®)
B(u) =g over 02,

where £ denotes a differential operator, f is the source term and 5 a condition on the 0f) edge of the domain. In
particular, the spatial differential operators associated with the equations (T) and (@), in that order, will be

0? 9?
and
L :=dive( ). (10)

The methodology to discretize the equations obtained by the (9) and (I0) operators will be feasible for stencils
with arbitrary amounts of points, distributed on uniform or non-uniform meshes. In the following we will rely on
the abstract notations for mesh, points and stencils presented in [9} [10].

Let X be a finite set such that | X| denote its number of elements and N = {Xo, ..., X|n7—1} C QUT aset
of indexed points, also called nodes, where the solution can be evaluated and approximated. We will denote the set
of points as A/ on the inside of Q by Z, so that Z := A N Q. The set of A/ on the 2 boundary will be denoted by
BP := N NT. In addition, for each ¢ € {0,..., |N|— 1}, will be associated with the set A; C {0,...,|N|—1},
which contains the points adjacent to z; chosen by a certain criterion. Thus, if j € A;, we have that x; is
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adjacent to x;. For the applications that will be made later it will be enough for us to admit that ¢ € A;, for all
ie{0,...,|N]—1}.

Being x a given point in A/, we associate an index ind(x), that for any i € {0,...,|N| — 1}, is given by
ind(x;) := i. It follows that ind(X) will be the set of indices of the points of X in . In particular, we have that
ind(NV) ={0,...,|N| -1}

Considering that the equation is a partial differential equation of one scalar variable u(x), its classical
finite-difference approximation over a point X; € Z must meet the following relation

Lu(xi) = > cjulx;), (11)

JEA;

with the coefficients c¢;, with j € A;, calculated such that the value of the operator £ on the variable u at the
point x; is given as a linear combination of the values of the function u evaluated at points x; belonging to a
neighborhood A; of x;. The operator approximation will be characterized by the coefficients c; of the stencil @
Classically these coefficients are obtained by Taylor series developments.

In our approach obtaining the coefficients c¢; of the finite difference stencil centered at x;, in the direct
expression (TI)), is feasible by replacing the variable u by m functions to be chosen from a set B; and evaluated at
the point x;. Equivalently, through a B; basis with m functions ¢,

Bi = {801;9027"'7<pm}7 (12)
we obtain for each ¢;, [ = 1,...,m, an equation,

> ciai(x;) = Lon(xi), (13)

JEA;

which is evaluated at the point x;, resulting in a system of m linear algebraic equations and |.A;| unknowns c;,
more details in [[10]].

If we consider that the functions of the set B; on (I2) are canonical polynomials in two-dimensional space
and in coupled time such as

we extend our result presented in [[L1] to a 2D domain, so that the system of algebraic equations generated by the
proposed approximation method for finite differences on non-uniform meshes will be given by

Un+1 —2Uu™n + Unfl
At?
where U™ is the vector of nodal unknowns and K is the stiffness matrix associated with the discretization of the
Laplacian operator. From (I3)) we explicitly obtain

+KU"™ = F», (15)

Ut — U — U™ 4+ At (F? — KU®) (16)

as a consequence of the fact that in these difference approximations the mass matrix remains diagonal because, in
time, classical second order discretizations will be adopted in all cases. Moreover, the discrete equation @ is an
extension to the two-dimensional case of part of the results presented in [11].

4 Structure of meshes and stencils

Figure (1)) contains examples of uniform and unstructured media and meshes to be used in future experiments.
As can be seen these are typical finite element meshes Q5. Thus, we illustrate the possibilities for spatial stencils

in Figure (2).
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Figure 1. Sequences of point meshes, from left to right: Uniform mesh (a), Curved mesh (b), Curved mesh/domain
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Figure 2. Structure of the stencils.

For 9-point space stecils(Figure (2d)) the set of monomials is obtained by the product of the spaces of func-
tions

By = {(1,z,2%) ® (1,y,5%)}. (17)
The 15-point stencils (Figures b)) and (2c)) contemplate two situations, namely,

IB15 = {(L x, 33‘2, 3:37 I4) 02y (la Y, y2)} or IB15 = {(L xZ, IQ) & (17 Y, y2a y3’ y4)} (18)
The 25-point stencils (Figure (2a)), on the other hand, will be obtained by using the

B25 = {(17-1".7]271'37374)@(17y7y25y3ay4)}' (19)

When the interior coordinates are randomly perturbed it is possible for non-convex stencils to appear on the
mesh. An isoparametric transformation [12] will, in some cases, lead to stencils of non-convex geometry, where
the associated interpolation functions will be quadratic, resulting in second-order approximations to the interpolant
in the experiments and consequent loss of optimal rate.

5 Numerical experiments

Approximations of the model problem (B) will be made on uniform and non-uniform meshes of 2¢ + 1 we,
i €{1,2,3,...,7}, where the wave speed was set constant ¢ = 1. Adotaremos parimetros de malha h; = 2~°
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and time step At = h;/20. The final time adopted in the experiments will be T'f := 1. Approximations will be
made for the analytical solutions presented in Table (T)).

Solution u(z, y, t) Source f(z,y,t)
t? sin(mz) sin(my) 2sin(wz) sin(my) (1 + 72t?)
cos(v/2mt) sin(mz) sin(my) 0

Table 1. Analytical solutions and associated source terms.

The calculation of the error committed in approximations will be performed in the L? norm || - ||, semi-
norm || V- || of H!, in addition to the well-known maximal | - |, norm. Third-order optimal rates in L? for
the interpolant u; and second-order rates in the || V- || semi-norm are expected in uniform mesh sequences.
Concerning the approximate solution w;, suboptimal second-order rates are expected in the norms in L? and of
the maximum because, asymptotically, the second-order truncation error of the stencils (2d), (2b) and will
predominate. For the semi-norm of H' second-order methods must be obtained because the approximation is
reconstructed inside the stencil via the nodal values of the gradient of a second-order interpolant.

—e— ||u-uh]| 1 —— ||u-uh]| E H —— ||u — uhl| ] —e ||u — uhl|
2? —o— [Ju-uil| 7] 2F —o— ||u-uil| 3 r —o— |Ju — uil| 1 1= —o— |Ju — ui| E
t —— ||V(u—uh)|| 4 —— [|[V(u-uh)|| 3 ok —— ||V(u—uh)|| 0; —— ||V(ufuh)HE
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Figure 3. Errors in the convergence study h for the solution ¢ sin(7z) sin(7y) on uniform and curved mesh
sequences (a)-(b) and curved domain in the plane wave approximation cos(v/27t) sin(7z) sin(7y) (c)-(d).

Over a sequence of uniform meshes suboptimal rates are obtained for the approximation errors associated
with the exact solution in time ¢2 sin(7z) sin(7y) (Graphic (3a)) in both norms L? and | - |, because the second-
order spatial error of stencils on the domain boundary defines the approximation order of the method. In addition,
optimal rates in the seminorm H'! for the approximation and interpolant are observed. For randomly deformed
meshes(Graph (3bB)) there is loss of optimal rate of the interpolant in addition to loss of accuracy in both norms
studied as well as in the seminorm H!.

Convergence studies performed with the refinement of type I curved domains obtained by approximating the
solution cos(v/27t) sin(x) sin(my) are illustrated in Figure (3c). The interpolant u; maintains optimal rate and
expected second order behavior is verified in L2, H! also in the norm of maximum. For studies with meshes over
domain type II it follows that the interpolant exhibits suboptimal rate and the semi-norm of H' is not shown to be
robust with the current mesh distortion, not having satisfactory behavior on more refined meshes.

6 Conclusions

We have presented in this work, so far, a methodology capable of generating approximations for the Lapla-
cian space operator associated with the acoustic wave equation. The associated stencils are obtained by using
independent monomials in the real variables = and y. Convergence studies on the norms in L? and of the maxi-
mum showed robustness for the varied mesh types and domains, with expected rates obtained. The seminorm of
H?*, on the other hand, proved unable to maintain expected rates for the type II curved domain. We are developing
the approximations associated with the elastic wave equation.

Acknowledgements. The authors thank CAPES, Coordenacdo de Aperfeigoamento de Pessoal de Nivel Superior,
for the financial support to the development of this work.

CILAMCE 2021-PANACM 2021

Proceedings of the XLII Ibero-Latin-American Congress on Computational Methods in Engineering and
1l Pan-American Congress on Computational Mechanics, ABMEC-IACM

Rio de Janeiro, Brazil, November 9-12, 2021



Template file for CILAMCE-PANACM-2021 full-length paper (enter here with the short title of your paper)

Authorship statement. The authors hereby confirm that they are the sole liable persons responsible for the au-
thorship of this work, and that all material that has been herein included as part of the present paper is either the
property (and authorship) of the authors, or has the permission of the owners to be included here.

References

[1] K. Yee. Numerical solution of initial boundary value problems involving maxwell’s equations in isotropic
media. IEEE Transactions on antennas and propagation, vol. 14, n. 3, pp. 302-307, 1966.

[2] T. Liszka and J. Orkisz. The finite difference method ar arbitrary irregular grids ans its application in applied
mechanics. Computer e Structures, ,n. 11, pp. 83-95, 1980.

[3] A.R. Levander. Finite-difference forward modeling in seismology. Geophysics, pp. 410-431, 1989.

[4] J. Benito, F. Urena, and L. Gavete. Solving parabolic and hyperbolic equations by the generalized finite
difference method. Journal of computational and applied mathematics, vol. 209, n. 2, pp. 208-233, 2007.

[5]1 J. Strikwerda. Finite difference schemes and partial differential equations. STAM: Society for Industrial and
Applied Mathematics, 2 edition, 2004.

[6] R.J.LeVeque. Finite Difference Methods for Differential Equations. University of Washington, 2005.

[71 K. R. Kelly, R. W. Ward, S. Treitel, and R. M. Alford. Synthetic seismograms: A finite-difference approach.
Geophysics, vol. 41, n. 1, pp. 2-27, 1976.

[8] S. Nilsson, N. A. Petersson, B. Sjogreen, and H.-O. Kreiss. Stable difference approximations for the elastic
wave equation in second order formulation. SIAM Journal on Numerical Analysis, vol. 45, n. 5, pp. 1902-1936,
2007.

[9] D.T. Fernandes. Métodos de elementos finitos e diferencas finitas estabilizados para o problema de Helmholtz.
Tese de doutorado, LNCC, 2009.

[10] J. D.B. Santos, A. F. D. Loula, and G. J. B. Santos. Geracdo de aproximacdes de diferencas finitas em malhas
ndo-uniformes para as edps de laplace e helmholtz. Proceedings of the of the Brazilian Society of Computational
and Applied Mathematics-CNMAC, 2016.

[11] J. D. B. Santos and A. F. D. Loula. High-order methods for the acoustic wave equation in one space dimen-
sion. Proceedings of the XXXVIII Iberian Latin-American Congress on Computational Methods in Engineering,
2017.

[12] T. J. R. Hughes. The Finite Element Method: Linear Static and Dynamic Finite Element Analysis. Dover
Civil and Mechanical Engineering. Dover Publications, 2000.

CILAMCE 2021-PANACM 2021

Proceedings of the XLII Ibero-Latin-American Congress on Computational Methods in Engineering and
1II Pan-American Congress on Computational Mechanics, ABMEC-IACM

Rio de Janeiro, Brazil, November 9-12, 2021



	Introduction
	Transient wave equations
	Approximations of operators on unstructured meshes 
	Structure of meshes and stencils
	Numerical experiments
	Conclusions

