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Abstract. In this work, we explore the dynamical response of metastructures with high-static-low-dynamic stift-
ness (HSLDS) characteristics, with focus on the vibration attenuation performance through band gaps and band
stops. A metastructure consists fundamentally of identical components, the cells, connected in a way that charac-
teristics of mass, stiffness, and or damping are spatially repeated. Metastructures present interesting characteristics
for vibration attenuation that are not found in classical structures. These characteristics have been explored for
automotive and aerospace applications, among others, as structures with low mass are paramount for these indus-
tries, and keeping low vibration levels in a wide frequency range is also desirable. One unit cell with three degrees
of freedom is used, with an axial harmonic force applied at the rightmost element. The dynamical response of the
linear metastructure is found by mechanical impedance and transmissibility methods. The cell dynamical response
of the nonlinear metastructure is found using the method of multiple scales (MMS), and the response is compared
to the fourth-order Runge-Kutta method (RK). The influence of the mass ratio between the elements of the cell and
number of cells in the complete structure are analysed in the frequency response of the metastructure.

Keywords: HSLDS, Metastructure, Vibration isolation, Multiple scales.

1 Introduction

Research on metastructures is attracting increasing attention from many engineering applications, such as
civil, automotive and aerospace structures, as they have interesting characteristics such as band gaps and band
stops [1]]. These characteristics can be manipulated by the macro geometrical arrangement of its fundamental
components, or unit cells, in a way that characteristics of mass, stiffness and or damping are spatially repeated
and the resulting band gaps are in a desired frequency range [2H4]. According to Chakraborty and Mallik [5] an
advantage of metastructure is that the dynamics of these structures can be studied with the analysis of just one
cell. According to Mead [6] the limiting values of band gaps and band stops can be found by analyzing the natural
frequencies of free and fixed cells, these frequency ranges can also be found by analyzing the transmissibility of a
single cell [[7]].

In order to increase the bandwidth of vibration attenuation in metastructures, nonlinear characteristics have
been explored in different ways. Both nonlinear stiffness and damping can affect the dynamic behavior of such
structures [5} [8]. High-static-low-dynamic stiffness (HSLDS) is an example of nonlinearity and can be used to
attenuate vibrations, as is done in [9]] and [10]. The propagation of acoustic waves can also change due to nonlinear
effects [[L1]], besides that, metastructures with nonlinear characteristics can have chaotic responses in addition to
the periodic ones more commonly observed [12].

To solve systems with nonlinearities it is possible to use the method of multiple scales (MMS), as exemplified
by Nayfeh and Mook [13]]. Some papers use the method of multiple scales, such as El-Bassiouny and Eissa [14]]
which analyzes a system with three degrees of freedom with cubic nonlinearity, El-Sayed and Bauomy [15] uses
MMS to find approximate solutions for a nonlinear system with torsional vibration, to apply active and passive
control methods to attenuate vibrations and Navazi and Hojjati [16] which uses MMS to analyze vibrations of an
unbalanced rotor mounted on HSLDS supports. It is also possible to solve the nonlinear system using numerical
methods, such as Vasconcellos and Silveira [17]] which uses the Runge-Kutta method to analyze a metastructure
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with nonlinear stiffness.

In this work, we explore the performance of the metastructure for attenuation of axial vibration through the
analysis of band gaps and band stops. The methods of mechanical impedance and transmissibility are used to
define the limiting values of these frequency ranges, in addition to analyzing the influence of the mass ratio. And
as it is seen that the nonlinearity can help in the attenuation of vibrations, the method of multiple scales is used to
solve the cell of the metastructure with HSLDS and these results are compared with the fourth-order Runge-Kutta
method.

2 Mathematical model

Figure shows the model of metastructure with axial vibration F'(¢) that are analyzed in this work, the dashed
line shows one cell of this metastructure, the metastructure has mass, damping and stiffness coefficients named m1
and mo, c and k, respectively. In addition to HSLDS stiffness k,, which has a geometric nonlinear behavior with
influence on the displacement of the metastructure in x direction, and when it comes to the linear metastructure
we have k, = 0. The mass ms is written as a ratio of the mass m1, as follows my = umy, in which p is the mass
ratio.

Figure 1. Schematic model of nonlinear metastructure.

The dynamical equations can be obtained by applying Newton’s second law, giving the general form:

Mi + Ci + Kz + G(z) = F(t) (1)

in which M, C and K are the mass, damping and stiffness matrices, x is the displacement vector and G(x) is
a vector with nonlinear terms. F'(t) is the external force applied to the structure (F'(t) = Fp cos(£2t)), in which
Fy is the amplitude and 2 is the frequency of excitation, and only the last element is nonzero. For the cell, the
displacement vector is = [x1, T2, z3)’, and the matrices are given by eq. (2):

my 0 0 c —c O k -k O 0
M=| 0 2m 0 | C=| - 2 —c|E=| -k 2 -k| G@)=| %% | @
0 0 mi 0 —c ¢ 0 -k k 0

To solve the linear system, two methods are used, the method of mechanical impedance and the method of
transmissibility, and for the nonlinear system, it is used the method of multiple scales.

For all three methods, it is important to define the natural frequencies of the cell, they can be found by defining
the dynamic matrix as A = M 'K, naming the natural frequencies as w; 2,3, and defining A = w7 , 3, in which A
are the eigenvalues of A, and then it is possible to obtain the natural frequencies of the cell, as shown in eq. (3):

k k+k
wr =0 wo = m11 Wz =4/ M#ml 3)

3 Dynamical response of linear metastructure

First, the method of mechanical impedance is used to analyze the linear metastructure, in which the mechan-
ical impedance Z is found by the following equation: Z(iQ) = —Q?M + iQC + K. And the frequency response
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is found by solving X from the following equation: X = [Z(iQ2)] ' F(¢). Band gaps appear when the mass ratio
is greater or less than 1, so the analysis of band gaps is done in two steps, the first is considering ¢ < 1 and the
second p > 1.

To identify the beginning and end of the band gap and band stop the natural frequencies shown in eq. (3)) are
used, in addition, it is necessary to find the natural frequencies when the cell is fixed in one of the ends, that is,
when either the leftmost mass or the rightmost mass is fixed. To simulate the fixed cell, the first rows and columns
of the matrices shown in equation () should be considered as zero to crimp the leftmost mass of the cell. Natural
frequencies are given by:

k2 +1—pk —k ky/p2 +14 pk +k
w21 =\ — wa2 = €]

2umy 2pmy

The following nomenclature is used to identify the band gap and band stop, w, the beginning of the band gap,
wyp, the end of the band gap and w,. the band stop.

Figure 2] shows the frequency response of the leftmost mass (X7), considering the metastructure with up to
five cells (n = 5), as well as the natural frequencies and the frequency response of the fixed cell. The dashed line
shows the value of 10Y, when the frequency response curve passes below this line, it is possible to identify where
are the band gap and band stop limiters.

(@)

10°

Xy [m)]

10-10

Qfrad/s| Qrad/ s

Figure 2. Frequency response with (a) 4 < 1 and (b) 4 > 1 forn = 1,...,5, fixed cell and the vertical lines
indicating the natural frequencies.

From Fig. [2] (a) it is possible to identify the band gap and band stop for ;o < 1. The beginning of the band
gap w, as being wo, the band stop w, as being w3 and the end of the band gap is split in two values, wy; and wy,,, as
it is depend on the number of cells in the metastructure, in which wy, = woo and wy, is the n** natural frequency
of the metastructure, where n is the number of cells.

From Fig. [2](b) it is possible to identify the band gap and band stop for 1o > 1. The end of the band gap w;, as
being w, the band stop w,. as being w3 and the beginning of the band gap is be split in two values w,; and wq,,, as
it is depend on the number of cells in the metastructure, where w,; = wo1 and wy,, is the nt"—1 natural frequency
of the metastructure.

And now the transmissibility (7'r) is used, which is basically a ratio between the response of the leftmost
mass and the rightmost mass (I'r = X;/Xs,+1). And to find the frequencies referring to the band gap and the
band stop, must find the expressions to |Tr| = 1, these equations are shown in eq. . Note that wor, and wsr,.,
are equal to wy and w3 shown in eq. (3), respectively.

k T ik + k
Wiy = wWory =\ — w3y = )
’LLml miq ’[Lml

Figure [3|shows the transmissibility for 4 = 0.5 and p = 2, with the vertical lines indicating the frequencies
shown in eq. (3). It is possible to identify the band stop w, as wzr, for both 1 = 0.5 and p = 2. For pu = 0.5, the
beginning of band gap is war, and the end of band gap is w; 7, and for ;1 = 2, the beginning of band gap is wir,
and the end of band gap is wor-.

4 Dynamical response of cell with HSLDS

The method of multiple scales is used to solve the problem of the cell with HSLDS, and to start the method
it is necessary to decouple the system variables that are shown in eq. (I)) and the matrices shown in eq. (). To
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Figure 3. Transmissibility curve, where the vertical lines indicate the frequencies shown in eq. (@) p = 0.5 and
b)yp=2

start the decoupling of the variables it is necessary to find the modal matrix ®, where the columns of ® are the
eigenvalues of the dynamic matrix A = M ~! K. And the system is rewritten in function of the new coordinates 7,
following eq. (6):

T MPi) + 0T CPdn + T Ky + dTG(z) —dTF =0 (6)

To write the nonlinear vector as a function of 7 it is necessary to make the coordinate transformation X = &,
inwhichx1 =1 + 192 + 13, L2 =11 — ’L—s and 3 =1, — 12 + 73.
To solve eq. (8), the following expansion is used, where j = 1,2, 3:

n; = enji(To, To) + €nj3(To, To) @)

The terms O(€?) and T} are not used, as the nonlinearity effect appears in O(€®). In addition, the damping
terms d; are multiplied by € and the force terms f; are multiplied by €?, so that the effect of damping, nonlinearity
and excitation appears in the same perturbation equations.

il = oan} 4+ aonins + asmng + auni + € f1 cos(Q)
o + w%ng = —e%dany + € fy cos(Q1)

ils 4+ wins = —€dsis + asny + aenins + armn + asns + € f3 cos(Q) (8)
In which,
kq 3k, 3k,
ol = , Qg = — , Q3 = ’
YT 2L2(2umy + 2my) 2L2u(2umy + 2my) 0 2L2p2(2pmy + 2ma)
ka FO C 2 k F()
= — = d = — = — = ——
e 2L2u3(2umy + 2my)’ h 2umy + 2mq’ 2T my w2 my’ f2 2my’
2cp? + 4ep + 2c 5  pk+k kq 3k,
d3 = —F—————F—, w3 = » A5 = — 0o v X6 = 57
w(2pumy + 2my) my 2LE(2pmy + 2my) 2L5u(2pmy + 2myq)
3k, kaq ulo
Q7 = ) f3 =

_2L8u2(2/¢m1 +2my)’ as = 2L2u3 (2umy + 2my) © 2umy + 2my
9

Substituting into and equating the coefficients € and € to zero, we obtain to order € eq. (10) and to order
e eq. (11).

Digm1 =0 Dgno1 + winer =0 Dgns1 +winz =0 (10)
Dgmis + 2DoDani1 — cumiy — coniyns — asmang, — aunsy — ficos(Qt) =0

Dinaes + winaz + 2DgDana1 + Dodanay — focos(Qt) =0
Dinas + winas + 2DoDans1 + Dodanzt — asniy — agniyns — arming, — asns, — f3cos(Qt) =0 (11)
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Remembering that D,, = 9/9T,,. And solving eq. in exponential form, we obtain:

m1 = k1 + k2To N1 = Aa(T)e™2T0 4 ce na31 = Az(To)e™3T0 + cc (12)

Considering k1 = k2 = 0 and replacing eq. (I2) in eq. (TT), we obtain the following equations:

A - o
Dgnl3 = A§a4e3lT°"’3 + 3A§A30446ZT°‘*’3 + L0 4 e

2
7723&)% —+ Dgngg = 7D0(A2d2 =+ 2A2D2)€iTOw2 —+ %eiQTO =+ cc
7733(,0?2) + D§n33 = Agase?’iTOwS — D()(Agdg + 2A3D2)€iTow3 + 3A§A30[86iT0w3 + EGZ‘QTO + cc (13)

2

where cc stands for the complex conjugate of the preceding terms. In next two subsections, two resonant cases of
the nonlinear cell are analyzed, the case in which 2 &~ ws and the case of 2 ~ ws.

The case of ) near wo

To measure the nearness of € with ws, the detuning parameter o5 is introduced, according to: Q2 = ws + €205,
To remove the secular terms from 7);3, the terms proportional to e*~1.2.270 must disappear. Secular terms are shown
in eq. (14}, in which there are no terms proportional to e*“170 since, as already shown, w; = 0.

A2D0d2 + 2A2DOD2 — %ei‘mqb =0 A3D0d3 + 314%1430&8 + 2A3DOD2 =0 (14)

Where Dy = iw; 2 3, writing A,, in polar notation A, = %amew"n with a,, and 6,,, being real numbers.
Separating into real and imaginary parts, and considering an autonomous system with vo = 0975 — 62, we have

the modulation equations:

aswads dhs — fasin(y2) 0 asdsws ahes = 0 (15)
2 2 2
3a3
aoWo09 — G,QOJQ’Yé + h%s('ﬁ) =0 CL3LJ39§ + % =0 (16)

The steady-state solution of the modulation equations can be obtained by setting derivatives equal zero, with
this we obtain a3 = 0. By squaring and summing the remaining equations, it is possible to find a relationship
between as and o2, as shown in eq. (17).

272, 2
J2 — azdiw;y

09 = +
2&2&)2

a7

Equation (T7) can be used to show the amplitude of motion as a function of excitation frequency, as shown in
Fig. E[ Nominal parameters are: e = 1, my = 1,k =1, Ly = 1, ¢ = 0.1 and Fy = 1. This figure also include a
comparison between the response obtained with multiple scales and with Runge-Kutta methods.

The case of () near ws

To measure the nearness of € with w3, the detuning parameter o3 is introduced, according to: 2 = w3+ €205.
To remove the secular terms from 73, the terms proportional to e™w1.2.3To must disappear. Secular terms are shown
in eq. (18), in which there are no terms proportional to e*17°, since, as already shown, w; = 0.

A2D0d2 + 2A2DOD2 =0 A3D0d3 - 3A§A30&8 + 2A3D0D2 — %eiU3T2 =0 (18)

Where Dy = iw; 2,3, and writing A,, in polar notation A,,, = %am em _with a,, and 6,, being real numbers.

Separating into real and imaginary, and considering 3 = o37» — 3, we have the modulation equations:
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Figure 4. Displacement amplitude 75 as function of excitation frequency €2, with Q) ~ ws. Parameters: ¢ = 1,
my =1, k=1,Ly=1,c=0.1and Fy = 1. Solid line are obtained with multiple scales, markers are obtained
with Runge-Kutta.

d d i
e L B L o NPV L o) (19)
2 2 2
3 3
aswa0y =0 a3w3o3 — azwsYs + agag f3 COZS(%) =0 (20)

The steady-state solution of the modulation equations can be obtained by setting derivatives equal zero, with
this we obtain az = 0. By squaring and summing the remaining equations, it is possible to find a relationship
between az and o3, as shown in eq. (Z1)).

L V2 —didiw3 B 3a3as o1

2&3&)3 SLU3

o3 =

Equation (21I)) can be used to show the amplitude of motion as a function of excitation frequency, as shown
in Fig. @ Nominal parameters are: my = 1, k=1,Lg=1,¢c=01,Fy=1,e=1, =05 u=1,u=2,
ke = —100, k, = 0, k, = 100. This figure also include a comparison between the response obtained with multiple
scales and with Runge-Kutta methods.

(a)0.4 . " (b) 1 " ‘ (c) 2 by =0
k, = 100
k, = —100
& = (.5 =] 1.5
5 ey =0 1
ke, = 100 0.5
E]1||]m = —100 ;
0 0 01 2 3
15 0 il 10 15 0 b 10 15

2 2

Figure 5. Displacement amplitude 73 as function of excitation frequency 2, with 2 ~ w3 in which (a) u© = 0.5,
®)p = 1and (¢c) p = 2. Parameters: m; = 1,k =1, Lg =1,¢c =01, Fy =1,¢ =1, k, = —100
(softening), k, = 0, k, = 100 (hardening). Solid line are obtained with multiple scales, markers are obtained with
Runge-Kutta.

5 Conclusions

In this work, we explore the performance of the metastructure for attenuation of axial vibration through
the analysis of band gaps and band stops. From the results shown using the methods of mechanical impedance
and transmissibility, we can show that it is possible to find the limiting values of band gaps and band stops by
analyzing the natural frequencies of a single cell with free and fixed boundary conditions, and to confirm these
values, metastructure results with up to five cells were shown. To analyze the metastructure with HSLDS was used
the method of multiple scales. Were analyzed two resonant cases, the case in which the frequency of excitation
) is near to w9 and the case in which 2 is near to ws, both resonant cases using the method of multiple scales
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were compared with results using the fourth-order Runge-Kutta method. It is possible to note that, for the linear
metastructure k, = 0, the MMS and RK responses are close, and for the nonlinear case k, = 100, that is, hardening
stiffness, the responses of the MMS and RK methods get closer as the value of the mass ratio y is increased.
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