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Abstract. Besides the finite element method, there are a number of numerical methods for the analysis of shear de-
formable beams available in the literature, developed to improve the convergence properties and the shear-locking
behaviour exhibited by the finite element method. This paper investigates the application of a meshfree method of
the family of Smoothed Point Interpolation Methods (S-PIM) to the analysis of the Timoshenko beam. Numerical
simulations are also presented, in order to illustrate preliminary results in terms of convergence properties obtained
with a peculiar type of shape function, among the ones of the S-PIM approach.
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1 Introduction

In various engineering fields there are many applications using meshfree methods, among which the family
of smoothing point interpolation methods (S-PIMs) are relatively recent. The S-PIMs encompasses the node-based
smoothed point interpolation method (NS-PIM) proposed by Liu et al. [1], the cell-based smoothed point interpo-
lation method (CS-PIM) that first appeared in Zhang and Liu [2] and the edge-based smoothed point interpolation
method (ES-PIM) proposed in the work of Liu and Zhang [3]. A rich discussion concerning to the mentioned
S-PIMs can be found in Liu and Zhang [4]. In general, the applications of meshfree methods including S-PIMs are
addressed for two and three dimensional problems, however applications for one dimensional problems are also
available in the literature, e.g., Liu [5], Hale [6], Du et al. [7] and He et al. [8].

In this paper the ES-PIM will be investigated on the analysis of the Timoshenko beam. An error comparison
of ES-PIM with the linear FEM is also presented. The ES-PIM simulations were performed using the open-source
software INSANE 1.

2 Timoshenko beam

The Timoshenko beam model adopted in this paper is based on the following assumptions: no elongation
along the beam axis, no torsion around the beam axis and plane bending, with the bending plane aligned with a
principal axis of the cross section. Furthermore, the strains are assumed to be small, and the beam is assumed to be
initially straight. With these assumptions, the kinematics of the model (Fig. 1a) is characterised by the deflection
v of the beam axis and by the rotation θ of the cross-sections, resulting in the following strain measures:

γxy :=
∂v

∂x
− θ, ω :=

∂θ

∂x
, (1)

1INSANE stands for INteractive Structural ANalysis Environment System. For more information the reader may refer to:
http://www.insane.dees.ufmg.br.
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Figure 1

where ω is the curvature and γxy is the shear strain.

The model is governed by the following differential equations, that constitute the strong form of the Timo-
shenko beam:

∂

∂x

(
EI

∂θ

∂x

)
+ ksGA

(
∂v

∂x
− θ
)

= 0 and
∂

∂x

[
GAs

(
∂v

∂x
− θ
)]

= −qy(x), (2)

where E is the Young modulus, G the shear modulus, A the cross sectional area, I the second inertia moment of
area, ks the shear correction factor, qy(x) the load acting along the beam.

3 Edge based smoothed point interpolation method (ES-PIM)

The ES-PIM was originally proposed by Liu and Zhang [3] for 2D applications. Their method is based on
point interpolation shape functions and on a tesselation of the domain into smoothing domains, constructed over
the edges of triangular background cells (Fig. 1b). Such smoothing domains are used to transform the gradients of
the field variables into boundary integrals using the Green theorem (see Liu [9] for further details). In the present
one dimensional application each smoothing domainDs

n is constructed over the edges illustrated in Fig. 2, and the
integration points used to perform the boundary integration over each domain coincide with the nodes. It is worth
noticing that the proposed approach is a sort of degeneration of the 2D approach proposed by Liu and Zhang [3].
As discussed in section 3.1, the gradients of the field variables are assumed to be constant within each smoothing
domain. For a point of interest x the field variables are approximated as follows:

v(x) =

sd∑
i=1

φvi (x)vi, θ(x) =

sd∑
i=1

φθi (x)θi, (3)

where sd is the number of support nodes selected in a local support domain, φvi and φθi are the shape functions
created for a support node i for the displacements and rotations, respectively, and vi and θi are the nodal values of
v(x) and θ(x) at x = xi.

In the present paper, the shape function φi are generated with three different strategies: the Point Interpolation
Method (PIM), the Radial Point Interpolation Method (RPIM), and the Radial Point Interpolation Method with
polynomial reproduction (RPIMp); details on these strategies can be found in Liu [9].

In order to evaluate the support nodes used to construct the shape functions at each integration point, two dif-
ferent approaches are proposed in this paper. With the so-called L2-scheme, the support domain at each integration
point is constituted by the two nodes of the edge where the point belongs to (Fig. 3a). The L32-scheme considers,

CILAMCE 2021-PANACM 2021
Proceedings of the XLII Ibero-Latin-American Congress on Computational Methods in Engineering and
III Pan-American Congress on Computational Mechanics, ABMEC-IACM
Rio de Janeiro, Brazil, November 9-12, 2021



F.P Santos, E. Marino, L. Gori

x1 x2

y

x

Cellxn xn+1

Nodes

xn-1 xn xn+1

Edge

xn+2 xNn

...

...

...

... xNn+1

Integration Point

Figure 2. Edge-based smoothing domain (1D case)
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for each integration point, the two nodes of the edge where the point belongs to, and an additional node from the
neighbour edge (Fig. 3b). For integration points on the boundary of the model, the L32-scheme degenerate to the
L2-scheme. It is noted that these schemes are analogous to the T-schemes proposed by Liu [9] for 2D applications.

3.1 Weakened-weak form

As pointed out in the previous section, S-PIM methods are based on a smoothing technique for the gradients
of the field variables, that results in the so-called weakened-weak form Liu [10], i.e., a weak form with a reduced
order of continuity of its functions. From eq. (2) one can derive the following weak form through a weighted
residual method:

∫ L

0

δωEIωdx+

∫ L

0

δγxyGAsγxydx =

∫ L

0

δvqy(x)dx+ [δvGAs(γxy)]|L0 + [δθEI(ω)]|L0 , (4)

where δθ and δv are the rotation and displacement test functions respectively, As = ksA and the following
quantities were defined:

δγxy :=
∂δv

∂x
− δθ, δω :=

∂δθ

∂x
. (5)

The S-PIMs are characterised by a smoothing operation on the derivatives over the smoothing domains.
Inspired by the proposal presented in Liu and Zhang [3] and Liu [5] adapted for an one dimensional approach, the
weakened-weak form of eq. (4) will be achieved. First of all, only its left hand side will be considered, then, the
smoothing operation takes place and the Green’s divergence theorem is applied converting all the domain integrals
of the gradients where the field variables appeared into boundary integrals. Hence, this one dimensional case
assumes the form (Liu [5]):

∂̃v

∂x
=

1

li

∫
Γi

v(x)n(x)dx,
∂̃θ

∂x
=

1

li

∫
Γi

θ(x)n(x)dx, (6)
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where `i is the length of the ith smoothing domain, n(x) the normal outward unit vector, Γi the boundary of the
smoothing domain Ds

i . The above procedure will be applied in the quantities defined in eq. (1) and eq. (5), in
order to do that, the mentioned quantities are replaced by their smoothed versions based on eq. (6) as follows:

δ̃ω =
1

lsi

∫
Γs
i

δθ n(x)dx, ω̃ =
1

lsi

∫
Γs
i

θ n(x)dx, (7)

δ̃γxy =
1

lsi

∫
Γs
i

δv n(x)dx− δθ̃, γ̃xy =
1

lsi

∫
Γs
i

v n(x)dx− θ̃, (8)

Aiming at the simplest approach, δθ̃ and θ̃ will be defined as the central values of the functions δθ and θ, assumed
to be constant, in the smoothing domain where for the edge-based approach is the midpoint of the edge:

δθ̃ ≈ δθmid, θ̃ ≈ θmid. (9)

Introducing the shape functions in eq. (7) and eq. (8) and replacing the derivatives of the shape functions with their
smoothed versions, the following smoothed strain measures are obtained:

ω̃(xk) =

sd∑
i=1

φ̃θi,xθi, γ̃(xk) =

sd∑
i=1

(
φ̃vi,xvi − φθi θi

)
, (10)

where xk is the central point of the smoothing domain and the smoothed shape functions are expressed as:

φ̃θi,x(xk) =
1

lsi

∫
Γs
i

φθi n(x)dx, φ̃vi,x(xk) =
1

lsi

∫
Γs
i

φvi n(x)dx. (11)

Writing the smoothed strain measures in matrix form it results in:

{ε̃(xk)} =

 ω̃(xk)

γ̃(xk)

 =

sd∑
i=1

 0 φ̃θi,x

φ̃vi,x −φθi

 vi

θi

 = [Bi(xk)][up], (12)

where up is the vector of unknowns and the matrixBi is defined as:

[Bi(xk)] :=

 0 φ̃θi,x

φ̃vi,x −φθi

 . (13)

It is important to highlight that the components of Bi matrix are constants in the smoothing domain. At this
point, the matrix version of the left hand side of eq. (4) can be expressed as:

∫
D

δε(x)

 EI 0

0 GAs


︸ ︷︷ ︸

[E]

ε(x)dx→
Ns∑
k=1

lkδε̃(xk)[E]ε̃(xk), (14)
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where lk is the length of the kth smoothing domain, Ns is the number of smoothing domains in the discretisation
and [E] is the constitutive matrix. Therefore the problem equation assumes the form:

Ns∑
k=1

sd∑
i=1

lk

(
δvi δθi

)
[BT

i ][E][Bi]

 vi

θi

 . (15)

The stiffness matrix of the kth smoothing domain is expressed as follows2:

Kk =

sd∑
i=1

lk[BT
i ][E][Bi]. (16)

3.2 Numerical simulations

In this section, the numerical simulations of a cantilever Timoshenko beam (Fig. 4) performed with the
proposed ES-PIM strategy are illustrated. The results are presented in terms of displacement and rotation along
the beam axis, and are compared with the exact solution and with the linear FEM (Fig. 5 and Fig. 6). The results
are also presented in terms of an error norm.

y

x

P

L b

h

Figure 4. Cantilever beam with a point load at its tip

The parameters adopted for the numerical simulations are: Young’s modulus E = 2× 1011 N/m2, Poisson’s
ratio ν = 0.3, rectangular cross section with dimensions b = 0.2 m and h = 0.3 m, beam length L = 10 m, form
factor k = 5/6 and P = 10000 N.

The meshfree shape functions were constructed with the PIM, RPIM and RPIMp methods; the RPIM and
RPIMp methods are based on an exponential radial function Liu [9] with a shape parameter equal to 1, and the
polynomial reproduction in the RPIMp shape functions was obtained with two polynomial terms. The FEM was
simulated using one integration point to avoid the shear locking problem. The error was estimated with the follow-
ing expression:

e =


Nn∑
i=1

(vrefi − vnumi )2 +

Nn∑
i=1

(θrefi − θnumi )2

Nn∑
i=1

(vrefi )2 +

Nn∑
i=1

(θrefi )2



1

2

, (17)

where vrefi and θrefi are the reference solution for the displacements and rotations at node i, respectively, vnumi

and θnumi gather the numerical solution for the displacement and rotation at node i, respectively, and Nn is the
total number of the field nodes used in the problem domain.

The results obtained in terms of displacement and rotation along the beam axis are illustrated in Fig. 5, for
a mesh with 5 equally spaced nodes, and in Fig. 6, for a mesh with 11 equally spaced nodes. The numerical

2The right hand side of eq. (4) is treated in a standard process.

CILAMCE 2021-PANACM 2021
Proceedings of the XLII Ibero-Latin-American Congress on Computational Methods in Engineering and

III Pan-American Congress on Computational Mechanics, ABMEC-IACM
Rio de Janeiro, Brazil, November 9-12, 2021



A meshfree approach for the Timoshenko beam

0 2 4 6 8 10

x (m)

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

D
is

pl
ac

em
en

ts
 (

m
)

Exact
L32PIM
L2PIM
L32RPIM
L2RPIM
L32RPIMp
L2RPIMp
FEMOneIP

(a) Displacements. Mesh with 5 Nodes

0 2 4 6 8 10

x (m)

0

1

2

3

4

5

6

R
ot

at
io

ns
 (

ra
d)

10-3

Exact
L32PIM
L2PIM
L32RPIM
L2RPIM
L32RPIMp
L2RPIMp
FEMOneIP

(b) Rotations. Mesh with 5 Nodes

Figure 5
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Figure 6

solutions showed a good agreement with the exact solution, except for the case of the L2-RPIM model. The main
conclusions that can be drawn here are that: (i) the proposed S-PIM models are locking-free, (ii) the L2-PIM
and L2-RPIMp models reproduces the results of the linear FEM, and (iii) the L32-PIM and L32-RPIMp models
exhibited an upper bound solution, i.e., they are softer than the exact solution, while the FEM is stiffer.

The error was computed with eq. (17) for eight meshes ranging from 5 to 47 nodes equally spaced by 6.
The results are shown in Fig. 7. As already pointed out by the results in terms of displacements and rotations, the
L2-PIM and L2-RPIMp models exactly reproduce the results of the linear FEM with one integration point. The
RPIM models exhibited the highest levels of error, with varying convergence rates. The L32-PIM and L32-RPIMp
models presented a rate of convergence similar to the one of the linear FEM, with an higher error.

4 Conclusions

This paper presented a preliminary investigation on the application of S-PIM meshfree models to the anal-
ysis of Timoshenko beams. The results obtained with the numerical simulations pointed out that the proposed
approach is locking-free. Depending on the number of support nodes used to build the shape functions, different
behaviours can be obtained. Using two nodes (L2-scheme) the same solution of the linear FEM with reduced
integration was recovered, while using 3 nodes (L32-scheme) and upper-bound solution was obtained. The latter,
however, exhibited higher errors with respect to the linear FEM. The main advantage of the proposed approach
with respect to the finite element method is that it does not require a numerical integration along the beam; further
studies will be devoted to point out the computational efficiency of the method. Furthermore, the method does not
require the evaluation of the jacobian, a feature that should constitute a significant advantage in case of geometrical
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Figure 7. Error norm using displacements and rotations

nonlinearities.
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