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Abstract. The cylindrical shell with a circular hole under three types of boundary conditions is considered: axial
tension, internal pressure and torsion. A new mathematical approach that allows reducing an infinite system and finding
unknown coefficients for the deriving stress is offered. This approach lifts classical mathematical restrictions for
curvature parameter. The comparison of analytical and numerical results by collocation method is described.
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1 Introduction

In recent works, Kashtanova and Rzhonsnitskiy [1,2] reconsidered the classical approach to the solution of
the problem of cylindrical shell a circular cutout under an axial tension. The protagonist of this problem is a certain
geometric parameter S, that contains the ration between the radius of the hole, the radius of the cylindrical shell
and the shell thickness. When this parameter is equal to zero, we have a plane problem (the Kirsch problem in case
when the boundary condition is an axial tension). There were several reasons that forced us to look for a different
approach: a very small range of applicability of the solution (close to Kirsch problem), a linear dependency in the
system for finding coefficients for basis function, different results in the literature, a failure of the limit transition,
no explicit formulas for the field of stresses and no opportunity to make an analytical analysis. The classical way
was to decompose the solution and the coefficients into small parameter 8, which immediately put restrictions on
the range of applicability. The authors of the present paper offered to decompose the solution into Fourier series
and to divide variables [1], then they found and exclude a linear-dependent equation and after some substitution
of variables proofed the reducibility of the infinite system [2]. This method allows getting a model in range of
up to 4. In this paper this idea, in addition to axial tension, is applied to other boundary conditions: internal pressure
and torsion. The comparison of analytical and numerical results by collocation method that were received by Van
Dyke [4] is described.

2 The Problem

We consider a cylindrical shell of radius R and thickness h with a circular hole r, under various boundary
conditions. The main parameter that is responsible for the ratio between geometric characteristics is
— 12
B2 = 12 .w/3(1 v )'
4Rh
v — Poisson’s coefficient. Note that limit transition while § — 0 leads us to the plane problem.
The government equation of the problem reduces by Lurie [3] to
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Here function ® = —2—w —
8B2R
modulus. The stress function U is connected with stress tensor T by next correlation

iU is used, which contains the deflection w, the stress function U and E — Young’s

02 GE \
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median surface stress is ¢ = T /h.
We consider this problem with follow three types of boundary conditions:
I. axial tension p at infinity along x-coordinate
— atinfinityT, =p, T, =0, T,=0, w=0;
— at the boundary of the hole in polar coordinates (r,9) — free edge
Trrlr:ro =0, Tr19|r=r0 =0, Mrlr:ro =0, err:ro =0; (3)
I1. uniform internal pressure g, (g = %):
- T, = q;Ty = Zq;Txy =0;
or (in polar coordinates) 2T, = q(3 — cos 29); 2T,y = q sin 29; 2Ty = q(3 + cos 29)
— at the boundary of the hole in polar coordinates (r,9)
doTo
Trrlr:ro =0, Tr19|r:r0 =0, Mrlr:ro =0, err:ro = _T; (4)
I11. torsion
- atinfinityT, =0, T, =0, Ty, =7, T= py—?
or in polar coordinates T,. = 7 sin 29, Ty = —tsin29, T,y = tcos2y
— at the boundary of the hole in polar coordinates (r,9)
Trrlr:ro =0, Trﬂlr:ro =0, Mrlr:ro =0, err:ro = 0. (5)
The solution offered by authors can be written in the next form (for case I, Il and 111 respectively):
@, = —1—+Z(an +ib) fo (©)
n=0
2
qy 2qx*
oy =—iL-—iZ +Z(an+zbn) o ™)
Py =iTxy+ Z(an +ib) fu (®)
n=0
where for I and 11 types of boundary conditions we have
f@r,9) = ( + Eg(r n,l) - cos 219 9
and for 11 type
fu(r,9) = Zg(r n, 1) - sin 209. (10)

The third type has a slightly different structure due to the antisymmetry of the problem, because of this sin 219
appears, which is equal to zero for [ = 0.
Inits turn

=01,..,

® i >
e 2O (@4 08) + a0+ 08), P20 oy

HP (@ +0B)
11<>((1-+z)ﬁr)
HP (1 +0)B)

In formulas (6)-(8) we need to find unknown coefficients a,, and b,,. After getting the function @, using the
correlation (2), we will find stresses for our problem with various boundary conditions.

gtrm 1) = (-nkl*

(o]

(]n-zz((1+i)ﬂr)—]n+zz((1+i)ﬁr)),rll:i'_'_'_"' . (2)

(o]

gm0 = (—1)"]
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3 Creating Systems

Finding unknown coefficients a,, and b,, from the system with an infinite number of equations that we get from
boundary conditions of the stresses problem is the important part of the work. We proved that one equation is a
linear combination of four others that helped us to solve the system [1]. In work [2] it was proved the reductubility
of these infinite systems. For all types of boundary conditions, the matrixes of the system are received: by the
susbstituing solution (6) into (3) for the first type, (7) into (4) for the second and, respectevely, (8) into (5) for the
rhird case.

As you can see below, all systems have the same structure.

SYSTEM FOR TYPE | AND Il

n c
HETIEE
1 £ |E5|E8
L Im Re Im Re Im Re Im Re 5 - =
0 [£500,0) | £5(0,0) | t2(1,0) | £5(1,0) | £2(2,0) | £5(2,0) | £5(3,0) | £5(3,0) a, | 0 0
00200000 ] t.(1,0) | a0 t.20) | t.(20) | £.(3,0) | t.(3,0) b, | O |168%q
1§9(01) | g(01) | g1, | 9(11) J9(21) | g(21) | 9(31) | g(B.1) a, _g %
1Hg'0D) | g'(0D) | g'(LD) | gADfgRD | gRD| JBD| 9B b, _g %
100D ] t500D) | (L) | ta(LD [ t:21) | ta(2,D) | £5(3,1) | £5(3,1) a, | 0 0
1,00 oD@ aDlae) ]| D] G| .G b, | 0 0
219(02)|g(02) | g(1,2) | g(1,2) § 9(22) | g(22) | g(32) | g(3.2) as 0 0
214'02)g'(02)]| g(1,2)| gA2)g'22)| g'(22)| 9'B2)| 9'B.2) by 0 0
ts(n D) =i(-42vgn,D+vg (D +g"'(n0)
ta(n,) =1 (122 g, D) = (1+v + 4122 =) g'(n, ) + g™ (n, D))
SYSTEM FOR TYPE IlI
n
S | o, =
2 3 4 g |2 2
L Im Re Im Re Im Re Im Re 5 =
165@D [ QD | D | D VEGD | 6D | 31 | £(4,1) a 0
ey [ ey [ e VLG | LG | @D | L&) b, 0
111y | g1y | g21) | g2 F gB1L | g3 | g1 | g4 a, _%
11D | g@w) | gy | gD IBD [ B | g41) | g41) b, -7
2 [ E:(1,2) | £5(1,2) | £:22) | £(2.2) N E:(3,2) | £:(3,2) | £:(4,2) | £5(4,2) as 0
2 L2 |12 [ 522 | L2 VLG22 | G2 | .32 | L42) bs 0
21 g12) | g(,2) | g22) | g22) § gB2) | §32) | g42) | §(42) ay 0
21912 | g(12) | g(22) | g'22) 9 B2) | g(B2) | g42) | g(42) b, 0

MDD =i(-42vgn,D+vim D+ 3" (n0)

B0 =i(122 G0 — (1+v+ 4122 =) §'(n, D) + g (n,D)
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4  Results
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Figure 2. Stresses gy, /p for types I, 11 and 111 respectively received in the work of Van Dyke [4] in 1965 by
collocation method
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Figure 3a. Field of stresses g, /p for type | (axial tension) for different 8
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Figure 3c. Field of stresses g, /p for type IlI (torsion) for different g

5 Conclusions

The results that were received by new analytical approach are absolutely coincide with results that were
obtained by collocation method by Van Dyke [4] in 1965 for all three cases of boundary conditions. Our model
has no mathematical restrictions, as it was before, and from the point of view of mechanics it works up to 4.
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