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Abstract. Topology optimization is an important technique for the design of optimum structures. Its main
objective is to determine the best material distribution inside of an analysis domain. In the last three decades, a
significant part of the advances in structural topology optimization has been achieved by employing finite-element
strategies for structural analysis. Therefore, the advantages and disadvantages of this numerical technique are well-
known. For instance, the checkerboard pattern is directly associated with the finite-element method numerical
assumptions, which leads to some artificial stiffness. An alternative to the finite-element method is the finite-
volume theory, which has been shown to be an efficient checkerboard-free numerical technique. Many algorithm
implementations have been published for educational purposes over the last decades to promote topology
optimization strategies. However, most of these algorithms are constructed based on the finite-element method.
Therefore, the present paper proposes a MATLAB® implementation of a topology optimization approach for
compliance minimization problems based on the standard finite-volume theory of linear elastic continuum
structures. A sensitivity filter is also implemented to control the mesh dependence and length scale issues.

Keywords: topology optimization, finite-volume theory, educational MATLAB® code.

1 Introduction

Topology optimization has grown as an important and robust technique for designing optimized structures.
Generally, these algorithms seek to establish the best material distribution inside the analysis domain, since the
problem constraints are attended. Recently, different authors have presented educational algorithms for topology
optimization, offering foundations for the understanding and development of different topology optimization
strategies, Ferrari et al. [1]. Since the pioneer 99-line code proposed by Sigmund [2], other educational codes have
appeared, however many of those are directly related to the optimal design of compliance minimization problems
employing the traditional finite-element method. Ferrari and Sigmund [3] have presented a list of those
contributions.

Since the pioneering work of Bendsge and Kikuchi [4] in the homogenization method, the finite element-
based strategy for structural topology optimization has received great attention and experienced considerable
progress, Wang and Wang [5]. Therefore, the advantages and disadvantages are well-known. An alternative
technique to the finite-element method is the finite-volume theory, which employs the volume-average of the
different fields that define the material behavior and imposes the boundary and continuity conditions in an
averaged sense. This technique has shown to be a well suitable method for elastic stress analysis in solid
mechanics, investigations of its efficiency can be found in Cavalcante et al. [6-8] and Cavalcante and Pindera
[9,10]. The satisfaction of equilibrium equations at the subvolume level, concomitant to kinematic and static
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continuity conditions established in a surface-averaged sense between common faces of adjacent subvolumes, are
features that distinguish the finite-volume theory from the finite-element method.

Some recent studies have promoted the incorporation of the finite-volume theory into the topology
optimization framework, starting with Araujo et al. [11], who have proposed a topology optimization approach for
compliance minimization based on the standard (or zeroth-order) finite-volume theory. Subsequently, Araujo et
al. [12] have proposed a similar topology optimization approach based on the generalized finite-volume theory.
Finally, Araujo et al. [13] have discussed the differences between total strain energy and external work done in
deforming materials in quasi-static analysis, which has helped to the definition of the proposed compliance
function. This contribution addresses an educational MATLAB® code for topology optimization of continuum
elastic structures based on the finite-volume theory considering the compliance minimization problem subject to
a volume constraint.

2  Finite-volume theory

Considering a rectangular domain in x; — x, plane with 0 < x; < L and 0 < x, < H, which is discretized
in Ny horizontal subvolumes and N, vertical subvolumes. The subvolume dimensions are [, and h, for g =

1,..., Ny, where N, = Ng - N, is the total number of subvolumes. Following Cavalcante and Pindera [9], the

displacement of a subvolume g can be approximated by an incomplete quadratic version of Legendre polynomial
expansion in the local coordinate system as follows:

@ _ @ @@ 4 @y @ @)? @ @)? @
u; " =Wy 21 Wiiigy + Wl(m)+ <3 (x1 ) >W(2o)+ (3( X2 ) )Wl(oz)v 1)

where i = 1,2 and Wl.ngn) are unknown coefficients of the displacement field.

2.1 Local stiffness matrix

Following Bansal and Pindera [14], the surface-averaged displacement components of a generic subvolume
can be defined as

lq
) = qu u; (qu), 7‘7) dx®
h; : )
a0 = g (200 ) axl?
where the superscript indicates the subvolume face number.
Substituting eq. (1) into eq. (2), eight expressions are obtained for the surface-averaged displacements, which
can be organized as follows:

= (q) (@ (@)
ul@ = Al W(q +agnWioo) (3)

where u(® s the local surface-averaged displacement vector, W@ is the vector containing the first and second-

order unknown coefficients and ng())) is the vector containing the zeroth-order unknown coefficients. Agg)xs) and
ggiz) are matrixes that depend on the geometric features of the subvolume gq.
Based on linear elastic stress analysis, the surface-averaged traction components can be evaluated as
lg

(1 3) _ ;lif . 02 (xiq), )dxiq)
e (4)

t(24) ,%fTh_qui (i i (q)) dxgtﬂ

2

Considering linear elastic isotropic materials, eight expressions for the surface-averaged tractions can be
obtained in terms of the unknown coefficients

i@ = nglg)w(q), (5)
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where ng)xg) is the local surface-averaged traction vector.

Stablishing the equilibrium at the subvolume level in the absence of body forces, we have
Tp=1 EPLD = 00,0, (6)

where L = 1o, L = by, 1S = 1, and L? = h, are the faces’ lengths of a generic subvolume g, and £@7) can
be defined as

= @» (4@ \ s @ @ ' @ )
t@” = B3% (A(gxs)) u@ — B(gf;) (A(g)xa)) a(ixz)WEgo)- (7
By substituting eq. (7) in eq. (6), the following expression can be obtained
4 pan) (@) (4@ s 4 p@an) ;@\ (4@ Y @ pw@ _
( p=1B 2xg)Lp )(A(SXB)) u@ — ( p=1B(2xg)Lp )(A(sxs)) a5x2)W(00) = O2xn)- (8)
From eq. (8), the vector containing the zeroth unknown coefficients can be expressed as
@ _ =@ =
W0y = a(2x8)u(q)’ 9)
-1
(@ _ (ap) ;@ @ ', @ (ap) (@ @ \*' ; ;
where @, o = [(Zgzl B Ly )(A(BXS)) a(gxz)] (Zgle(zxg)LP )(A(SXS)) . By replacing eq. (9) in

eg. (3), the following expression is obtained

W@ = Zgg)xs)ﬁ(q)’ (10)
_ -1 -1
where Agglg) = (Agg)xs)) - (Agglg)) agglz)ﬁgglm. Then, the local system of equations for a generic
subvolume can be stablished as
@0 = Kgg)xs)ﬁ(q), (11)

where Kggls) = ngls)ﬁgg)xs) is the local stiffness matrix. The global stiffness matrix is assembled by considering

the individual contribution of each subvolume in the discretized domain.

3 Topology optimization problem

A significant part of the advances in topology optimization has been achieved by considering compliance
minimization problems, whose concepts are well-stablished in the context of finite-element strategies. In this
contribution, the minimum compliance minimization problem is implemented considering linear elastic stress
analysis based on the finite-volume theory. Following Araujo et al. [13], the topology optimization problem based
on the power-law approach for compliance minimization based on the standard finite-volume theory can be written
as

( minc(p) = Z;”il(pq)”w@ D@OW@

subject to:
J V) _ : (12)
v =f
0< Pmin = Pq <1
hg g .
where D@ = | iqﬁq;(E(q)) COE@ dx® qx{P, E@ is the kinematic matrix that relates the strain tensor

2 2
components with the unknown coefficients, C(? is the stiffness tensor, V(p) and V are the material and reference
domain volumes, respectively, p is the relative density tensor, p is the penalty factor, f is the prescribed volume
fraction and p,,;, is the minimum relative density to avoid singularity in the stiffness matrix. This optimization
problem is solved using the optimality criteria (OC) method.

3.1 Mesh-independency filter

Following Sigmund [2], to avoid the occurrence of mesh dependence, it is suggested to modify the subvolume
sensitivities by using the following expression:
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e __ L Mg (2
900 pg¥ed; e Ze=y flepe (ape)' (13)
where H, is the convolution operator (weighting function) given as
H, = R — dist(q, e) for dist(q,e) < R and H, = 0 otherwise, (14)

where dist(g, e) is the distance between the subvolume center of g and e. To consider only the contributions of
neighbor subvolumes (with shared nodes), it is adopted a filter radius of R = 1.01,/12 + hZ.

4  MATLAB implementation

The proposed topology optimization algorithm was implemented using the MATLAB R2016a (64-bits)
version and it is presented in the Appendix. This code is composed of a main program, that calls other algorithms
for the problem solution, a finite-volume theory code, containing its local stiffness matrix, a mesh-independent
filter, and the OC method implementation. This proposed algorithm is inspired by the renowned 99 line
MATLAB® code proposed by Sigmund [2].

The main program can be called in the prompt by

FVT TOP(SP, L, H,nH,nL, MY, nu,bd, bf,vf,penal, rmax), (15)

where sP holds the information for state of plane stress or strain, I and H are the beam length and height,
respectively, nL and nH are the number of horizontal and vertical subvolumes, respectively, MY is the material
Young modulus, nu is the Poisson ratio, bd holds the information for essential boundary conditions, bf holds the
information for natural boundary conditions, v £ is the initial volume fraction percentage, penal is the adopted
penalty factor, and rmax is the filter maximum radius. The algorithm output informations are U and x, which
represent respectively the global displacement and relative density vectors. The main program starts by indexing
the degrees of freedom (do £) of the analysis domain. Then, the prescribed boundary conditions are inserted in the
analysis by creating the vectors udo £ and tdo £ with the prescribed surface-averaged displacements and tractions.
The code STIFF_OTH calls the formation of the local stiffness matrix based on the finite-volume theory

STIFF OTH(SP,MY,nu,1,h), (16)

where 1 and h are the subvolume horizontal and vertical dimensions, respectively. Then, the main program
distributes the material in the design domain and the gradient filter is initialized. The mesh-independent filter code
modifies the subvolume sensitivity by employing a weighting function obtained considering the neighbor
subvolumes with shared nodes. Returning to the main code, the looping is initialized considering two different
alternatives. Firstly, it can be considered a fixed penalization scheme, where the penalty factor is constant
throughout the optimization process. The second procedure considers a continued penalization scheme, where the
penalty factor increases gradually, and it is implemented as a vector. For instance, Araujo et al. [11,12] have
employed a continued penalization scheme, where penal wassetupas 1:0.5:4.

As convergence criteria, the maximum tolerance for the change in design variables between successive
iterations is established as 1%, which is designated by while change>0.01 in the main code. Then, the
looping is initialized followed by the global stiffness matrix assemblage, where the individual contribution of each
subvolume is considered. The global surface-averaged displacement vector is obtained, and the objective function
and its gradient are calculated by the following called in the main program:

strainenergy2 (U, 1,h, SP,MY, nu,Ng, x,p,dof), a7)

where p represents the current penalty factor. The compliance function for this approach is calculated considering
twice the total strain energy in a deforming material, as defined in Araujo et al. [13]. Finally, the relative density
vector is updated considering the OC method, which is called by

OC_METHOD (Vm, Ve, x, dc, p), (18)

where vm is the effective model volume, ve is the subvolume volume, and dc is the vector containing the
subvolume sensitivities.
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5 Conclusions

This contribution pretends to become more popular the application of the finite-volume theory in structural
topology optimization problems. Araujo et al. [11,12] have demonstrated the efficiency of the proposed approach
by reducing the optimum topology perimeter, which is a desired feature for manufacturing once it optimizes the
use of material in the designed structure. This algorithm has the aim to help researchers by proposing an easy-to-
follow code in MATLAB® for topology optimization of continuum elastic structures applying the finite-volume
theory.
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Appendix

function [U,x]=FVT TOP(SP,L,H,nH,nL,MY,nu,bd,bf,vf,penal, rmax)
Ng=nH*nL; 1=L/nL; h=H/nH; Nhf=nL* (nH+1); faces=zeros (4,Nq);
for i=1:nH
for j=1:nL
g=j+(i-1) *nL; % Subvolume index
faces(:,g)=[j+(i-1)*nL; Nhf+j+1+(i-1)* (nL+1l); Jj+i*nL; Nhf+j+(i-1)*(nL+1l)];

end
end
dof (2:2:8,:)=2*faces; dof(l1:2:7,:)=2*faces-1; ndof=max (max (dof)); U=zeros(ndof,1);
udof=[]; % Degrees of freedom with prescribed kinematic variables
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for i=1l:length (bd)
udof=[udof;bd (i) .dof];

end
f=zeros (ndof,1); % Global force vector
tdof=[]; % Degrees of freedom with prescribed static variables

for i=1l:length (bf)
f(bf(i).dof,1l)=bf(i).sv; tdof=[tdof;bf(i).dof];

end
fdof=setdiff (1:ndof,udof); k1=STIFF OTH(SP,MY,nu,1l,h); x(1:Nqg,1)=vf'/100;
Ve=1*h; Vm=Ve*sum(x); r2=rmax*rmax; % Initializing the mesh-independent filter

filter=repmat (struct('cg', [0;0], 'neib’', [], "fac',[]),Ng,1);
for i=1:nH
for j=1l:nL
filter ((i-1)*nL+j) .cg=[L/nL/2+L/nL* (j-1) ;H/nH/2+H/nH* (i-1)];

end
end
for i=1:Ng
for j=i:Ng
d2=(filter(i).cg(l)-filter(j).cg(l)) "2+ (filter (i) .cg(2)-filter(j).cg(2))"2;
if d2<r2
filter (i) .neib = [filter (i) .neib j];
filter(i).fac = [filter(i).fac rmax-sqrt(d2)];
if i~=3
filter(j) .neib = [filter(]j) .neib i];
filter(j).fac = [filter(j).fac filter(i).fac(end)];
end
end
end
end

for p=penal
loop=0; change=1;
while change>0.01 % Starting iteration process
loop=loop+l; xold=x; Kg=sparse (ndof,ndof);
for g=1:Ng
Kg(dof (:,q),dof (:,q))=Kg(dof(:,q),dof(:,q))+x(q) "p*kl;
end
U (fdof)=Kg (fdof, fdof) \f (fdof) ;
[c,dc]=strainenergy2(U,1l,h,SP,MY,nu,Nq, x,p,dof); dc=min(0.0,dc);
dec=gradfilter (filter, x,dc); [x]=0C_METHOD (Vm,Ve,Xx,dc,p);
change=max (abs (x-xo0ld)); % Maximum change in the design variable
end
end

function dcn = gradfilter (filter,ovf,dc)
for i=length(filter):-1:1
den(i,1) = sum([filter(i).fac]'.*ovf(filter (i) .neib).*dc(filter (i) .neib))/...
(ovf (1) *sum(filter (i) .fac));
end

function [c,dc]=strainenergy2(U,1,h,SP,MY,nu,Nq,x,p,dof)
switch SP
case 'PlaneStress'
Cl1=MY/ (1-nu”2); Cl2=nu*Cll; C44=MY/ (2* (1+nu)):;
case 'PlaneStrain'
Cll=MY* (1-nu)/ ((1-2*nu) * (1+nu)); Cl2=nu*MY/ ((1-2*nu)* (1+nu));
C44=MY/ (2* (1+nu)) ;
end
A0=[0 0 1/1 0 0 O -1/1 0;...
-1/h 0 0 0 1/h 0 0 O;...
-24*C44/ (1* (12*C44*1/h+12*h*C11/1)*h) 0 2/1"2-
24*h*C11/ (173*(12*C44*1/h+12*h*C11/1)) 0 -24*C44/ (1*(12*C44*1/h+12*h*C11/1)*h) O
2/17"2-24*h*C11/ (1"3* (12*C44*1/h+12*h*C11/1)) 0;...
2/h"2-24*C44*1/ (h"~3* (12*C44*1/h+12*h*C11/1)) 0 -
24*C11/ (h* (12*C44*1/h+12*h*C11/1)*1) 0 2/h"2-24*C44*1/ (h"3* (12*C44*1/h+12*h*C11/1))
0 -24*C11/ (h* (12*C44*1/h+12*h*C11/1)*1) 0;...
0001/1 000 -1/1;...
0 -1/h 00 0 1/h O 0;...
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0 -24*C11/(1*(12*C1l1*1/h+12*h*C44/1)*h) 0 2/1*2-
24*h*C44/ (173* (12*C1l1*1/h+12*h*C44/1)) 0 -24*C11/(1*(12*Cl1*1/h+12*h*C44/1)*h) O
2/17"2-24*h*C44/ (1"3* (12*C11*1/h+12*h*C44/1)); ...
0 2/h?2-24*C11*1/ (h"3*(12*C11*1/h+12*h*C44/1)) 0 -
24*C44/ (h* (12*C11*1/h+12*h*C44/1)*1) 0 2/h"2-24*C11*1/ (h"3* (12*C11*1/h+12*h*C44/1))
0 -24*C44/ (h* (12*C11*1/h+12*h*C44/1)*1)];
d00=[C1l1*1*h 0 0 0 0 Cl2*1*h 0;...
0 C44*1*h 0 0 C44*1*h O
0 0 3*C11*1~3*h/4 0 0 O
0 0 0 3*C44*1*h~3/4 0 O
0 C44*1*h 0 0 C44*1*h O
Cl2*1*h 0 0 0 O C1l1*1*h O
0 00O0OO0 3*C44*173*h/4
000000 D0 3*C11*1*h"3/
c=0; dc=zeros(Nqg,1);
for g=1:Ng
Ue=U(dof (:,q)); ce=Ue'*A0'*d00*A0*Ue; c=c+x(q)"p*ce; dc(qg)=-p*x(q) " (p-1) *ce;
end

o

0;...
0;...
0;...
0;...
0;

0.

4

1

function k00=STIFF OTH(SP,MY,nu,l,h)
switch SP
case 'PlaneStress'
Cl1=MY/ (1-nu”~2); Cl2=nu*Cll; C44=MY/ (2* (1+nu));
case 'PlaneStrain'
Cl1=MY* (1-nu)/ ((1-2*nu) * (1+nu)); Cl2=nu*MY/ ((1-2*nu)* (1+nu));
C44=MY/ (2* (1+nu) ) ;
end
alpha=[172*C44/ (1"2*C44+h"2*C11) 172*C11/(172*Cl1+h"2*C44)];
beta =[h"2*C11/ (172*C44+h"2*C11l) h"2*C44/ (1"2*C11+h"2*C44)];
k00=[C44* (4-3*alpha(l))/h 0 -3*Cd44*beta(l)/h 0 C44*(2-3*alpha(l))/h 0 -
3*C44*beta(l)/h 0;...
0 Cll*(4-3*alpha(2))/h -Cl12/1 -3*Cll*beta(2)/h 0 Cll*(2-3*alpha(2))/h Cl12/1 -
3*Cll*beta(2)/h; ...
-3*Cll*alpha(l)/1 -Cl2/h Cl1*(4-3*beta(l))/1 0 -3*Cll*alpha(l)/1 Cl2/h Cl1*(2-
3*beta(l))/1 0;...
0 -3*C44*alpha(2)/1 0 C44* (4-3*beta(2))/1 0 -3*C44*alpha(2)/1 0 C44* (2-
3*beta(2))/1;...
C44* (2-3*alpha(l))/h 0 -3*C44*beta(l)/h 0 C44* (4-3*alpha(l))/h 0 -
3*C44*beta(l)/h 0; ...
0 Cll1*(2-3*alpha(2))/h Cl2/1 -3*Cll*beta(2)/h 0 Cll*(4-3*alpha(2))/h -Cl12/1 -
3*Cll*beta(2)/h; ...
-3*Cll*alpha(l)/1 Cl2/h Cl1*(2-3*beta(l))/1 0 -3*Cll*alpha(l)/1 -Cl2/h C11* (4-
3*beta(l))/1 0;...
0 -3*C44*alpha(2)/1 0 C44* (2-3*beta(2))/1 0 -3*C44*alpha(2)/1 0 C44* (4-
3*beta(2))/1];
k00 (1,4)=-C44/1; k00(1,8)=C44/1; kO00(5,4)=C44/1; k00(5,8)=-C44/1;
k00 (4,1)=-C44/h; kO00(4,5)=C44/h; k00(8,1)=C44/h; kO00(8,5)=-C44/h;
end

function [xnew]=0C METHOD (Vm, Ve, x,dc)
11=0; 12=100000; move=0.2;
while (12-11)/(11+12)>1e-5
Imid=(11+12)/2;
xnew=max (0.001, max (x-move,min (1., min (x+move, x.* (-dc./Ve/lmid) .~ (1/2)))));
if Ve*sum (xnew) >Vm
11=1mid;
else
12=1mid;
end
end
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