XLl |

CILAMCE Z

—_—

FOZ DO IGUACU - PR - BRAZIL

Some modeling features for two-dimensional isoparametric and
iIsogeometric finite element analysis

Jodo Carlos L. Peixoto?, Danilo S. Bomfim?, Rodrigo L. Soares?, Luiz F. Bez®, Pedro C. F. Lopes®, André M. B.
Pereira®, Rafael L. Rangel*, Luiz F. Martha!

!Dept. of Civil and Environmental Engineering, Pontifical Catholic University of Rio de Janeiro
Rua Marques de Sao Vicente, 225, 22451-900, 22451-900, Gavea, Rio de Janeiro - RJ, Brazil
joaoclpeixoto@gmail.com, rodrigolucassoares@gmail.com, Ifm@tecgraf.puc-rio.br

2Dept. of Structural Engineering, The S&o Carlos School of Engineering - University of Sdo Paulo
Av. Trab. Sao Carlense, 400 - Parque Arnold Schimidt, Sdo Carlos - SP, 13566-590, Brazil
dsbomfim2@hotmail.com

3Institute of Computing, Fluminense Federal University

Av. Gal. Milton Tavares de Souza, s/n - S&o Domingos, 24210-310, RJ/Niter6i Brazil
luizf.bez@gmail.com, pedrocortez@id.uff.br, andre@ic.uff.br

4International Center for Numerical Methods in Engineering, Polytechnic University of Catalonia (UPC)
C. Gran Capita S/N, 08034, Barcelona, Spain

rrangel@cimne.upc.edu

Abstract. This work describes some modeling features of an interactive graphics system for finite element
simulations in two dimensions. The specific objective of this article is to describe the strategy for domain
decomposition into patches ready for isoparametric and isogeometric analysis. The main objective of this system
in the future is to provide students and researchers of computational mechanics with an open educational tool for
understanding the integration of geometric modeling, mesh generation, finite element analysis, and visualization
of results. The presented geometric modeling resources are based on the Half-Edge topological data structure. The
system is developed in Python, based on the object-oriented programming paradigm, and uses the Qt user interface
system. Modeling is performed through the interactive creation of parametric curves of various types: polygonal
lines, quadratic and cubic Bezier curves, composite cubic Bezier curves, circles, circle arcs, ellipses, ellipse arcs,
and NURBS (Non-Uniform Rational B-splines). The system automatically recognizes the creation of closed
regions.

Keywords: finite element modeling, isoparametric and isogeometric analysis, Python application, educational
software.

1 Introduction

Creating geometric models in the context of mesh generation is an essential task when dealing with the
numerical simulation of real engineering objects, such as the model shown in Fig.1, inspired by the book of Bathe
[1]. In planar models, such as the one depicted in Fig. 1, it seems natural to represent a solid through an explicit
description of its boundary, the so-called boundary representation (B-rep) [2]. This type of representation is based
on data structures that describe the adjacency relationships of the vertices, edges, and faces of a solid.

However, numerical simulation requires additional modeling capabilities. For example, the Finite Element
Method (FEM) or the Boundary Element Method (BEM) need discrete models, i.e., domain meshes or boundary
meshes, respectively, that are generated based on the geometric description of the model’s domain. Fig. 2 shows
a FEM mesh of the model of Fig. 1 that was generated using an arbitrary triangulation technique [3]. In addition,
the construction of the discrete models usually involves decomposing the model’s domain into several patches,
resulting in a complex multi-region solid. Fig. 3 shows a FEM of the model of Fig. 1 that was generated by
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decomposing the domain into quadrilateral patches and using a finite element mesh generation algorithm based on
a discrete transfinite mapping [4] in each patch.
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Figure 1. Engineering problem of steel bracket [1]
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Figure 2. FEM mesh of the model of Fig. 1 generated using an arbitrary triangulation technique [3]

Figure 3. FEM mesh of the model of Fig. 1 generated using a finite element mesh generation algorithm based on
a discrete transfinite mapping [4] in each patch

One strategy for two-dimensional modeling objects and creating FEM meshes, such as the ones in Fig. 1,
Fig. 2, and Fig. 3, is the direct manipulation of curve segments. Rossignac and O’Connor [5] have proposed the
concept of geometric complex, in which an object is decomposed into disjoint portions called cells (curves
segments or vertices in the present context), each one homogeneous in dimension and satisfying the condition that
the intersection of the boundaries of any two cells is necessarily equal to the union of other cells of the
decomposition. Cavalcanti et al. [6] generalized this concept and presented a modeling approach based on spatial
subdivision. In this approach, any object is represented by a subdivision of the entire Euclidian space (including
the external infinite region). An incremental approach for model creation considers the inclusion of a cell (a curve
segment, for example) at a time, with the corresponding updating of the data structure after each insertion. Inserting
a curve segment (or vertex) is a fundamental operation executed by the spatial subdivision scheme that may result
in the refinement of new and existing cells due to geometric intersection. New surface patches (cells in the
decomposition) may result from curve insertions. This approach provides a basis for representing complex objects
in two steps: first, a subdivision phase and, second, a phase with a selection of active cells. For instance, in a finite
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element analysis of a solid with a cavity, the infinite external region and the cavity would be inactive cells.

In addition to the problem of geometric modeling and meshing, several other issues are essential in a
numerical simulation. For example, one needs to define physical model parameters and other modeling attributes.
For example, it is necessary to determine material properties, essential boundary conditions (displacement
constraints), and natural boundary conditions (loads and other external solicitations). In summary, it is necessary
to define and create simulation attributes and associate them with the topological and geometric entities of the
model.

An essential issue in the simulation of physical problems is that some characteristics are common to various
simulation types and other features are particular to each type of simulation. The common parts are geometric
modeling and meshing. The specific aspects are related to the simulation attributes. For example, in a simulation
of solid elasticity problems, elastic properties of materials and applied forces are usual attributes. On the other
hand, in the simulation of thermal diffusion problems, the properties of the materials will be related to their thermal
conductivity, and prescribed temperature or heat flux are usual boundary conditions. Therefore, to be general, a
numerical modeler must address generic management of simulation attributes in addition to geometric modeling
and meshing issues. The generic management of attributes in a numerical simulation based on geometric modeling
is a point that is generally overlooked in other numerical simulation works. This subject is essential for the present
research group. Several dissertations and theses from the research group addressed this topic [7-10]. Recently, a
published article [11] also addresses this issue.

Numerical simulation of engineering problems also involves analysis and visualization of results. For
example, Fig. 4 shows the visualization of the horizontal normal stress component (o, ) of the model of Fig. 1
for the mesh of Fig.3, displayed on top of the model’s deformed configuration with a magnification factor of 50.
This work aims to describe some modeling features of an integrated system for two-dimensional finite element
simulation of computational mechanics problems. The software addresses geometric modeling and finite element
mesh generation (pre-processing), configuration and application of simulation attributes to physical and mesh
entities, isoparametric and isogeometric finite element analysis, and graphical post-processing of the results.

o, [kNfcm?]

+31.8
+28.7
+255
+22.3
+19.1

+15.9 O

+12.7
+9.52
+6.33
+3.14

0.05

-3.24
| 643

-9.62

-1238

-16.0 O

-192

224
-256
-28.8
-31.9

Figure 4. Contour of the horizontal stress component of model of Fig. 1 displayed on top of the model’s
deformed configuration. Deflections are drawn with a magnification factor of 50 together with the original
configuration.

Conventional finite element programs usually implement the so-called isoparametric formulation [1,12]. In
this formulation, the geometry of a finite element is interpolated using shape interpolation functions that are the
same (iso) as the functions used to interpolate the main field of the numerical problem. Usually, polynomials
functions are adopted as shape functions. One of the shortcomings of this type of approach is that the geometry of
an isoparametric finite element model is that the geometry approximates the real object used in its original
modeling. The original geometry is usually generated by CAD systems and uses parametric representations of
curves and surfaces that are different from the shape functions usually adopted in isoparametric finite element
modeling. The most commonly used mathematical representation for curves and surfaces in a CAD system is
NURBS (Non-Uniform Rational B-Splines). The isogeometric formulation [13] was designed to approximate
engineering design and finite element analysis and, while maintaining compatibility with existing practices,
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reformulate the simulation process. A fundamental step is to focus on only one geometric model, which can be
utilized directly as an analysis model, or from which geometrically precise analysis models can be automatically
built. This methodology requires a change from classical finite element analysis to an analysis procedure based on
CAD representations.

The objective of the software under development in this work is to provide students and researchers of
computational mechanics with an open educational tool for understanding the integration of pre-processing,
analysis, and post-processing in numerical simulators based on isoparametric and isogeometric finite element
analysis. Geometric modeling is based on the Half-Edge topological data structure [2,10-11]. The system is
developed in Python, based on the object-oriented programming paradigm, and uses the Qt user interface system.
Modeling is performed through the interactive creation of parametric curves of various types: polygonal lines,
quadratic and cubic Bezier curves, composite cubic Bezier curves, circles, circle arcs, ellipses, ellipse arcs, and
NURBS (Non-Uniform Rational B-splines). The system automatically recognizes the creation of closed patches
(regions of a spatial subdivision). For the generic treatment of the simulation, attributes associated with physics
problems are configured by the end-user.

In isogeometric finite element analysis, an essential aspect in geometric modeling for mesh generation is the
need to decompose the model domain into patches whose topology allows the generation of structured meshes in
its interior. This strategy was used to generate the mesh indicated in Fig. 4. In this case, isoparametric quadrilateral
finite elements were generated by mapping algorithms. It is evident that this type of meshing strategy requires
intensive modeling intervention by the end user. On the other hand, a great part of the computational mechanics
community understands that meshes generated in this way, with quadrilateral finite elements, provide better results
than a mesh generated by arbitrary triangulation, such as the one shown in Fig. 3. The advantage of meshes
generated by arbitrary triangulation of the model’s domain is clear: after defining the model contour discretization,
this mesh is automatically generated without user intervention. However, isogeometric analysis imposes a need to
decompose the model domain into patches with topology prone to mapping algorithms. The specific objective of
this article is to describe some modeling features that allow for domain decomposition into patches ready for
isoparametric and isogeometric analysis.

This article is organized into three more sections. The following section describes an automatic hierarchical
domain decomposition strategy of quadrilateral regions into patches in which a mapping algorithm may generate
a mesh. Section 3 argues about T-spline patches, which have several advantages, and proposes solutions to some
problems faced by NURBS patches. T-Spline models require fewer control points, which makes patch
decomposition much faster and more efficient. Finally, Section 4 draws some conclusions and addresses future
developments for continuing this work.

2 Hierarchical decomposition of regions

As already highlighted, the decomposition of the domain of a model into subdomains is a requirement
demanded in isogeometric analysis. In this section, fundamental concepts for the generation of meshes in sub-
regions will be discussed, going through definitions regarding the structured or unstructured form of a mesh and a
characterization of the hierarchical decomposition method. Some domain decomposition templates will be
discussed and used according to verified essential conditions.

The bilinear transfinite mapping is a traditional and widespread method for generating quadrilateral finite
element meshes [4]. However, it is noteworthy that this method has some limitations, such as the need to have four
boundary curves delimiting the domain, in addition to the fact that opposite curves need to have the same number
of edges. Thus, the bilinear transfinite mapping only allows the generation of structured meshes, such as the mesh
shown in Fig. 5, formed from 20 edges on the upper and lower curves and 16 edges on the left and right curves.

Quadrilateral structured meshes have a constant valence equal to 4 at the interior nodes. The valence of a
node is understood as the number of elements it makes with the nodes in its surroundings. For unstructured meshes,
the valence at the internal nodes has variable values, as can be seen in Fig. 6, where some highlighted interior
nodes assume a valence equal to three. In contrast, most others have a valency of four. This figure shows a
quadrilateral region with an unstructured mesh decomposed into sub-regions with structured meshes. This mesh
was created by an algorithm of automatic hierarchical decomposition [14-15] that works for quadrilateral and
triangular regions.

Structured meshes are pretty relevant, as they are essential for isogeometric analysis. Therefore, a strategy
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that decomposes regions into sub-regions that can be meshed with mapping algorithms is necessary. Furthermore,
it is desired that the meshing process occurs for any humber of boundary curves and for any number of curve
edges. In this sense, mesh generation using the cited algorithm of hierarchical decomposition is divided into three
phases. In the first phase, the model’s domain is decomposed by the user, using the modeling capabilities of the
system, into quadrilateral and triangular regions. In the second phase, the curves on the boundaries of the regions
are subdivided into an arbitrary number of edges. In the third phase, an automatic process of dividing the domain
into subdomains (or sub-regions) is carried out so that it is possible to generate in these sub-regions a mesh directly
by bilinear transfinite mapping.

Figure 5. Quadrilateral patch with a FEM mesh Figure 6. Hierarchical template-based mesh
generated by a discrete transfinite mapping generation in one quadrilateral patch

In Fig. 6, it can be seen that each boundary curve has a different number of edges, 20 in the upper curve, 18
in the lower curve, 16 in the left curve, and 12 in the right curve. Thus, in this domain, forming a structured mesh
through bilinear transfinite mapping is impossible. Therefore, the hierarchical decomposition process is applied,
dividing the region into sub-regions capable of generating a structured mesh. In the scope of isogeometric analysis,
the model geometry should be used in the analysis process. For this purpose, mathematical representations are
adopted for the boundary curves of the NURBS type. The most significant advantage of NURBS lies in the fact
that they are convenient and adaptive in modeling varied surfaces. In each sub-region, a NURBS surface patch is
generated using a bilinear transfinite mapping equation [16].

The hierarchical decomposition of the domain is based on decomposition templates, which consist of how it
can be divided, considering particular characteristics. In the present article, domain decomposition templates that
result in quadrilateral sub-regions are discussed [14], as shown in Fig. 7.

N
Y (c1) "

(c2)

Figure 7. Patch decomposition of templates and Cartesian spaces [14]
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The patterns (al) and (b1) in Fig. 7 are the T1 and T2 templates, respectively, both made up of four curves.
In contrast, the pattern (c1) in Fig. 7 is T3, formed by three curves. There is also the TO pattern, which does not
perform region decomposition, making it possible to generate a mesh of quadrilateral elements through transfinite
mapping directly. In a simplified way, the hierarchical domain decomposition method comprises successive
divisions of the regions through specific templates at different levels until the TO is reached, from which the mesh
generation is performed [14].

A fundamental point to be emphasized is the choice of the decomposition template to be adopted. This aspect
fundamentally depends on the number of edges of the boundary curves [14-15]. In the case of templateTO, the
necessary condition is that the opposite curves have the same number of edges. Thus, it is possible to form a
structured mesh, as in Fig. 5.

A good example can be seen in Fig. 6. At the first level, the domain is initially subdivided through the T2
template, forming three subdomains. In one of these sub-regions, the condition of the TO template was not reached.
Therefore, there was a new decomposition at the second level through the T1 template. The final result was the
formation of 6 subdomains, subject to applying TO. It is noteworthy that within each subdomain, a structured mesh
is formed. However, in a global analysis of the initial domain, it is observed that the resulting mesh assumes the
unstructured form. Through this strategy, it is possible to generate a quadrangular mesh for a model with different
numbers of edges in the delimiting curves.

3 T-Spline patches

T-spline curves are a more recent generalization of NURBS, which correct deficiencies and propose solutions
to existing limitations. It is known that for isogeometric analysis, different technologies of computational geometry
can be used in modelling. In the engineering field, NURBS are the most used in projects, gaining the position of
industry standard, as they are very convenient to represent a wide variety of geometries [13] accurately. However,
NURBS have disadvantages concerning the intersection of surfaces, as gaps and overlaps cannot be avoided [17].

The definition of a NURBS surface occurs through a set of control points inserted in a control mesh of
rectangular shape. Thus, many of these control points are only needed to satisfy the topological issues adequately
and may not provide new information to the model geometry. In this context, as an alternative, T-splines control
meshes appear, which do not need to have a grid format, as in the case of NURBS, but rather T-shaped junctions,
as seen in Fig. 8 (left), may be formed. From the generated sub-regions, T-spline patches with structured meshes
are obtained, as in the right of Fig. 8. In a model performed by NURBS curves, most control points are redundant.
From the designer and engineering point of view, more control points imply more modeling and analysis time and
higher costs for a given project [17]. In specific models, the refinement process is often carried out, adding new
control points without changing the geometry. It turns out that when refining in NURBS, it is necessary to add a
whole line of control points [17]. On the other hand, T-splines allow for local refinement, which is quite
advantageous.

Figure 8. Patch decomposition for T-Spline representation and structured meshes generated in each patch

Another limitation of NURBS models is the intersection of surfaces. As a NURBS surface presents a control
mesh with rectangular topology, many of the objects are modeled by joining several surfaces. The intersection is
difficult, especially if there are corner points with a valence other than four [17]. With the use of T-splines models,
it is possible to merge together with gap-free.
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4  Conclusions

The decomposition of the domain is a fundamental strategy for isogeometric analysis. Through the templates
described it is possible to perform this step by the hierarchical decomposition method automatically. In each
subdomain obtained, it is possible to generate a structured mesh by transfinite mapping. An example was
demonstrated showing how the use of these templates was performed during the hierarchical decomposition. It is
interesting to note that through this strategy, it is possible to generate a quadrilateral mesh for a model with
different numbers of edges in the bounding curves.

Furthermore, it was discussed about the decomposition of the regions through T-spline models, which present
a series of solutions and advantages in relation to NURBS Surfaces.
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