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Abstract. In this work, we explore the dynamical response of metastructures with high-static-low-dynamic stiff-
ness (HSLDS) characteristics, with focus on the vibration attenuation performance through band gaps and band
stops. A metastructure consists fundamentally of identical components, the cells, connected in a way that charac-
teristics of mass, stiffness, and or damping are spatially repeated. Metastructures present interesting characteristics
for vibration attenuation that are not found in classical structures. These characteristics have been explored for
automotive and aerospace applications, among others, as structures with low mass are paramount for these indus-
tries, and keeping low vibration levels in a wide frequency range is also desirable. One unit cell with three degrees
of freedom is used, with an axial harmonic force applied at the rightmost element. The dynamical response of the
linear metastructure is found by mechanical impedance and transmissibility methods. The cell dynamical response
of the nonlinear metastructure is found using the method of multiple scales (MMS), and the response is compared
to the fourth-order Runge-Kutta method (RK). The influence of the mass ratio between the elements of the cell and
number of cells in the complete structure are analysed in the frequency response of the metastructure.
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1 Introduction

Research on metastructures is attracting increasing attention from many engineering applications, such as
civil, automotive and aerospace structures, as they have interesting characteristics such as band gaps and band
stops [1]. These characteristics can be manipulated by the macro geometrical arrangement of its fundamental
components, or unit cells, in a way that characteristics of mass, stiffness and or damping are spatially repeated
and the resulting band gaps are in a desired frequency range [2–4]. According to Chakraborty and Mallik [5] an
advantage of metastructure is that the dynamics of these structures can be studied with the analysis of just one
cell. According to Mead [6] the limiting values of band gaps and band stops can be found by analyzing the natural
frequencies of free and fixed cells, these frequency ranges can also be found by analyzing the transmissibility of a
single cell [7].

In order to increase the bandwidth of vibration attenuation in metastructures, nonlinear characteristics have
been explored in different ways. Both nonlinear stiffness and damping can affect the dynamic behavior of such
structures [5, 8]. High-static-low-dynamic stiffness (HSLDS) is an example of nonlinearity and can be used to
attenuate vibrations, as is done in [9] and [10]. The propagation of acoustic waves can also change due to nonlinear
effects [11], besides that, metastructures with nonlinear characteristics can have chaotic responses in addition to
the periodic ones more commonly observed [12].

To solve systems with nonlinearities it is possible to use the method of multiple scales (MMS), as exemplified
by Nayfeh and Mook [13]. Some papers use the method of multiple scales, such as El-Bassiouny and Eissa [14]
which analyzes a system with three degrees of freedom with cubic nonlinearity, El-Sayed and Bauomy [15] uses
MMS to find approximate solutions for a nonlinear system with torsional vibration, to apply active and passive
control methods to attenuate vibrations and Navazi and Hojjati [16] which uses MMS to analyze vibrations of an
unbalanced rotor mounted on HSLDS supports. It is also possible to solve the nonlinear system using numerical
methods, such as Vasconcellos and Silveira [17] which uses the Runge-Kutta method to analyze a metastructure
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with nonlinear stiffness.
In this work, we explore the performance of the metastructure for attenuation of axial vibration through the

analysis of band gaps and band stops. The methods of mechanical impedance and transmissibility are used to
define the limiting values of these frequency ranges, in addition to analyzing the influence of the mass ratio. And
as it is seen that the nonlinearity can help in the attenuation of vibrations, the method of multiple scales is used to
solve the cell of the metastructure with HSLDS and these results are compared with the fourth-order Runge-Kutta
method.

2 Mathematical model

Figure 1 shows the model of metastructure with axial vibration F (t) that are analyzed in this work, the dashed
line shows one cell of this metastructure, the metastructure has mass, damping and stiffness coefficients namedm1

and m2, c and k, respectively. In addition to HSLDS stiffness ka, which has a geometric nonlinear behavior with
influence on the displacement of the metastructure in x direction, and when it comes to the linear metastructure
we have ka = 0. The mass m2 is written as a ratio of the mass m1, as follows m2 = µm1, in which µ is the mass
ratio.

Figure 1. Schematic model of nonlinear metastructure.

The dynamical equations can be obtained by applying Newton’s second law, giving the general form:

Mẍ+ Cẋ+Kx+G(x) = F (t) (1)

in which M , C and K are the mass, damping and stiffness matrices, x is the displacement vector and G(x) is
a vector with nonlinear terms. F (t) is the external force applied to the structure (F (t) = F0 cos(Ωt)), in which
F0 is the amplitude and Ω is the frequency of excitation, and only the last element is nonzero. For the cell, the
displacement vector is x = [x1, x2, x3]′, and the matrices are given by eq. (2):

M =


m1 0 0

0 2µm1 0

0 0 m1

 C =


c −c 0

−c 2c −c

0 −c c

K =


k −k 0

−k 2k −k

0 −k k

 G(x) =


0

kax
3
2

2L2
0

0

 (2)

To solve the linear system, two methods are used, the method of mechanical impedance and the method of
transmissibility, and for the nonlinear system, it is used the method of multiple scales.

For all three methods, it is important to define the natural frequencies of the cell, they can be found by defining
the dynamic matrix as A = M−1K, naming the natural frequencies as ω1,2,3, and defining λ = ω2

1,2,3, in which λ
are the eigenvalues of A, and then it is possible to obtain the natural frequencies of the cell, as shown in eq. (3):

ω1 = 0 ω2 =

√
k1

m1
ω3 =

√
µk + k

µm1
(3)

3 Dynamical response of linear metastructure

First, the method of mechanical impedance is used to analyze the linear metastructure, in which the mechan-
ical impedance Z is found by the following equation: Z(iΩ) = −Ω2M + iΩC +K. And the frequency response
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is found by solving X from the following equation: X = [Z(iΩ)]−1F (t). Band gaps appear when the mass ratio
is greater or less than 1, so the analysis of band gaps is done in two steps, the first is considering µ < 1 and the
second µ > 1.

To identify the beginning and end of the band gap and band stop the natural frequencies shown in eq. (3) are
used, in addition, it is necessary to find the natural frequencies when the cell is fixed in one of the ends, that is,
when either the leftmost mass or the rightmost mass is fixed. To simulate the fixed cell, the first rows and columns
of the matrices shown in equation (2) should be considered as zero to crimp the leftmost mass of the cell. Natural
frequencies are given by:

ω21 =

√
−k

√
µ2 + 1− µk − k

2µm1
ω22 =

√
k
√
µ2 + 1 + µk + k

2µm1
(4)

The following nomenclature is used to identify the band gap and band stop, ωa the beginning of the band gap,
ωb the end of the band gap and ωc the band stop.

Figure 2 shows the frequency response of the leftmost mass (X1), considering the metastructure with up to
five cells (n = 5), as well as the natural frequencies and the frequency response of the fixed cell. The dashed line
shows the value of 100, when the frequency response curve passes below this line, it is possible to identify where
are the band gap and band stop limiters.

Figure 2. Frequency response with (a) µ < 1 and (b) µ > 1 for n = 1, ..., 5, fixed cell and the vertical lines
indicating the natural frequencies.

From Fig. 2 (a) it is possible to identify the band gap and band stop for µ < 1. The beginning of the band
gap ωa as being ω2, the band stop ωc as being ω3 and the end of the band gap is split in two values, ωbl and ωbu, as
it is depend on the number of cells in the metastructure, in which ωbu = ω22 and ωbl is the nth natural frequency
of the metastructure, where n is the number of cells.

From Fig. 2 (b) it is possible to identify the band gap and band stop for µ > 1. The end of the band gap ωb as
being ω2, the band stop ωc as being ω3 and the beginning of the band gap is be split in two values ωal and ωau, as
it is depend on the number of cells in the metastructure, where ωal = ω21 and ωau is the nth−1 natural frequency
of the metastructure.

And now the transmissibility (Tr) is used, which is basically a ratio between the response of the leftmost
mass and the rightmost mass (Tr = X1/X2n+1). And to find the frequencies referring to the band gap and the
band stop, must find the expressions to |Tr| = 1, these equations are shown in eq. (5). Note that ω2Tr and ω3Tr,
are equal to ω2 and ω3 shown in eq. (3), respectively.

ω1Tr =

√
k

µm1
ω2Tr =

√
k1

m1
ω3Tr =

√
µk + k

µm1
(5)

Figure 3 shows the transmissibility for µ = 0.5 and µ = 2, with the vertical lines indicating the frequencies
shown in eq. (5). It is possible to identify the band stop ωc as ω3Tr for both µ = 0.5 and µ = 2. For µ = 0.5, the
beginning of band gap is ω2Tr and the end of band gap is ω1Tr, and for µ = 2, the beginning of band gap is ω1Tr

and the end of band gap is ω2Tr.

4 Dynamical response of cell with HSLDS

The method of multiple scales is used to solve the problem of the cell with HSLDS, and to start the method
it is necessary to decouple the system variables that are shown in eq. (1) and the matrices shown in eq. (2). To
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Figure 3. Transmissibility curve, where the vertical lines indicate the frequencies shown in eq. (5) (a) µ = 0.5 and
(b) µ = 2

start the decoupling of the variables it is necessary to find the modal matrix Φ, where the columns of Φ are the
eigenvalues of the dynamic matrix A = M−1K. And the system is rewritten in function of the new coordinates η,
following eq. (6):

ΦTMΦη̈ + ΦTCΦη̇ + ΦTKΦη + ΦTG(x)− ΦTF = 0 (6)

To write the nonlinear vector as a function of η it is necessary to make the coordinate transformationX = Φη,
in which x1 = η1 + η2 + η3, x2 = η1 − η3

µ and x3 = η1 − η2 + η3.
To solve eq. (8), the following expansion is used, where j = 1, 2, 3:

ηj = εηj1(T0, T2) + ε3ηj3(T0, T2) (7)

The terms O(ε2) and T1 are not used, as the nonlinearity effect appears in O(ε3). In addition, the damping
terms dj are multiplied by ε2 and the force terms fj are multiplied by ε3, so that the effect of damping, nonlinearity
and excitation appears in the same perturbation equations.

η̈1 = α1η
3
1 + α2η

2
1η3 + α3η1η

2
3 + α4η

3
3 + ε3f1 cos(Ωt)

η̈2 + ω2
2η2 = −ε2d2η̇2 + ε3f2 cos(Ωt)

η̈3 + ω2
3η3 = −ε2d3η̇3 + α5η

3
1 + α6η

2
1η3 + α7η1η

2
3 + α8η

3
3 + ε3f3 cos(Ωt) (8)

In which,

α1 =
ka

2L2
0(2µm1 + 2m1)

, α2 = − 3ka
2L2

0µ(2µm1 + 2m1)
, α3 =

3ka
2L2

0µ
2(2µm1 + 2m1)

,

α4 = − ka
2L2

0µ
3(2µm1 + 2m1)

, f1 =
F0

2µm1 + 2m1
, d2 =

c

m1
, ω2

2 =
k

m1
, f2 = − F0

2m1
,

d3 =
2cµ2 + 4cµ+ 2c

µ(2µm1 + 2m1)
, ω2

3 =
µk + k

µm1
, α5 = − ka

2L2
0(2µm1 + 2m1)

, α6 =
3ka

2L2
0µ(2µm1 + 2m1)

α7 = − 3ka
2L2

0µ
2(2µm1 + 2m1)

, α8 =
ka

2L2
0µ

3(2µm1 + 2m1)
, f3 =

µF0

2µm1 + 2m1

(9)

Substituting 7 into 8 and equating the coefficients ε and ε3 to zero, we obtain to order ε eq. (10) and to order
ε3 eq. (11).

D2
0η11 = 0 D2

0η21 + ω2
2η21 = 0 D2

0η31 + ω2
2η31 = 0 (10)

D2
0η13 + 2D0D2η11 − α1η

3
11 − α2η

2
11η31 − α3η11η

2
31 − α4η

3
31 − f1 cos(Ωt) = 0

D2
0η23 + ω2

2η23 + 2D0D2η21 +D0d2η21 − f2 cos(Ωt) = 0

D2
0η33 + ω2

3η33 + 2D0D2η31 +D0d3η31 − α5η
3
11 − α6η

2
11η31 − α7η11η

2
31 − α8η

3
31 − f3 cos(Ωt) = 0 (11)
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Remembering that Dn = ∂/∂Tn. And solving eq. (10) in exponential form, we obtain:

η11 = k1 + k2T0 η21 = A2(T2)eiω2T0 + cc η31 = A3(T2)eiω3T0 + cc (12)

Considering k1 = k2 = 0 and replacing eq. (12) in eq. (11), we obtain the following equations:

D2
0η13 = A3

3α4e
3iT0ω3 + 3A2

3Ā3α4e
iT0ω3 +

f1

2
eiΩT0 + cc

η23ω
2
2 +D2

0η23 = −D0(A2d2 + 2A2D2)eiT0ω2 +
f2

2
eiΩT0 + cc

η33ω
2
3 +D2

0η33 = A3
3α8e

3iT0ω3 −D0(A3d3 + 2A3D2)eiT0ω3 + 3A2
3Ā3α8e

iT0ω3 +
f3

2
eiΩT0 + cc (13)

where cc stands for the complex conjugate of the preceding terms. In next two subsections, two resonant cases of
the nonlinear cell are analyzed, the case in which Ω ≈ ω2 and the case of Ω ≈ ω3.

The case of Ω near ω2

To measure the nearness of Ω with ω2, the detuning parameter σ2 is introduced, according to: Ω = ω2 +ε2σ2.
To remove the secular terms from ηj3, the terms proportional to eiω1,2,3T0 must disappear. Secular terms are shown
in eq. (14), in which there are no terms proportional to eiω1T0 , since, as already shown, ω1 = 0.

A2D0d2 + 2A2D0D2 −
f2

2
eiσ2T2 = 0 A3D0d3 + 3A2

3Ā3α8 + 2A3D0D2 = 0 (14)

Where D0 = iω1,2,3, writing Am in polar notation Am = 1
2ame

iθm , with am and θm being real numbers.
Separating into real and imaginary parts, and considering an autonomous system with γ2 = σ2T2 − θ2, we have
the modulation equations:

a2ω2d2

2
+ a′2ω2 −

f2 sin(γ2)

2
= 0

a3d3ω3

2
+ a′3ω3 = 0 (15)

a2ω2σ2 − a2ω2γ
′
2 +

f2 cos(γ2)

2
= 0 a3ω3θ

′
3 +

3a3
3α8

8
= 0 (16)

The steady-state solution of the modulation equations can be obtained by setting derivatives equal zero, with
this we obtain a3 = 0. By squaring and summing the remaining equations, it is possible to find a relationship
between a2 and σ2, as shown in eq. (17).

σ2 = ±
√
f2 − a2

2d
2
2ω

2
2

2a2ω2
(17)

Equation (17) can be used to show the amplitude of motion as a function of excitation frequency, as shown in
Fig. 4. Nominal parameters are: ε = 1, m1 = 1, k = 1, L0 = 1, c = 0.1 and F0 = 1. This figure also include a
comparison between the response obtained with multiple scales and with Runge-Kutta methods.

The case of Ω near ω3

To measure the nearness of Ω with ω3, the detuning parameter σ3 is introduced, according to: Ω = ω3 +ε2σ3.
To remove the secular terms from ηj3, the terms proportional to eiω1,2,3T0 must disappear. Secular terms are shown
in eq. (18), in which there are no terms proportional to eiω1T0 , since, as already shown, ω1 = 0.

A2D0d2 + 2A2D0D2 = 0 A3D0d3 − 3A2
3Ā3α8 + 2A3D0D2 −

f3

2
eiσ3T2 = 0 (18)

WhereD0 = iω1,2,3, and writingAm in polar notationAm = 1
2ame

iθm , with am and θm being real numbers.
Separating into real and imaginary, and considering γ3 = σ3T2 − θ3, we have the modulation equations:
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Figure 4. Displacement amplitude η2 as function of excitation frequency Ω, with Ω ≈ ω2. Parameters: ε = 1,
m1 = 1, k = 1, L0 = 1, c = 0.1 and F0 = 1. Solid line are obtained with multiple scales, markers are obtained
with Runge-Kutta.

a2ω2d2

2
+ a′2ω2 = 0 − a3d3ω3

2
+ a′3ω3 −

f3 sin(γ3)

2
= 0 (19)

a2ω2θ
′
2 = 0 a3ω3σ3 − a3ω3γ

′
3 +

3a3
3α8

8
+
f3 cos(γ3)

2
= 0 (20)

The steady-state solution of the modulation equations can be obtained by setting derivatives equal zero, with
this we obtain a2 = 0. By squaring and summing the remaining equations, it is possible to find a relationship
between a3 and σ3, as shown in eq. (21).

σ3 = ±
√
f2

3 − a2
3d

2
3ω

2
3

2a3ω3
− 3a2

3α8

8ω3
(21)

Equation (21) can be used to show the amplitude of motion as a function of excitation frequency, as shown
in Fig. 5. Nominal parameters are: m1 = 1, k = 1, L0 = 1, c = 0.1, F0 = 1, ε = 1, µ = 0.5, µ = 1, µ = 2,
ka = −100, ka = 0, ka = 100. This figure also include a comparison between the response obtained with multiple
scales and with Runge-Kutta methods.

Figure 5. Displacement amplitude η3 as function of excitation frequency Ω, with Ω ≈ ω3 in which (a) µ = 0.5,
(b) µ = 1 and (c) µ = 2 . Parameters: m1 = 1, k = 1, L0 = 1, c = 0.1, F0 = 1, ε = 1, ka = −100
(softening), ka = 0, ka = 100 (hardening). Solid line are obtained with multiple scales, markers are obtained with
Runge-Kutta.

5 Conclusions

In this work, we explore the performance of the metastructure for attenuation of axial vibration through
the analysis of band gaps and band stops. From the results shown using the methods of mechanical impedance
and transmissibility, we can show that it is possible to find the limiting values of band gaps and band stops by
analyzing the natural frequencies of a single cell with free and fixed boundary conditions, and to confirm these
values, metastructure results with up to five cells were shown. To analyze the metastructure with HSLDS was used
the method of multiple scales. Were analyzed two resonant cases, the case in which the frequency of excitation
Ω is near to ω2 and the case in which Ω is near to ω3, both resonant cases using the method of multiple scales
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were compared with results using the fourth-order Runge-Kutta method. It is possible to note that, for the linear
metastructure ka = 0, the MMS and RK responses are close, and for the nonlinear case ka = 100, that is, hardening
stiffness, the responses of the MMS and RK methods get closer as the value of the mass ratio µ is increased.
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