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Abstract. This work studies strain rate effects on the mechanical behavior of thick-walled cylinders subjected to
internal pressure. The material is assumed to present an elastic-viscoplastic behavior presenting strain hardening,
strain rate hardening and instantaneous rate sensitivity. In an effort to elucidate the expected strain rate effects, the
thick-walled cylinder is assumed to radially expand due to an imposed displacement on its internal surface. The
influence of the imposed expansion velocity on the mechanical field that develops through the thickness is assessed
by means of an analytical solution and using finite element simulations. The analysis considers constant velocity
expansions and tests in which the expansion velocity is abruptly changed: stopped, decreased or increased. Such
imposed loading conditions allow evidencing instantaneous and strain rate history effects on the stress response
and on the material hardening behavior.
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1 Introduction

The mechanical analysis of pressurized thick-walled cylinders and spheres has been of great importance
to many engineering applications, such as in the design of pressure vessels, pipelines, weapons, among others.
In many of these applications, the structures can be exposed to dynamic loads, e.g., under blast or explosive
conditions (Gerasimov, 2003; Elek et al., 2013). In this scenario, understanding the mechanical performance of
thick-walled construction under dynamic conditions is of great relevance. Many efforts have been made to study
the time-dependent response of viscoplastic hollow cylinders and spheres under dynamic deformation. Peirce
et al. (1984) performed numerical analysis on elastic-viscoplastic pressurized cylinders, considering two limit-
ing circumstances, the rate-independent limit and the power law creep limit. Haghi and Anand (1991) developed
closed-form solutions to externally pressurized thick-walled spheres and cylinders, made of strain-hardening vis-
coplastic material. Li and Fu (2008) estimated plastic limit loads to internally pressurized viscoplastic thick-walled
cylinders and spheres. They employed a strain gradient plasticity theory in order to capture the size effects. Their
results demonstrated that the size effects increase with strain or strain rate-sensitivity. Gerasimov (2003) developed
a theoretical model to expanding elastic-plastic thick-walled cylinders under shock loading. Damage conditions
were also accounted for in their modeling framework. Bagheri et al. (2017) presented a dynamic analysis re-
garding the mechanical behavior of a thick-walled cylinders considering nonlinear strain rate hardening. Using a
theoretical model, a detailed analysis on the developed mechanical field, considering different strain rate sensitivi-
ties, was provided by the authors. Kats and Morozov (2020) studied the deformation and fracture of thick-walled
composite cylinders subjected explosive conditions. Estimates of the failure stresses of the composite material
were provided. In this work, we study strain rate effects on the mechanical behavior internally pressurized thick-
walled cylinders. An elastic-viscoplastic material, presenting strain hardening, strain rate hardening and instan-
taneous rate-sensitivity, is assumed. By means of both theoretical and numerical analysis instantaneous strain
rate-sensitivity and strain rate history effects are investigated.
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2 Constitutive model

This section briefly outlines the main feature of the elastic-viscoplastic model (dos Santos et al., 2016)
adopted in this work. It is assumed that the material follows the von Mises yield condition:

f(σ, A) = ‖s‖ −
√

2/3 (σy +A) , (1)

where σy is the initial yield stress, ||s|| =
√

s : s = √sijsij , being s the deviatoric part of the Cauchy stress tensor
σ. Furthermore, A is an isotropic stress-like variable, which is assumed to result from two distinct contributions:
A = A1 +A2. The first one accounts for the nonlinear hardening at earlier deformation and the second one for the
subsequent linear branch. Assuming an elastic-viscoplastic material under small strains, the total strain tensor ε is
decomposed into its elastic and viscoplastic parts:

ε = εe + εvp. (2)

It is assumed that the stress tensor σ and the elastic strain tensor εe are related as:

σ = Deεe, (3)

being De = 2µI + λI ⊗ I the fourth-order isotropic elastic tensor, where µ and λ are Lamé constants, I and I are
the fourth and second-order identity tensors, respectively, such that: Iijkl = 1

2 (δikδjl + δilδjk) and (I⊗ I)ijkl =
δijδkl. The viscoplastic strain rate and the hardening variables evolution are assumed to respect the following
relations:

ε̇vp = λ̇
∂f

∂σ
, Ȧ1 = δ (A∞ −A1) ˙̄ε, A2 = cA∞ε̄, (4)

where λ̇ is a non-null viscoplastic multiplier, δ, A∞ and c are model parameters, ε̄ is the accumulated viscoplastic
strain, whose rate is relates with λ̇ by: ˙̄ε =

√
2/3λ̇. In an effort to account for strain rate history effects, parameter

A∞ in Eq. (4) is assumed to be rate-dependent:

A∞ = Alwr∞ +
(〈 ˙̄ε− ˙̄εlwr

〉
˙̄εup − ˙̄εlwr

)ξ (
Aup∞ −Alwr∞

)
, (5)

where 〈x〉 = 1
2 (x+ |x|), ξ > 0 is a model constant, Alwr∞ and Aup∞ are the values of A∞ at reference strain rates,

˙̄εlwr � 1 and ˙̄εup � 1, respectively. The instantaneous strain rate-sensitivity is modeled using an overstress
framework (Perzyna, 1971). Therefore, during plastic loading, the yield function (f) relates to the viscoplastic
multiplier

(
λ̇
)

by means of: f = Θ−1 (λ̇, A) . Here, the overstress function Θ−1 proposed by Perić (1993) is
adopted:

f =
√

2/3 (σy +A)
[(

1 + ϑλ̇
)1/m − 1

]
, (6)

where and 1/m > 0 are constants.

3 Thick-walled cylinder analysis

This section outlines the mechanical problem to be addressed in this work. It consists of thick-walled cylinder
subjected to uniform radial displacement ūr on its internal radius, r = a. The imposed displacement tends to mimic
the effect of the internal pressure using a kinematic approach, while the outer radius (r = b) is pressure-free. The
problem is illustrated in Fig. 1. The cylinder’s material is assumed to follow the constitutive behavior described in
previous section.

Given the cylindrical symmetry of this problem (see Fig. 1), assuming that the cylinder expands at a con-
stant velocity v̄ and that the material is rigid-viscoplastic, a plane strain solution can be obtained, providing the
distribution of the radial (σrr), circumferential (σθθ) and longitudinal (σzz) stresses, respectively (see Brezolin
(2018)):

σrr = 2√
3

[
σy

∫ r

b

(
ξ2 + ϑ

√
2v̄a
)1/m

ξ−
(2+m)/mdξ +

∫ r

b

A
(
ξ2 + ϑ

√
2v̄a
)1/m

ξ−
(2+m)/mdξ

]
, (7)

σθθ = 2√
3

(σy +A) +
√

2Θ−1 + σrr, (8)
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Figure 1: Schematic representation of the thick-walled problem in a two dimensional space.

σzz = σrr + σθθ
2 . (9)

The related internal pressure can be canculated as:

pi = −σrr (a) . (10)

Moreover, given the stress components in Eqs. (7)-(9), the von Mises equivalent stress is then calculated:

σvM =
√

1
2

[
(σrr − σθθ)2 + (σθθ − σzz)2 + (σzz − σrr)2

]
. (11)

3.1 Finite element model

The axisymmetric finite element model used to simulate the thick-walled cylinder expansion in shown in Fig.
2, where the dimensions are also provided. A radial displacement of ū1 = 1 mm is imposed on the inner radius at
different velocities v̄, thus providing different strain rates through the thickness. The finite element model was built
in ABAQUS/Standard, using 20 eight-node elements (CAX8R) with reduced integration. The constitutive model
outlined in section 2 was implemented in a user subroutine (UMAT). See dos Santos et al. (2017) and Brezolin
et al. (2019) for details on the numerical formulation. Model parameters used in the simulations are in Table 1.

Figure 2: Thick Walled Cylinder - Geometry, boundary conditions and finite element mesh.

Table 1: Model parameters used in the simulations, with ˙̄εlwr = 10−4 and ˙̄εup = 104 s−1 (after dos Santos et al.
(2016)).

E ν σy δ c Alwr∞ Aup∞ ξ ϑ m

(GPa) - (MPa) - - (MPa) (MPa) - (s) -

112 0.33 35 6.46 0.42 233 420 3.16 1.2× 103 105
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4 Results

This sections presents the finite element results for two distinct conditions: (i) the cylinder expands at a
constant velocity v̄ and then the expansion is abruptly stopped; and (ii) sequential tests, in which, the expansion
velocity is abruptly increased or decreased at a given time. The first scenario is considered in order to evidence
the instantaneous rate-dependence, while the second test evidences strain rate history effects on the mechanical
behavior.

4.1 Instantaneous rate-sensitivity

In this case, the cylinder expands at a constant velocity v̄ until reaching a radial displacement of ūr = 1 mm
at a time tf . After that, the velocity is abruptly decreased to zero resulting in a stress relaxation process. Four
distinct velocities are considered: 8.7× 10−2, 8.7× 101, 8.7× 104, and 8.7× 105 mm/s. As it is shown in Fig. 3,
these velocities provide the following accumulated viscoplastic strain rates at the inner radius: 10−2, 100, 102, and
104 s−1, respectively. It is clearly seen that the strain rates slightly decrease with the dimensionless radial position
r/a, to the respective values: 2.5× 10−3, 2.5× 10−1, 2.5× 101, and 2.5× 103 s−1.
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r/a

ε̇

Finite element results

Velocity: 8.7× 10−1 mm/s

Velocity: 8.7× 101 mm/s

Velocity: 8.7× 104 mm/s

Velocity: 8.7× 105 mm/s
Analytical results

Velocity: 8.7× 10−1 mm/s

Velocity: 8.7× 101 mm/s

Velocity: 8.7× 104 mm/s

Velocity: 8.7× 105 mm/s

Figure 3: Accumulated viscoplastic strain rate ˙̄ε vs. the dimensionless radial coordinate r/a considering four
expansion velocities, 8.7× 10−2, 8.7× 101, 8.7× 104, and 8.7× 105 mm/s, at t = tf .

Figure 4 shows the distribution of the dimensionless radial stress σrr/σy along the dimensionless radial
coordinate r/a considering the four expansion velocities. While Fig. 4(a) shows the stress distribution in the end
of the loading phase (t = tf ), Fig. 4(b) gives the asymptotic response of the stress relaxation process. In both
cases, the stress distribution has a concave downward shape and the absolute value of the radial stress increase
with the imposed velocity. At t = tf (Fig. 4(a)), |σrr (a)| /σy ranges from ≈ 1.00, for the smallest velocity, to
≈ 1.20, for the greatest loading rate. Comparing Figs. 4(a) and 4(b), the stress relaxation is readily observed, such
that |σrr (a)| /σy decreases from ≈ 1.20 to ≈ 1.15, for v̄ = 8.7 × 105 mm/s. Less pronounced stress relaxation
effects are observed for lower imposed velocities. Figure 4(a) also shows a good agreement between finite element
and theoretical (Eq. (7)) results for all imposed velocities.

Figure 5 shows the distribution of the dimensionless von Mises equivalent stress σvM/σy along the dimen-
sionless radial coordinate r/a considering the four expansion velocities, at different time instants: t = tf (Fig.
5(a)) and after stress relaxation (Fig. 5(b)). Similar tendencies to those of Fig. 4 are observed. The stress distri-
bution has a concave upward shape and the equivalent stress increase with the imposed velocity. At t = tf (Fig.
5(a)), σvM (a) /σy ranges from ≈ 1.52, for v̄ = 8.7 × 10−2 mm/s, to ≈ 2.10, for v̄ = 8.7 × 105 mm/s. Stress
relaxation is noticed while com comparing Figs. 4(a) and 4(b). During stress relaxation, the dimensionless equiv-
alent stress at the inner radius reduces from ≈ 2.15 to ≈ 2.00, for the highest velocity. Again, less pronounced
stress relaxation is observed as the loading rate decreases. In Figure 5(a), a good agreement is also observed while
comparing finite element and theoretical (Eq. (11)) results.
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Figure 4: Dimensionless radial stress σrr/σy vs. the dimensionless radial coordinate r/a considering four expan-
sion velocities, 8.7 × 10−2, 8.7 × 101, 8.7 × 104, and 8.7 × 105 mm/s, at different time instants: (a) t = tf and
(b) after stress relaxation. The analytical results (dashed lines) are obtained using Eq. (7).
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Figure 5: Dimensionless von Mises equivalent stress σvM/σy vs. the dimensionless radial coordinate r/a consid-
ering four expansion velocities, 8.7× 10−2, 8.7× 101, 8.7× 104, and 8.7× 105 mm/s, at different time instants:
(a) t = tf and (b) after stress relaxation. The analytical results (dashed lines) are obtained using Eq. (11).

4.2 Strain rate history effects

This section presents sequential simulations, in which the expansion velocity is abruptly decreased or in-
creased. These tests are considered in order to evidence strain rate history effects on the mechanical behavior.
Such an effects results from the strain rate-dependence of the material hardening evolution, see Eqs. (4)2 and (5).
Figure 6(a) shows the absolute value of the dimensionless radial stress |σrr (a)| /σy in terms of the accumulated
viscoplastic strain ε̄ at the inner radius. When ε̄ ≈ 5.3× 10−3, the expansion velocity v̄ is abruptly reduced from
8.7 × 105 to 8.7 × 10−2 mm/s, resulting in a sudden decrease in the strain rate at the inner radius, from 104 to
10−2 s−1. Due to this strong reduction in the loading rate, the dimensionless radial stress |σrr (a)| /σy suddenly
decreases from ≈ 1.05 to ≈ 0.92, due to instantaneous strain rate effects. However, it is noticed that the reduced
stress is approximately 2.67% higher than the corresponding value in the curve obtained at a constant strain rate of
10−2 s−1. This difference is the result of the strain rate history on the material hardening evolution. This behavior
is also evidenced in Fig. 6(a), where the expansion velocity v̄ jumps from 8.7×105 to 8.7×10−2 mm/s, suddenly
increasing the strain rate at the inner radius, from 10−2 to 104 s−1. In this case, the dimensionless radial stress
|σrr (a)| /σy instantaneously goes from ≈ 0.90 to ≈ 1.03. However, the jump curve does not reach that obtained
at a constant strain rate of 104 s−1.
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Figure 6: Dimensionless radial stress |σrr (a)| /σy vs. the accumulated viscoplastic strain ε̄ at the inner radius,
considering (a) an abrupt reduction, from 104 to 10−2 s−1, and (b) a jump, from 10−2 to 104 s−1, in the strain rate
˙̄ε. Constant strain rate curves, for ˙̄ε = 10−2 s−1 and ˙̄ε = 104 s−1, are also plotted for comparison purposes.
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Figure 7: Dimensionless von Mises equivalent stress σvM (a) /σy vs. the accumulated viscoplastic strain ε̄ at the
inner radius, considering (a) an abrupt reduction, from 104 to 10−2 s−1, and (b) a jump, from 10−2 to 104 s−1, in
the strain rate ˙̄ε. Constant strain rate curves, for ˙̄ε = 10−2 s−1 and ˙̄ε = 104 s−1, are also plotted for comparison
purposes.

The same loading conditions of Fig. 6 were imposed to obtain the sequential strain rate curves shown in Fig.
7, which shows the dimensionless equivalent von Mises stress σvM (a) /σy vs. the accumulated viscoplastic strain
ε̄ at the inner radius. While Fig. 7(a) shows the curve of an decremental strain rate test (from 104 to 10−2 s−1),
Fig. 7(b) displays the strain rate jump case (10−2 to 104 s−1). As in Fig. 6, the stress response abruptly decreases
(Fig. 7(a)) or increases (Fig. 7(a)) with the sudden changes in the strain rate, which is the result of instantaneous
rate effects. In contrast, the sequential tests do not reach the corresponding constant strain rate curves, evidencing
the effects of the past loading rate on the material hardening.

5 Conclusions

This work has studied strain rate effects on the mechanical behavior of internally pressurized thick-walled
cylinders. An elastic-viscoplastic material, presenting strain hardening, strain rate hardening and instantaneous
rate-sensitivity, was adopted. Considering different loading rates, the influence of the imposed expansion velocity
on the mechanical behavior was shown, using both analytical and finite element simulations. Obtained results
evidenced both instantaneous and past strain rate effects on the stress response, showing the influence of the
imposed loading conditions on the material/structure behavior.
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