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Finite difference schemes comparison on the drying process of a banana
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Abstract. Drying is an ancient method for preserving fruit and vegetable crops. It has been used effectively to
extend the lifespan of agricultural products and decrease post-harvest losses. Drying, or dehydration, consists in
lowering the vegetable’s moisture content by evaporation. This procedure reduces microorganisms’ reproduction
and other reactions that would result in rapid deterioration of organic matter. Therefore, it conservates food for
longer periods of time. During drying, complex phenomena occurs then mathematical modeling and simulation are
adequate tools to study the product’s behavior. In this instance, this work aims to compare three Finite Difference
schemes (Crank-Nicolson, Dufort-Frankel and Euler explicit) on how suitable they are for describing the behavior
of a banana during drying. The numerical results obtained were compared to experimental data.
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1 Introduction

Drying is a well-known, ancient method of preserving fruit and vegetable crops by decreasing spoilage, and
can be used effectively to extend the shelf life of agricultural products (fruits and vegetables) and decrease their
post-harvest losses [1]. Furthermore, from an economic point of view, high quality dehydrated products can be
produced and stored at relatively low costs, which makes them suitable for today’s competitive global market.

Since banana is a fruit produced in most countries with tropical climate, it is the target of numerous researches
on the drying process. Drying can be described as a complex chemical phenomenon, and although it focuses on
creating a stable product in most approaches, it consumes a lot of energy, accounting for about 15% of overall pro-
duction costs [2]. Importantly, these techniques are associated with higher greenhouse gas emissions, representing
a serious threat to the environment. This justifies the numerous researches that have been carried out with the
objective of increasing the quality of the final product, reducing the drying time and reducing the dryer’s energy
supply costs from renewable sources [3]].

To describe layer drying of agricultural products, we can divide into two main groups of models. The first
group corresponds to empirical models and the second corresponds to diffusion models. Empirical models are
important not only for describing thin-film water removal, but also for describing the penetration of heat during
such removal when hot air is used. In this case, heating is guided by the diffusion equation, which involves the
drying rate in the energy balance [4, 5], and this rate can be determined by an empirical model.

As already mentioned, drying is a complex phenomenon and, therefore, mathematical modeling and simula-
tion are tools to deal with this complexity. Mathematical modeling in fruit drying consists of using mathematical
equations to predict the operation procedure [6]. Several parameters must be defined for the mathematical mod-
eling of drying. Castro et al. [7] describe these parameters in their article. These parameters must be generated
during the design of the model before starting a mathematical modeling.

For the determination of thermophysical parameters, such as effective diffusivity and mass transfer coeffi-
cient, an adequate mathematical model must be adapted to the description of the drying kinetics of a product.
Empirical models can be used to determine such parameters [8, 9]. In the case of the liquid diffusion model, an
optimization algorithm, based on the inverse method can be used [5, [10} [11]].
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Mariani et al. [S)] proposed an optimization algorithm for determining the apparent thermal diffusivity of
bananas using a numerical solution of the diffusion equation. Silva et al. [11] proposed two algorithms, one
deterministic and the other stochastic, to determine the diffusivity of effective drying mass of mushrooms, using
an analytical solution of the diffusion equation for an infinite slab with boundary conditions of the first type.

For simple geometries such as plates, cylinders and spheres with constant thermophysical properties, simple
analytical and numerical solutions can be found in researches such as Silva er al. [12], although when the real
geometry is replaced by a simple geometry, an analysis of the moisture or temperature distributions cannot be fully
accepted, as they do not provide information about the internal deformation or crack formation in the product.
Thus, some moisture diffusion studies are carried out using a real product geometry, thus identifying regions
critical to cracks. It is noteworthy that while an infinite cylinder allows to predict the distribution of moisture only
in the central region, the real geometry allows the distribution of moisture at the ends of the product [[13]].

Numerical and analytical methods are used to approximate the solution of partial differential equations. The
three main successful numerical methods are finite differences, finite volume and finite elements. Analytical
models to solve decoupled mass transfer equations in 1D. de Lima et al. [14] used the finite volume method to
describe the process, considering the shrinkage and an ellipsoidal configuration for the product. Silva et al. [15]]
also studied the drying of whole bananas using the finite volume method applied to an ellipsoidal geometry, but
their model considered effective moisture diffusivity as a variable property.

For numerical analysis, explicit and implicit methods are used. Implicit models when dealing with non-
linearity of material properties, need to perform sub iterations, thus increasing the total number for convergence,
e.g. Janssen [[16]], which needed thousands of iterations to converge a solution for mass diffusion. On the other
hand, an explicit scheme allows a direct calculation of the solution at the next time. An example of work based on
explicit schemas is Tariku et al. [17] propose a model of calorie and moisture transfer taking into account protective
effects such as protection against moisture, moisture sources and the effects of moisture on calorie transfer.

Defining the geometry and dimension of the system is essential. Although there are researches as seen before
where the geometry used is the closest to the fruit, most researchers use a rectangular or cylindrical shape, it is
noteworthy that when using a cylindrical geometry it is common to take an infinite cylinder.

In order to make comparisons and determine the accuracy of the models, we can find in the literature the
following statistical indicators such as: coefficient of determination (R2), mean average error (MAE), the mean
average percentual error (MAPE) and root mean square error (RMSE).

2 Numerical Discretization

One-dimensional heat and mass transfer in polar coordinates may be represented as a parbolic model based
on Fourier and Fick equations for heat and mass diffucion, respectively [5]].
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Equations|T]and [2]can be discretized in space and time, as shown in Fig. 1]

2.1 Crank-Nicholson implicit scheme

In turn, the Crank-Nicholson discretization [18]—based on the trapezoidal rule—is an implicit scheme—in
time and space—widely applied in diffusion problems. This method is unconditionally stable.

2.1.1 Heat transfer in the banana

Applying both of derivatives of first and second order in Eq.[I}

(o) o) o
ot i+l r or or i+l

At this point, the Crank-Nicolson approach can be applied in the Eq.[3] In this case, it is the equivalent of the
average of two time steps on the spatial derivative —RHS of the Eq.[3]
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Figure 1. Radial discretization.
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Rearranging Eq.[d we get an implicit expression that can be solved with some tridiagonal system os equations
(TSOE) slver, as TDMA, Gauss-Siedel or Gaussian elimination.
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In this work, these TSOE will be solved by using the TDMA solver.
Boundary condition at ¥ = 0 (¢ = 1) can be obtained from the Maclaurin expansion, resulting in this
expression:

T 20 g, S :
— J+1 J J+1 J
At Ar? <T2 th o - ) ©
For 7 = R (¢ = n), the boundary condition is obatined for energy balance at the external surface, consisting
on inlet convection and outlet energy by heat convection and mass transport:

oT 0X
—k (%’)n =h(T, —T.)+ pSArﬁ [hyg + co(Th — Te)] (7)

Rearranging Eq.[7]to obtain the forward temperature at the time j + 1:
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2.1.2 Mass transfer in the banana

Analogously to the heat transfer, the mass transfer at the internal elements—similar to Eq. 5
At the center of the banana, » = 0 (¢ = 1), can be calculated similarly to Eq. |§t

X" —x{ 2Dy
At Ar2

(x4 + x4 - x{7 - x9) )

On the other hand, the mass balance is calculated by the diffusion equation:
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In this way, the boundary condition at the external surface of Eq.[T0|can be obtained by forward difference:

hm(XR _Xe) (10)

n— B (X3 — X)) (11)

2.2 Explicit forward Euler scheme for heat and mass diffusion

The Euler explicit scheme can also be applied to solve the diffusion Eq. [I]and 2] but it must be taken into
account the following stability requirement [19,20] for heat transfer:

aAt 1
< = 12
Arz = 2 (12)
Thus, with the forward explicit method applied to Eq. [T]at the internal elements, the following point-to-point
expression can be obtained:
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The boundary conditions at the explicit scheme can be considered the same as in the Crank-Nicolson, both at
the center and at the outer surface (Eq. [6]and 8] respectively).

In the same way as in Eq.[T2] the stability condition for mass diffusion need to be considered.

Also, the internal elements for mass diffusion can be calculated by an expression similar to Eq. [I3}

Xt - X! 2D (

Xj
At Ar?

fa—2X] +x,) (14)

The boundary conditions for mass diffusion by using the explict method are the same as in Eq.[9]and[TT]

2.3 Dufort-Frankel scheme

The Dufort-Frankel scheme [21H23]] is a three-time explicit and unconditionally stable method. Throughout
this discretization, an implicit calculation—e.g. Crank-Nicolson scheme—was used to obtain the temperate of
the nodes at ;7 = 2. After this initial calculation, the internal temperatures via the Dufort—Frankel scheme can be
obtained with the following expression from Eq. [T}

2] s

Tt i a
At rAr2 [ ¢

T (T g
The boundary conditions for heat diffusion via Dufort-Frankel method for » = 0 and » = R are the same as
in Eq. [ and 8] respectively.
For mass transfer, the discretization of Eq. 2] via the Dufort-Frankel scheme in space and forward difference
in time can be expressed as

X' - X/ D, , : ;
b = e [y X = (g g ) Xy XL (16)

2

The boundary condition at the center of the banana (r = 0) can be obtained with the approximation X Z] =
(X77' + X7%1) /2 and central difference in time:
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Finally, the boundary condition at the outer surface is the same as in Eq.[TT]

3 Results and Discussion

The results obtained for each scheme are illustrated in Fig. 2} The schemes were compared using the Mean
Average Error (MAE), the Mean Average Percentual Error (MAPE), the Root Mean Square Error (RMSE) and the
Pearson correlation coefficient (R), based on the experimental data available on the work of Pérez [24], as shown
in Table 1. These coefficients were obtained by Eq. where 77 is the experimental temperature in the center
of the banana (r = 0) on time step 7, Tg is the numerical temperature in the center of the banana on time step 7,
ny is the total number of time steps, and T is the average temperature in the center of the banana.
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Figure 2. Comparison of the results obtained for the temperature in the center of the banana with experimental
data for validation.

All three methods presented good fits for the model, with similar error coefficients. The same correlation
coefficient (R) was reached for the first and second case, yet the Dufort-Frankel (DF) and the Euler Explicit (EE)
schemes showed lower mean average errors for Case 01 and Case 02, respectively. It is relevant to mention
that, although DF is unconditionally stable, it displayed numerical noise with an order of magnitude of 10~2 °C.
Nevertheless, as shown in Tabm there was no discrepancies between schemes, and there is no relevant difference
in terms of average errors.
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Table 1. Comparison of MAE, MAPE, RMSQ e R for each scheme.

Case Error Crank-Nicholson  Dufort-Frankel —Euler explicit
MAE 0.2783 0.2775 0.2780
MAPE (%) 1.0230 1.0202 1.0219
Case 01 RyvSE 0.3280 0.3272 0.3277
R 0.9931 0.9931 0.9931
MAE 0.3805 0.3847 0.3794
MAPE (%) 1.0234 1.0445 1.0217
Case 02 RMvSE 0.5886 0.5949 0.5865
R 0.9979 0.9979 0.9979
MAE 1.5492 1.5834 1.5427
MAPE (%) 33810 3.4697 3.3655
Case 03 RMSE 1.7275 1.7735 1.7198
R 0.9960 0.9958 0.9959

For case 03, there was a slight increase on the mean average error. Even if EE presented a lower MAE, MAPE
and RMSE, the best correlation coefficient was given by the Crank-Nicolson (CN) scheme. Nonetheless, the error
coefficients showed no significant difference.

The values for thermal diffusivity obtained were in the range between 2.3406 x 10~ and 9.9225x 10~ *tm? /s,
which agrees with the work of Mariani et al. [5]].

4 Conclusions

As shown by the similar error metrics, all three schemes have presented satisfactory results. Although it was
not studied the effect of different mesh or time efficiency, these data prove that the schemes studied are suitable
for this kind of simulation. The comparisons around time and computer efficiency for this simulation are yet to be
made.
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