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Abstract. The optimization problems that must meet more than one objective are called multi-objective
optimization problems and may present several optimal solutions. Classic optimization methods had their
importance in the past, but they lost space for new algorithms that emerged with the advancement of computing,
better able to deal with a greater number of variables, objectives and nonlinearities. Evolutionary and meta-
heuristic algorithms are exponents in the literature as the main tool for solving complex multi-objective
problems. This work presents the first multi-objective meta-heuristic registered as a computer program in Brazil.
The Multi-objective Lichtenberg Algorithm is an optimizer inspired by the physical phenomenon of radial intra-
cloud lightning and Lichtenberg Figures. The algorithm is tested and compared with other renowned algorithms
(MOPSO and NSGA-II) in some Zitzler-Deb-Thiele test functions and is finally applied to constrained and
unconstrained engineering problems: Welded Beam Design, Disc Brake and 4-bar-truss. MOLA proved to be a
promising multi-objective optimization algorithm surpassing today's most renowned algorithms.
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1 Introduction

Optimization is a highly desired engineering tool in human history. The first algorithms were what are
now called classical methods, based on gradients, and this is how many engineers around the world are taught in
undergraduate courses. However, with the advancement of technological and computing development,
optimization methods have emerged and overcome challenges that classical methods could never solve.
Optimization of non-linear, non-convex, multimodal, multi-dimensional and multi-objective problems has
gained prominence with the application of meta-heuristics [1].

The meta-heuristics are an exponent of Artificial Intelligence in optimization problems and are currently
the most used tools in complex engineering problems [2]. When the problem has more than one objective, it is
called Multi-objective and the number of algorithms capable of solving them is even smaller. Most of the works
found in the literature using multi-objective meta-heuristics use evolutionary or swarm algorithms. The most
popular are NSGA-11 and MOPSO [3].These types of algorithms are inspired by behaviors found in nature and
each one had general parameters, such as population and number of iterations, and specific parameters that
control these algorithms according to their way of creation. According to the no-free-lunch (NFL) theorem [4],
none of them can be excellent at solving any type of problem.

This paper shows the first multi-objective meta-heuristic registered in Brazil at Instituto Nacional da
Propriedade Industrial (INPI), the multi-objective version of the Lichtenberg Algorithm (LA). This algorithm is
inspired by the physical phenomena of lightning storms and Lichtenberg figures. The details of the creation,
validation and some applications can be found in Pereira et al [5]. The optimizer has been successfully applied in
the identification of cracks [6], damage in composites [7] and in the design optimization of carbon fiber isogrid
lower limb prosthesis considering single-objective optimization [8]. One of the reasons for LA's success is that it
combines in a single optimizer a stochastic search based on population and trajectory, with shots of Lichtenberg
Figures (LF) in the best solution from the previous iteration. At each iteration, this figure (known as a peculiar
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natural pattern - fractals) is fired with different sizes and rotations, being able to sweep from tiny regions to the
entire search space.

The MOLA will be compared with MOPSO and NSGA-II in three functions of the set called Zitzler-
Deb-Thiele (ZDT) test functions [9] and then applied to complex constrained and unconstrained engineering
problems: Welded Beam Design, Disc Brake and 4-bar-truss. The manuscript is organized as follows: Section 2
brings a general theoretical background about Lichtenberg Algorithm. Section 3 presents the methodological
procedure. Section 4 brings the results and discussions and section 5 brings the conclusions.

2 Lichtenberg Algorithm

A new meta-heuristic inspired by the physical phenomena of lightning storms and Lichtenberg Figures
was recently created by Pereira et al. [5], which presents all the details of the creation of the Lichtenberg
Algorithm (LA). Lichtenberg was the first to study the phenomenon of propagation of electric discharges in
dielectric material, which leads the figure to have branched and tortuous aspects. According to Merrill [10], the
impossibility of determining the resistances at each point, having the heterogeneities of the material, determines
the random growth of the figure for each case, even for the same material and electrostatic conditions. Turner
[11] suggests that LF can be built through a random growth process with many particles, forming a cluster. Due
to its stochastic model, each execution of the algorithm can generate different figures. Therefore, the
construction of the Lichtenberg Figure is entirely numerical.

Among some growth models found in the literature, the Diffusion Limited Aggregation (DLA) theory,
proposed by Witten and Sander [12] [13], was used. A binary matrix (0 and 1) is built as a map and, in the
center, a particle represented by the number one is fixed. The cluster is built by the values of the matrix that is
one and the empty spaces have zero value. Each matrix element of value one is a particle of the cluster and the
number of them (N,) in the cluster is defined at the beginning of the program. The space for construction of the
figure is defined by the creation radius (R.) and from it the matrix is generated with line and column numbers
equal to twice R, (diameter).

Particles are randomly released across the matrix and if they reach the cluster that in the beginning was
just a particle in the center, they have an S probability of fixing, also called the stickiness coefficient. This
parameter controls the density of the cluster. The particle walks are plotted randomly, radially, and as if they
were on a Cartesian plane from the center and settling down anywhere on the map, rounding off the position to a
matrix element with line and column. At this point, it can be added only if there is another particle next to it
confirmed by a lateral check. If it reaches a radius slightly larger than the R, it is exterminated and another one
starts the random walk again. This happens until all the particles determined at the entrance N, are contained in
the cluster or until it reaches its limit of construction.

Each particle in the cluster can be transformed into locations on a Cartesian plane and the LF can be
plotted at any size, slope or starting point. Then, the extracted figure is plotted in the exact size of the search
space and its center in the center of it. At each iteration, this figure can be plotted with different sizes and
rotations, selected at random. This is done as a measure to improve the exploration and exploitation capabilities
of the algorithm, in addition to preventing a flawed reading of the search space.

Another parameter of the optimizer is the refinement (ref), an input parameter that can be from 0 to 1
and is a creator of a second LF (red) every iteration from 0 to 100% with the same size of the main LF (blue)
(see Figure 3). This smaller scale figure improves local search. If ref = 0, only the global LF (blue) acts on the
optimizer every iteration, the global one.

Not all LF points are used to compute the objective function(s), as the number of points used for this
purpose or population (pop) is defined at the beginning of the algorithm. The LF points (that represents the
population) are chosen throughout the LF structure and are represented graphically by black dots, all of which
are always within the search space by means of a check. This form makes LA a hybrid algorithm as it merges
two types of algorithms found in the literature: population and trajectory. This hybrid routine, not found in any
meta-heuristics, brought to the algorithm a great capacity for exploitation and exploration.

The sixth parameter is switching factor (M), a parameter for changing the LF in the optimizer input
data. This parameter can be set as zero, one or two. If one, a figure is generated when starting the program and
the same figure is used in all the iterations of the execution. If it is 2, a new figure is generated at each iteration.
If M is worth 0, a previously saved figure is used in the optimizer and no figure is generated. It is important to
note that the generation of a Lichtenberg Figure can take about two minutes. However, if no figure is generated,
the optimizer generates final solutions in less than a second. Finally, the number of iterations (Nir).

All points evaluated in the search space generate solutions in the objective space and these solutions are
compared using the Pareto dominance relationship, where the non-dominated solutions are kept in the solution
space and the non-dominated ones are excluded. The set of non-dominated solutions for each iteration forms the
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current Pareto front of the problem, which tends to approach the real one through the iterations. The algorithm
works considering all points of the current Pareto front as candidate points to plot LF’s. At each iteration, one of
these points are selected at random to plot a LF, generating in the variable space a forced search in the regions
that present better values of objective functions.

Table 1 shows some recommendations for the parameter ranges to be used. Figure 1 shows the LA
acting in the search space for a two-dimensional problem. Note that d is the number of variables in the problem.

Table 1. Recommended LA Parameters [5].

Parameter Value
R¢ 50 to 200
N, 10%to 10°
S Oto1l
Pop (10to 40) xd
ref Otol
M 0,1or2
Niter 10%to 10°

Lichtenberg Local
Lichtenberg Global
e Population
7,'\( Best
<0
-5 :
-5 0 5

Figure 1. Population distribution in the Lichtenberg Figures (pop = 10 and ref = 0.3) [5]

3 Methodology

The algorithm will be tested on three test functions from the ZDT suite. The first (ZDT1) is a convex
Pareto front; The second has a concave and the third has a Pareto front with several convex segments
(discontinuous and disconnected). These functions are represented in Table 2. After being compared, the meta-
heuristic will be applied to three design problems in mechanical engineering. The three can be found in Ray &
Liew [14] and are represented in Figure 2.

The welded beam design works with four variables: width (x;=h) and length (x,=I) of the welded area,
the depth (xs=t) and the thickness (x,=b) of the beam. The objectives are to minimize the total manufacturing
cost (f;) (Equation 1) and the deflection of the beam (f,) (Equation 2) under the appropriate constraints (Equation
3) and search space (Equation 4).

In the 4-bar truss design problem the structural volume (f;) (Equation 5) and displacement (f,) (Equation
6) should be minimized subject only to the search space (Equation 7). There are four design variables related to
cross sectional area of members 1, 2, 3 and 4.
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a) Welded Beam Design b) Four bar truss c) Disk Brake Design
design
Figure 2. Multi-objective Design Problems (Rao, 2009)

The disk brake design has two objectives: to minimize the stopping time (f;) (Equation 8) and mass of a
brake (f,) (Equation 9). There are four design variables: the inner radius of the disk (x,), the outer radius of the
disk (x,), the engaging force (area between the brake disc and the brake blocks) (xs) and the number of friction
surfaces (x,) as well five constraints (Equation 10) and the search space in Equation 11.

Table 2. ZDT Test Functions

ZDT1 ZDT2 ZDT3

Minimize f =X Minimize fl(x)le Minimize f(X) X
fy(x) = g(x )Xh(fl( ), 9(x)) fy (x) = g(x) xh(f;(x), g(x)) f2 (x) = g(x) xh(f,(x), 9(x))

N N
Where g(x) =1+—— ? 2 X Where g(x) = 1+L 2 X Where g(X)=1+L 2 X

N-11=2 N-11=2 N-11=2

. fl(y 2 f,(x)
h(f,(x), g(x)) =1- (/g(x) h(f,(x), 9(x)) =1—( g(x)) h(f,(x),g(x)) =1- gl(x) -

1y sinor £,00)

9(x)

0<% <11<i<30 0<% <11<i<30 0<% <11<i<30

The parameters of the MOLA for these applications are: Pop = 50; Nj=100; R, = 200; N, = 10% S =1;
ref = 0.4 e M = 0. The chosen values were found after an analysis of Design of Experiments (DOE) and Analysis
of Variance (ANOVA) using weighted least-squares and considering 10 complex functions. The Model Indicator
fit (R?) of the analysis was more than 90%. Details and a full discussion of ways to tune the Lichtenberg
Algorithm will be published coming soon.

min f, (x) = 1.1047x12x2 +0.04811x3% (14 + %5) 1)

f 2. 195/
min (x) xg’x4 ®

g7 (X) =7(X)-13600<0 (3.2)
9,(X)=0(X)-30000<0 (3.b)
93(X) =% —%, <0 (3.0)
g4(X) =6000- P, (X) <0 34)
0.125< % <5,i=1,4; 0.125< x; <10.0,i = 2,3 @
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where:
X , P
T(X)ZJ(T,)Z‘l'ZT"T.2+(z",)2; T(X) = — T”(X) :E' M = P(L—!—X—z)'
2R Vax, J 2
R= Xiz-i-(w)z; J=2 X XLZ_;_(ﬁ)z co(X) = 504000;
4 2 2 [ 12 2 X4Xg?
4PL3
o(X)=—45—;
EX3"X4
4.013 X / E EGX,2X,"
Fo(x) = -3 = |3
L2 2L V4G 36
min f (x) = 200(2, + 2%, + X5 +%,) 5

min £,(4) = 0.01«%1%(2% )—(Zﬁ/X3 +(3,) ©

1<x <5i=14 14142<x <3i=23

O
min £,(x) = 4,900 °)(x2 ~ x2)(x, -1) -
6., 2 2
min f,(x) = (9.82107)00xz = lea 3 )
(%2 =X )%4%g)
0y (X)=20+% — X, (10.)
X
X)="3 ~0,4

93(X) (3’14()(5 ~ xf)z) (10.c)

©2,22(107%)(x) (%5 - X7) )
9,(X) = 02 - x)? 1 (10.d)
05 (X) = 900~ (2,66(102)xy, (0 — ) 1 (62 - X)) 102)
55 <% <80; 75<x, <110; 1000 < X3 <3000; 2 < x, <20 1)

4  Results and Discussions

The results for the ZDT functions can be seen in Figure 3. NSGA-II and MOPSO results were found in
[3]. When it comes to meta-heuristics, their efficiency is measured by the exploration and exploitation capacity.
The first refers to the ability of the algorithm to escape local minimums and better search other regions of the
search space. The last one refers to the capacity of the meta-heuristic to improve the solution already found in
terms of accuracy [15]. However, when it comes to multi-objective algorithms, in addition to these
characteristics, the algorithms are evaluated for their convergence and coverage capacity. Convergence is to
bring the Pareto front closer to the individual minima of each objective function. Coverage details the
algorithm's ability to find very diverse and scattered solutions [03]. It can be seen in Figure 3 that the
Lichtenberg Algorithm obtained excellent results in these aspects, since the solutions found practically
overlapped the true Pareto front of the test functions.

The algorithm found better solutions than one of the most used algorithms in the literature for multi-
objective optimization, the NSGA-Il. And it had similar results to MOPSO, another widely used algorithm.
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However, when the problem presented a disconnected Pareto front, MOLA fared better.
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Figure 3. Pareto front found by MOLA, NSGA-II and MOPSO in ZDT test functions

In addition to these functions where the Multi-objective Lichtenberg Algorithm was tested, in an
international paper in the process of publication it faced a larger battery of other meta-heuristics and more
complex problems, with excellent results. Validated, the algorithm was applied to the three engineering problems
mentioned above and the results are shown in Figure 4. It is noticed that the algorithm found a Pareto front that
is practically coincident with the true one, with many solutions, making it suitable for solving multi-objective
problems.
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Figure 4. Pareto front found in complex design problems

5 Conclusion

This paper discloses the creation of one of the first Brazilian meta-heuristics. In a tropical country
where lightning is common, the Lichtenberg Algorithm is born inspired by the physical phenomenon of lightning
and Lichtenberg figures. In this work it was applied to three common and varied multi-objective test functions
and to 3 test problems in engineering.

It can be observed that the algorithm found solutions in all cases with good convergence and coverage,
with a Pareto front that almost overlaps the Pareto front expected for the problem. The algorithm proved to be
effective and with equivalent and even superior results than the NSGA - Il and MOPSO in these results.

In this way, the Brazilian algorithm that honors Lichtenberg is able and prepared to face challenges and
complex optimization applications. The algorithm code in the mono-objective version is available at [16].Where
will soon have a multi-objective version as well.
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