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Abstract. Fatigue failure analysis becomes a constant concern when intending to produce mechanical components
subjected to alternating loads and stress concentration. Therefore, the study that provide the development of safe
structures and with longer fatigue life proves to be of significant importance. This article presents the formulation
of the finite element method applied to the fatigue problem in continuous structures from the modified Goodman,
Gerber, and ASME-elliptic criteria. The stress field is obtained using a linear quadrilateral element, with four
nodes per element and two degrees of freedom per node. It is considered two structures of optimized and non-
optimized shape under boundary conditions of crimping and point loading at the free end. The numerical results
obtained showed the effect of fatigue on the structures and among the various fatigue failure criteria. The modified
Goodman criterion was more conservative, since it presented significantly higher results for the safety conditions
considered, followed by the Gerber and, ASME-elliptic criteria, respectively.
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1 Introduction

The study of fatigue began in the West in the 19th century after several disastrous train accidents, but it
was in the 1990s that the subject gained greater prominence. This was mainly due to the growing use of critical
components in industries such as automotive, high-speed rail, and aerospace (Smith and Hillmansen [1]).

In recent decades, several numerical modeling techniques have been used to analyze the behavior of complex
structures, such as the Finite Element Method (FEM). Thus, it is possible to estimate the S-N curves of structures
or their critical details, based on basic information on the fatigue strength of materials, resulting in a reduction
in the time and cost of experimental tests. Deng et al. [2] applied the MEF to the study of fatigue failures in
train tracks. In its formulation, the high cycle fatigue damage constitutive relationship of the Cement—emulsified
Asphalt (CA) mortar was developed as a material subroutine, to incorporate into the finite element model for the
influence of several key factors: such as void, initial deterioration, and a load of the wheel in the build-up of
fatigue damage from the AC mortar. Pathak et al. [3] studied the fatigue of homogeneous plates and bimaterials
with interfacial cracks subjected to mechanical and thermal loads based on the Galerkin Method. Kumar et al. [4]]
modeled the crack growth in a single element for both isotropic and bimaterials with the existence of inclusions
and holes. Bhardwaj et al. [5,16] analyzed the interfacial crack problem in heterogeneous materials and in materials
with functional grading of two layers based on extended isogeometric analysis (XIGA).

More recently, researchers started to adopt topological optimization techniques to improve the performance
of structures subjected to fatigue. Nabaki et al. [7] applied the Bidirectional Evolutionary Structural Optimization
(BESO) method to minimize the volume of the structure subject to a fatigue constraint. Static failure and dynamic
failure problems include stress singularity and many constraints, in addition to the highly non-linear behavior of
stress with respect to design variables. Therefore, due to the non-linear nature of the constraint, the application of
fatigue constraint in topology optimization is considered of high complexity among engineering problems. In this
article, the MEF will be used to analyze fatigue failure factors in continuous structures based on different criteria,
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including Modified Goodman, Gerber, and ASME-elliptic. Future work will be the topological optimization based
on the aforementioned fatigue failure criteria.

2 Theoretical foundation

2.1 Finite Elements - Quad4 Linear Element

The structure is modeled with elastic linear quadrilateral isoparametric finite elements, with four nodes and
two degrees of freedom per node (displacements in the vertical and horizontal directions). The elementary stiffness
matrix is given by (Petyt [8]]):

+1 p+1
K= / / hBTDB det[J]dédn, (1)
-1 J-1

where, h is the thickness for out plane, B, D and J are the strain, elasticity and Jacobian matrices, respectively.
The equation of motion for a structure modeled using the MEF subject to static loads is given by:

KU =F, )

where, K is the global stiffness matrix of the structure, U is the displacement vector and F is the force vector.

2.2 Fatigue Theory

When evaluating fatigue failure, the High Cycle Fatigue (HCF) approach is applied, the proportional sinu-
soidal load condition with constant amplitude is adopted, as shown in Fig. [Ta] The stress state history shown in
Fig. [Ib]is obtained by applying the sinusoidal load to the structure and then calculating the stress amplitude (o)
and the average stress (0,,) from the maximum stress values (0,,,4,) and minimum ().
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(a) Sinusoidal load (b) One cycle stress history.

Figure 1. One cycle of the stress history in HCF.
Source: Adapted from Nabaki et al. [9].

However, equivalent static analysis is performed to assess fatigue failure. In this sense, the stresses vectors,
o;, are calculated at the center of the element, as,

o; = D;B;u,, 3)

where, u; is the vector of nodal displacements of the element . The alternating and mean stresses are calculated
from the stress values being expressed by:

Oz, O,
Ta; = CaOi = | 0y, and oy, =Cmoi = | oy, | )
Ty, Taym,

where, ¢, and c,, are, respectively, amplitude and mean scaling factors given by:

1- Fmin Fmax 1 Fmin -Fmax
Co = ( 2/ ) and Cm = +( 2/ ). (5)
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The von-Mises stress calculation is used to calculate the mean and alternating stress of the elements as fol-
lows:

vonMises __ 2 2 _ 2
O = \/0' + O, ~ O2a, Oya, + 37,

La, TYa,;’

(6)

vonMises __ 2 2 _ 2
Om; - \/szi + Jym,i Orm; Tym, + 3Tmymi .

The assessment of fatigue failure is made by applying the modified Goodman, Gerber and ASME-elliptic
criteria, given by:

UvonMises UvonMises
LiM(w) = fi—+ ——— <11 )
(i) N, Tut
i cag ises N\ 2
Uvganses O.voleses
L () = = +( - <1 @®)
(Ui)Nf Out
vonMises 2 vonMises \ 2
LAE () = Jai ) <0m») <1. )
(0i)n, Out

For the fatigue failure criteria based on principal stresses, the diagram in Fig. [2]is used, where the alternating
stress is limited by the critical fatigue stress, (0;) v, considering an infinite number of lifecycles (Ny > 107). To
avoid fatigue failure, all combinations of alternating stress and average stress of all elements in the structure must
be below the diagram curves (Fig. |Z[), where, 0,,; and o, represent ultimate stress and yielding stress, respectively.
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Figure 2. Diagram of fatigue failure criteria.

The value of the alternating stress (o;) y +» is obtained through the Basquin equation (Nabaki et al. [9]]) written
as:

(0:)n, = o (2Np)", (10)

where, a} and b are, the fatigue strength coefficient and exponent, respectively.

To verify the failure resistance of the structures, three different combinations of average and alternating
principal stresses are considered, where the results from these combinations, in each element, are placed in the
diagram. Combinations of medium and alternating stress are written as follows (Nabaki et al. [9]):

Combination 1:

Oq = J%a + O’%a — 014024 and o, = \/U%m + ng — 01mO2m, (11
Combination 2:
00 =1\/0%, 4+ 03, — 014024 and o0 = o1y, + 02, (12)
Combination 3:
0o =1\/0%, 4+ 03, — 012024 and
Vo2 403, — T1mOam if |o1m| >0 (13)

O,Signed vonMises __
m 2 2 7 :
f\/crlm + 03, — O1mO2m  if |o1m| <0
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3 Methodology

In this paper we implemented the stress calculation routine and the modified Goodman, Gerber and ASME-
elliptic criteria via a finite element analysis package, in MATLAB environment, provided by Picelli et al. [10]] and
available on the online repository (here). The SolidWorks software is used to delineate and dimension structures
of optimized geometry found in the literature, arriving at an approximate geometry. Then, the sketch is imported
to the Abaqus software, where the structure is discretized with the Quad4 element. Finally, the coordinates of each
node are gathered, added to the pre-processing of the aforementioned computational programming, in which you

get the answers to each problem.
4 Results

In order to validate the computational code and obtain new results, two structures are considered, the can-
tilever beam (Fig. [3a) and the L beam (Fig. [3b). In both, 1 mm is defined as the thickness for out plane, modulus
of elasticity and Poisson’s coefficient, as 210 GPa and 0.3, respectively. The statically applied load was considered
as F' = F,4.. To construct the failure criteria diagrams, the parameters a} = 493 MPa, 0,4 = o, = 358 MPa,
Ny = 1e7 and b = —0.086 are used. In addition, discretization with Quad4 elements (1 mm x 1 mm) is used. In
the validation stage, the results obtained by the authors of this work were compared to those found in the literature

for the same structure.

_ I
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(a) Cantilever beam (b) L-bracket beam

Figure 3. Beam models.

4.1 Validation 01 - Optimized Cantilever Beam

In this section, the cantilever beam is considered, with dimensions, boundary conditions and point load shown
in Fig. @ where Fi,q, = 350N and F),,;, = 150N. Nabaki et al. [9] optimize this structure via BESO, with
volume restriction. With this, they obtained the layout of Fig. 4a| as well as the results in Fig. fband[dc| Using a
similar layout (Fig. 4d), the authors of the present work obtained the results in Fig. de]and [} through the MEF in
the computational code in MATLAB. The colors in the geometry domain (Fig. @bland[¢) represent the distribution
of the values L; in the structure and the colors highlight the critical regions of the structure, values of L; greater
than or equal to one indicate fatigue failure. Figures fic|and 4d| present the modified Goodman diagram, in which
the fatigue analysis is considered from the mean and alternating principal stresses. In these figures and [4d),
points outside the safety zone of the diagram, that is, outside the region delimited by the dashed lines, indicate

fatigue failure.

& 150
=3
| 2 gmo I
; = e #
£ 50 / b SN
= / . A
E I
9] / , N
\ 5, XF
-400 -200 0 200 400
= . Mean stress (MPa)

(a) Optimal design layout. (b) Goodman fatigue criteria LEM . (c) Modified Goodman diagram.
Source: Own authorship. Source: Own authorship. Source: Own authorship.
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(f) Modified Goodman diagram.
Source: Nabaki et al. [9].

(e) Goodman fatigue criteria L?M .
Source: Nabaki et al. [9].

(d) Optimal design layout.
Source: Nabaki et al. [9].

Figure 4. Validation of results for the cantilever beam.

The results in Fig. @ and @ indicate failure in the structure due to fatigue, as they present values of L&Y
greater than one, the same conclusion can be made when evaluating the Fig. [dc|and [4f] they contain points outside
the safety zone of the modified Goodman diagram. When comparing the results of the present work and the
literature, similarities can be seen in the color maps (Fig. [4bland [de)), as well as in the arrangement of points in

the modified Goodman diagrams (Fig. [Ac|and [4f)). Therefore, there is good agreement in the results. Furthermore,
small differences are present and are due to the there is no exact match between layouts (Fig. [#a]and Fig. fid).

4.2 Validation 02 - Optimized L-Beam

The second example is the L-beam, with dimensions, boundary conditions and loading conditions shown
in Fig. where F,,, = 250N and F;,;,, = 50N. Using this structure in the BESO method, with volume
restriction, Nabaki et al. [9]] found the layout of Fig. [5aland the results in Fig. [5b]and [5¢] With a similar structure
(Fig. [5d) the authors of the present work obtained the answers in Fig. [5¢| and [5f] based on the same procedures

mentioned in the first example.

Pa
@
o

—
o
o

Alternating stress (M
[4))
o

0
-400 -200 0 200 400
Mean stress (MPa)

(a) Optimal design layout.
Source: Own authorship.

(d) Optimal design layout.

Fonte: Nabaki et al. [9]].

(b) Goodman fatigue criteria LiGM.
Source: Own authorship.

(e) Goodman fatigue criteria LiGM
Fonte: Nabaki et al. [9]].

(c) Modified Goodman diagram.
Source: Own authorship.
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Fonte: Nabaki et al. [9].

Figure 5. Validation of results for the L-Bracket.

From the results in Fig.

4b] an
to fatigue. The aspect of Fig. and

LEM in the structure are

el as well as in Figldc]and [} it can be seen that the structure fails due
which reveals the distribution of the values

similar. However, due to the geometric arrangement of the structure, the mesh becomes dependent on small
changes, promoting some dissimilarities in the results, subtle between Fig. [4band fie] notable among the Fig.
and if] However, the results were satisfactory in showing fatigue failure, thus confirming the assertiveness of the

computational code.
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4.3 Application 01 - Cantilever beam not optimized

To evaluate the fatigue failure responses of various criteria, the cantilever beam (Fig. [3a), a non-optimized
structure, is used as a first example with load values F},,, = 350N and F},;,, = 150 N. Figure |§| presents the
responses of Goodman, Gerber and ASME-elliptic fatigue failure criteria. In these graphs, the effects of stress
concentration are disregarded, 10 elements in the vicinity of the force are disregarded from the calculation of the

failure criteria.

0.49 032 | 0.12
- 0 0 0

(a) Goodman fatigue criteria (LiGM ). (b) Gerber fatigue criteria (LZ.G). (c) ASME-elliptic fatigue criteria (L{‘E )
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(d) Fatigue failure criteria diagram
Figure 6. Results for the cantilever beam.

It can be seen in the example considered that there is no failure due to fatigue, there are L; < 1 in all
answers. At the left end, converging to the upper and lower vertices, are the regions of greatest expressiveness,
that is, the highest values of L;. Comparing the criteria, the modified Goodman (Fig. [6a) presented the highest
values, followed by the Gerber criterion (Fig. [6b), and ASME-elliptic (Fig. [6a), respectively. Modified Goodman,
therefore, is among the criteria the most conservative, highlighting more intensely the possibility of failure due to
fatigue. The evaluation from the average and alternating principal stresses are shown in Fig. [6d] In this diagram,
the fatigue resistance of the structure is again shown, since all points are in the safe zone of the diagram, that is,
below the fatigue failure curves.

4.4 Application 02 - L-beam not optimized

As a second example, the L-bracket beam is used (Fig. B_E[), with load values F,,,, = 250N and F,,;,, =
50N. To avoid stress concentration, six elements (3 x 2) around the applied load were excluded from the cal-
culation of the failure criteria. According to Fig. [7a] [7b] and none of the criteria shows fatigue failure in the
considered example. It is also noticed that the maximum values found, in the structure domain, are located near
the upper vertex formed by the vertical and horizontal portions.

(a) Goodman fatigue criteria. (b) Gerber fatigue criteria. (c) ASME-elliptic fatigue criteria
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(d) Fatigue failure criteria diagram
Figure 7. Results for the L-Bracket.

In the modified Goodman results (Fig. , there are maximum values close to 0.97, thus the structure is
safe, however close to the limit conditions of failure resistance. Gerber results present maximum values close to
0.75 and ASME-elliptic close to 0.5, showing that there is no failure. It can be seen, therefore, that Goodman
moddicated presents greater numerical expressiveness, values of LZ-GM greater than LZG and L{‘E . In its turn, the
failure criteria diagram, Fig. reaffirms the resistance of the structure to failure due to fatigue, since the points
are in the safe zone of the diagram.

5 Conclusions

Fatigue damage in continuous structures was evaluated based on the modified Goodman, Geber and ASME-
elliptic failure criteria via FEM. Optimized geometry structures known in the literature were used in the imple-
mented computational code. Results obtained were in well agreement with those presented on previous work.
Further, two non-optimized structures (cantilever and L-beam) were evaluated. For the conditions placed, they
did not show fatigue failure in the evaluation criteria. It was also verified that the modified Goodman criterion
presents more expressive values, followed by the Gerber and ASME-elliptic criterion, that is, LM > L& > LAF,
Therefore, modified Goodman criterion emphasizes more intensely the presence of failure due to fatigue.
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