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Abstract. In this paper, a total Lagrangian and position based formulation of membrane finite elements is
employed to solve dynamic problems of contact between a non-tensioned fabric and a rigid surface. The geometric
nonlinearity is naturally considered in this positional strategy, resulting in a simple description of the membrane
elements by mapping gradients for the initial and current configuration. The dynamic solution is obtained by the
classical Newmark-β method using alternative parameters to improve numerical stability in contact analysis. The
Newton-Raphson procedure is used to solve the set of nonlinear equations. To enforce contact conditions, the
penalty technique and the Lagrange multipliers are employed. A representative example for an isotropic fabric
with frictionless contact is presented and results shown that the proposed numerical approach is effective for this
class of problems, properly evaluating large displacements and dynamic draping.
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1 Introduction

Structural membranes are found in many applications in engineering, as building covering, parachutes,
balloons and others. Membrane elements lacks flexural and compressive stiffness, being subjected predominantly
to tension stresses. This system can sustain considerable loads despite its low self-weight, making it an interest
alternative for several practical problems. However, the structural analysis is not as straightforward as for rigid
members, and the geometric nonlinearity from large displacements must be taken into account. Moreover,
techniques for the treatment of wrinkling phenomena may be necessary if non-prestressed applications are
considered.

A membrane element may be subjected to contact conditions in some applications, like inflation and deflation
of pneumatic structures (Li et al. [1]), deployment of foldable systems (Yuan et al. [2]) and instability situations,
with the loss of stiffness leading to wrinkling (Kang and Im [3]). Contact problems are also nonlinear as the
extension of the contact interface, the associated displacements and the transferred forces are unknowns. Besides,
when the dynamic response is additionally required, the structural analysis become a complex task and a robust
numerical formulation is essential.

In this paper, we propose a position based membrane finite element for the analysis of dynamic contact
problems. The use of nodal positions as degrees of freedom, instead of displacements, allows a direct consideration
of the geometric nonlinearity and a simple calculation of the deformation gradient. This alternative formulation,
named Positional Finite Element Method, was presented by Coda [4] inspired by the work of Bonet et al. [5] and
has been employed in the analysis of several problems. Some of them involved features of the current work, as
the studies of Carvalho et al. [6], who applied the positional formulation to two-dimensional contact of elasto-
plastic solids, and Siqueira and Coda [7], who analyzed dynamic problems of constrained mechanical systems.
Regarding membrane applications, Coda [8] used a two-dimensional frame positional element in the analysis of
inflatable structures, and Carrazedo et al. [9] considered three-dimensional membrane elements as stiffening of
solid prismatic elements to model honeycomb sandwich plates. For the present work, the focus is the three-
dimensional contact of membrane fabrics with rigid surfaces. The Newmark-β method is used for time integration,
with suitable parameters to improve numerical stability. A node-to-surface contact discretization was employed
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and the constraints were evaluated using the penalty technique and the Lagrange multipliers method. A numerical
example is presented to demonstrate the effectiveness of the proposed formulation to cope with the problem.

2 Formulation

As the formulation describes the mechanical system using the nodal positions as variables, naturally
considering finite displacements and rotations, nonlinear measures of strain and stresses are adopted: the
Green-Lagrange strain E and the second Piola-Kirchhoff stress S. The strains are calculated from initial and
current mappings from a dimensionless space with a total Lagrangian description.

2.1 Membrane element kinematics

The membrane finite element is assumed in plane stress state and local coordinates are employed to define the
thickness direction in space. The element is considered as a false solid, in which only the mid-surface is modeled
and the displacements and stresses in the thickness direction has constant values, as it is assumed for the plane
stress case. As shown in Fig. 1, the initial and current configurations (generic points P 0 and P c, respectively) are
mapped from a dimensionless space ξ1ξ2ξ3 by:

f⃗0 (ξ1, ξ2, ξ3) = xi = Xα
i ϕ

α (ξ1, ξ2) + tξ3n
x
i and

f⃗1 (ξ1, ξ2, ξ3) = yi = Y α
i ϕα (ξ1, ξ2) + tξ3n

y
i ,

(1)

in which Xα
i and Y α

i are the initial and current coordinates of node α in direction i, ϕα is the value of the shape
function related to node α, considered as a Lagrange polynomial, t is the membrane thickness and nx

i and ny
i are

the components i of the normal unitary vector in the initial and current configurations.
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initial configuration current configuration
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Figure 1. Configuration mappings and deformation function

Without loss of generality, considering t = 1 and noticing that ξ3 = 0 in the mid-surface results in the
following mapping gradients A0 and A1:
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Hence, the deformation gradient A is given by:
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A = A1 ·
(
A0

)−1
. (3)

The strains E and stresses S, considering the Saint-Venant-Kirchhoff constitutive model, are calculated using
the expressions:

E =
1

2

(
At ·A− I

)
and S = C : E, (4)

where I is the identity tensor and C is the constitutive tensor, which is the same used in the classical Hooke’s Law.

2.2 Motion equations and time integration procedure

The Positional Finite Element Method employs the principle of stationary potential energy to describe the
motion of the system. According to this principle, the system is at equilibrium (static or dynamic) when the first
variation of the total potential energy Π is zero. For the problem in consideration, the total energy comprises the
potential of external applied forces P , assumed here as conservatives, the strain energy U , the kinetic energy K
and a potential C related to contact, or Π = P + U + K + C. The first variation of Π results in the system of
motion equations:

δΠ = δP + δU + δK + δC =

(
∂P

∂Y⃗
+

∂U

∂Y⃗
+

∂K

∂Y⃗
+

∂C

∂Y⃗

)
δY⃗ = 0 ∴

∂P

∂Y⃗
+

∂U

∂Y⃗
+

∂K

∂Y⃗
+

∂C

∂Y⃗
= 0⃗, (5)

with δ denoting variation and Y⃗ being the vector of current nodal positions.
The four vectors of eq. (5) are, respectively, the external applied force, the internal force, the inertial force

and a contact force. Solving this nonlinear system using the Newton-Raphson procedure, eq. (5) is rewritten as:

G⃗
(
Y⃗
)
= −F⃗ ext + F⃗ int + F⃗ inert + F⃗ cont = 0⃗, (6)

where G⃗ is an unbalanced force vector, equals to zero in an exact solution. The solution is obtained iteratively by:

H ·∆Y⃗ = −G⃗
(
Y⃗ 0

)
, (7)

where H is the Hessian matrix of the system, given by the derivative of the force vector G⃗, Y⃗ 0 is a first solution
attempt and ∆Y⃗ is the correction in the nodal positions. The procedure stops when this correction becomes small
according a tolerance tol defined by the user, evaluated as ∥∆Y⃗ ∥/∥X⃗∥ ≤ tol.

To complete the description of the problem, the first and second derivatives of the energy potentials must be
calculated. The contact potential C depends on the method used for constraint enforcement and will be presented
in section 2.3. Noticing that the first derivative of P (vector −F⃗ ext) is an input data, it is possible to rewrite eq. (6)
as:

− F⃗ ext +

∫
V0

S :
∂E

∂Y⃗
dV0 +M ⃗̈Y + F⃗ cont = 0⃗, (8)

where M is the mass matrix and the dot indicates time derivative.
One must express accelerations and velocities in terms of positions to solve the system of equations. Adopting

the well known Newmark-β method for time integration, positions and velocities at the current time step s+ 1 are
given by:
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Y⃗s+1 = Y⃗s +∆t⃗̇Ys +

(
1

2
− β

)
∆t2 ⃗̈Ys + β∆t2 ⃗̈Ys+1, (9)

⃗̇Ys+1 = ⃗̇Ys + (1− γ)∆t⃗̈Ys + γ∆t⃗̈Ys+1, (10)

in which β and γ are parameters of the method and ∆t is the time step.
The most common set of values is β = 0.25 and γ = 0.5, corresponding to constant acceleration throughout

the time step (trapezoidal rule). However, these parameters may imply in difficulties in convergence for dynamic
contact problems due to high-frequency oscillations, induced by sudden changes of forces and accelerations. It is
desirable to damp out these spurious high-frequency modes, what can be achieved modifying β and γ to introduce
a numerical damping to dissipate the energy associated with these modes. We used here the values of β = 1.0 and
γ = 1.5 suggested by Hu [10]. This numerical dissipation depends on the time step adopted, so smaller time steps
must be used in order to maintain the accuracy of the analysis.

Using eq. (9) and eq. (10) in the derivatives of eq. (8), the Hessian matrix of the system can be calculated
with:

H =

∫
V0

∂S

∂Y⃗
:
∂E

∂Y⃗
+ S :

∂2E

∂Y⃗ ⊗ ∂Y⃗
dV0 +

M

β∆t2
+Hcont, (11)

where Hcont is the contribution in the Hessian due to the contact potential.

2.3 Contact enforcement

The contact model adopted allows only compression forces between the interfaces, i. e., there is no adhesion
or friction. A node-to-surface discretization was employed, considering nodes as projectiles and element surfaces
as targets. The contact detection was evaluated using the oriented distance g (gap function) calculated by:

g =
(
y⃗P − y⃗P

′
)
· n⃗, (12)

in which y⃗P are the coordinates of the projectile, y⃗P
′

are the coordinates of the projectile’s projection over the
target surface and n⃗ is the normal unitary vector.

Once a pair node-surface has become into contact, the respective contribution to the force F⃗ cont and to
the Hessian Hcont must be added. The contact constraints were evaluated using two different methods: the
penalty technique and the Lagrange multipliers. The penalty technique satisfies the impenetrability condition only
approximately, depending on a parameter η which must be calibrated. In this method, the potential C is written as:

C =
1

2
ηg2. (13)

The method of Lagrange multipliers enforces the impenetrability condition exactly using multipliers λ to add
the constraints to the system of equations, increasing its size. These multipliers represents the contact force in the
interface, so the potential C is given by:

C = λg. (14)
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2.4 Wrinkling model

Due to the very low compressive stiffness of membrane, wrinkles and folds occurs before compressive
stresses could arise. In cases when a membrane element may be subjected to this conditions (a fabric without
an initial prestress, for instance), a wrinkling model must be used to avoid compression and evaluate the stresses
in a more consistent way. In this work, we used a simple model based on the tension field theory and adopting
a stress criterion to evaluate the status of the membrane (taut, wrinkled or slack). The calculations are made as
follows: (1) the principal stresses and directions of the tensor S are calculated, i. e., the tensor is rotated to the
principal directions; (2) negative principal stresses are set to zero, therefore only tension stresses are considered;
(3) the tensor is rotated back to the original directions using the principal directions previously calculated. A
similar model was used by Pauletti and Rocha [11], which obtains the same results using an operationally different
approach.

3 Numerical example: square fabric falling over a base

We present here a numerical example to illustrate the proposed formulation. The example consists in a square
fabric, with sides of 20 cm, falling over a rigid square pedestal with sides of 10 cm, with an initial height of 5 cm
between the planes. A uniform load of 1.8816 N/m2, representing self-weight, induces motion and subsequent
draping of the membrane over the pedestal. For the fabric, it was considered elastic modulus E = 2 MPa, Poisson
coefficient ν = 0.3, specific weight ρ = 320 kg/m3 and thickness t = 0.6 mm. Figure 2 depicts the employed
discretization in 800 triangular membrane elements with linear interpolation.

Figure 2. Discretization of the numerical example in top and lateral views. Blue dots indicates the base corners.

The time integration procedure was discretized in 10 steps of 0.01 s plus 450 steps of 0.0001 s, using the
Newmark-β method with β = 1.0 and γ = 1.5, as suggested by Hu [10]. Contact occurs at time t = 0.1011 s.
No viscous damping was considered; the damping is provided only by the dynamic algorithm. Both penalty and
Lagrange multipliers methods were used, the first considering η = 5 · 104 N/m.

Vertical displacements for selected time steps are depicted in Fig. 3, using the penalty technique to enforce
contact conditions. For the Lagrange multipliers method, values are similar. It can be seen that the positional
formulation evaluates correctly the draping of the membrane over the base, even with large displacements, and the
wrinkling model adopted eliminates compression and ensures a proper calculation of stresses. Due to numerical
damping, membrane’s lifting after contact with the base is negligible. When reaching the final steps of the analysis,
the corners of the fabric begin to fold and self-contact is observed.

An attentive look at the final displaced configuration shown in Fig. 3 reveals that the calculated response is
not perfectly symmetric - some of corner’s folds are slightly larger than others. The reason is that this problem is
very sensitive in a numerical sense. As the fabric does not have an initial prestress, the static Hessian (the integral
term in eq. (11)) is singular. The dynamic analysis is possible due to the mass matrix (not singular) added to the
Hessian; however, usually membrane elements have a very low self-weight and the contact contribution Hcont

for large contact forces may produce a destabilizing effect in the system of equations, and a little (in the example,
almost imperceptible) difference for symmetric points response can occur.

A comparison of values obtained from the two contact enforcement methods reveals straight proximity
between results, but a small difference could be noted in the displacements of the fabric’s node above the base’s
corner after t =0.125 s. While the node remains over the base when using Lagrange multipliers, in the analysis
with the penalty technique the node begins a slightly penetration to the base, reaching position y3 = −0.05347 m
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Figure 3. Vertical displacements (in m) in top and perspective views for selected time steps

at the final time step. This difference may be explained by the numerical sensitivity of the system, which is greater
in the penalty method due to the large values of η used to enforce contact.

4 Conclusions

In this paper, we employed an alternative formulation of the Finite Element Method in the analysis of
membranes under dynamic contact. This formulation uses positions as main variables, intrinsically accounting
for the geometric nonlinearity. The membrane positional element is considered as a false solid, resulting in a
simple calculation of the deformation gradient. Results from a numerical example of an isotropic fabric illustrates
the ability of the formulation in deal with large displacements and contact nonlinearities, even in the dynamic case.
Further steps in the research will include other types of finite elements, such as solids and shells, and more refined
time integration methods.
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