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Abstract. Research works involving structural origami have grown in recent years, especially applied to science
and engineering problems. Early applications took advantage of the idea that a system can be folded compactly
and subsequently deployed, and that self-assembly can be used to construct a three dimensional structure by
starting from a thin sheet. The present work, as part of an M.Sc. thesis carried out by the first author, compares bar
and hinge models with the simplest hybrid finite element models for plate and shell in order to represent origami
structure panels. The bar and hinge model approach, as given in the literature, is based on folded patterns as pin-
jointed truss frameworks: each vertex in the folded sheet is represented by a pin-joint, and every fold line by a bar
element. The hybrid finite element formulation is based on the Hellinger-Reissner potential for an approximation
of the stress field, thus satisfying the equilibrium equation of the elasticity problem in the domain and leading to
a consistent structural model obtained at almost no additional cost when compared with the latter, too simplified,
formulation. We assess the mechanical behavior of these structures and the folding energy measured in terms of
the eigenvalues associated to the relevant eigenmodes of a cell for both the traditional bar and hinge scheme and
the proposed equilibrium-based finite elements. The displacement response in time for a four-cell assemblage is
also investigated for the implemented models.

Keywords: Hybrid finite element, bar and hinge model, plate and shells models.

1 Introduction

Research works involving structural origami have grown in interest in recent years, as especially applied to
science and engineering problems. Pioneering applications took advantage of the idea that a system can be folded
compactly and subsequently deployed, and that self-assembly can be used to construct a three dimensional
structure by starting from a thin sheet [1]. It is worth mentioning that a quite recent, highly prized paper [2] by
ASME, has managed to deal with bio-inspired origami metamaterials.

Several developments are reported to have used the finite element method [3, 4, 5] for the simulation of
foldable structures in terms of refined mesh discretizations and demanding intensive computational effort.
Expedite approaches rely on a bar and hinge model to represent an origami panel with few degrees of freedom,
where the stiffness for the origami structure incorporates stiffness parameters for in-plane stretching and shearing,
as well as panel bending and folding along prescribed lines [1, 6, 7]. The formulations of bar and hinge (and spring)
models are based on information obtained from experimental works [8, 9] that evaluate the bending stiffness of
elastic materials, as well as the bending line stiffness considering a length scale factor related to geometry and
material fabrication properties [1, 10]. The basic implementation of the bar and hinge model is presented in [11].

On the other hand, we preferred to rely on the hybrid finite element method [12, 13] to represent the static
and dynamic behavior of foldable structures, which also leads to the use of few degrees of freedom while trying
to be as realistic as possible for the representation of linearly elastic plate and shell triangular elements under the
hypothesis of small displacements. The implemented hybrid finite element method was born concomitantly with
the hybrid boundary element method [14] based on works developed by Pian [15] and Reissner [16], which, when
applicable, is more accurate than the displacement-based finite element method, as the domain interpolation
functions are required to exactly already satisfy the problem’s governing differential equations [17].
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2 On the dynamic behavior of bar and hinge models according to the literature

The bar and hinge model N5B8 proposed by Filipov et al [1] has 5 nodes and 8 bars, as on the right of Fig.
1, in order for the origami structure to incorporate stiffness parameters for in-plane stretching and shearing, as well
as panel bending and folding along prescribed lines, according to the stiffness properties
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We recognize in these equations the thin plate’s stiffness given in terms of the elasticity modulus £ , the thickness
t and the Poisson’s ratio v. The equation on the left, for bending stiffness, also features the smallest element

diagonal D_ and a constant C, obtained empirically to best fit the bar and hinge model to the cases of small and
large displacements. Because two rotational hinges are used on each diagonal of the panel, half of the
corresponding stiffness, &, /2, is alternatively attached to each rotational constraint [1]. However, this approach

is not cited in more recent works by the authors [3, 6, 11, 18]. The introduced folding stiffness &, is expressed in

terms of the edge’s length of folding L, and a length scale L' obtained empirically in terms of the material’s

mechanical properties [10].

N4B5 N4B6 7 Nsg 2
Figure 1. Evolution of the bar and hinge models with N nodes and B bars [1].

The dynamic behavior of the bar and hinge coupled system was simulated by Filipov et al [1] with the plate’s
total mass distributed either equally among the nodes, with a lumped matrix called “bar model 17, or consistently,
as a “bar model 27, according to Carvalho [19]. This may actually lead to very cumbersome expressions — albeit
consistent in the proposed framework. Moreover, the authors propose to express the folding and bending stiffness
degrees of freedom in terms of the relative out-of-plane displacements of the cell, for the bars considered always
straight while liable to axial deformation, as illustrated in Fig. 2b, thus significantly reducing the number of a cell’s
degrees of freedom, which end up to be just three per indicated node. A reasonable — although no longer up-to-
date — summary of the accomplishments by Paulino, Filipov and co-workers is given by Carvalho [19].
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Figure 2. (a) Folding, bending and stretching stiffness representation of two bar and hinge models; (b)
deformed configuration of model N4B5; (c) Miura-ori cell (Liu and Paulino [11], Pratapa et al [18]).
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3 Implemented hybrid/displacement finite membrane and plate elements

Owing to space restrictions we shall not present a review of the hybrid finite element method [17, 20, 21].
Sales [13] has managed to make some key developments of general membrane and plate hybrid finite elements
for the simulation of the dynamic behavior of structures. However, we are only concerned with investigating some
models that may rival in simplicity with the bar and hinge systems featured above while reproducing more
consistently the static and dynamic behavior of complex origami structures that are just made of foldable panels.
So, we decided to explore and combine the simplest membrane — the constant strain — element and the simplest
plate — the constant curvature — element [13, 19]. The former element is just called CST and the latter one has been
firstly proposed by Morley [22]. It is noteworthy that the stiffness and mass matrices of these two elements can in
principle be obtained indifferently in terms of either the displacement or the hybrid finite element method.
However, Sales [23] shows that evaluations in the frame of a generalized modal analysis, for which a frequency
power series of the problem’s effective stiffness matrix is required, can only be carried out in the frame of the
hybrid formulation proposed by Dumont and Oliveira [24].

3.1 Basics on our proposed implementations

The simplest hybrid finite elements implemented [13] and tested by Carvalho [19] can be summarized as
HT3 - Three-node triangular (CST) element with two in-plane degrees of freedom per node (Fig. 3a).
HKPT6 — Three-node triangular thin-plate (Morley) element with one transversal degree of freedom (dof) per
node and one rotational dof along each side (Fig. 3b).
HS3 — Hybrid shell element obtained as the combination of elements HT3 and HKPT6 (Fig. 3c).

The “K” in plate element HKPT6 stands for Kirchhoff, as we are considering thin plates. Sales [25] presents
the formulation for moderately thick elements while consistently including the inertia effect.
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Figure 3. a) Membrane HT3, b) plate HKPT6, and c) shell HS3 elements.

3.2 Stiffness matrix including the folding effect between two adjacent panels

As proposed for the plate element HKPT6 of Fig. 3b, the rotational degrees of freedom 4, 5 and 6 are used
to provide rotational continuity between the edges of two adjacent elements. However, if the panel is folded along
one edge, the rotational continuity between panels is no longer preserved and we should consider as the best —

while simplified — approach that such edge would work as a hinge with the attached elastic stiffness &, of Eq. (1)

already proposed by Filipov et al [1].
The folding stiffness introduced above was incorporated by Carvalho [19] into the plate element HKPT6 of
Fig. 2b, as shown in Fig. 4 for the edge related to the rotational dof 6, by considering that this dof is actually

internal to the element and the rotational spring stiffness k, of Eq. (1) is then attached to it so that the system

becomes kinematically determined. In one further step, we condense the internal dof 6 statically and obtain the
condensed plate stiffness matrix
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where K is the matrix of order 5 for the ““e” external dofs 1-5 and the index ‘i’ corresponds to the original dof
number 6 as if considering rotational continuity. For this static condensation to take place, as proposed, we are
assuming that the attached spring, dof 7, has stiffness & but is otherwise massless.

Figure 4. Plate element HKPT6 of Fig. 3b for attached rotational spring with stiffness £ .

3.3 Mass matrix of the hybrid elements

The inertia effect is taken into account in terms of a mass matrix only, although a more refined, generalized,
approach has also been implemented and tested [23]. The consistent mass matrix of the membrane element HT3
is the same one of the classical literature [19] and shall not be repeated here. For the plate element HKPT6, we use
as displacement shape functions
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as proposed by Abdalla & Hassan [26] (with some misprints that have been fixed by Sales [23]). In this equation,
&, are the triangle natural coordinates, A isthe area, ¢, are the edge lengths and
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are the triangle excentricities.
The procedures for the complete evaluation of the membrane’s and plate’s mass matrices are described by
Carvalho [19] on the basis of the more general developments by Sales [23] and shall not be reproduced here.

4 Numerical comparisons with Filipov et al’s approach

We carry out next some comparisons of the bar and hinge model developed by Filipov et al [1] and our
proposed hybrid element model, as part of the implementations proposed in Carvalho’s M.Sc. thesis [19]. The
most important features are best assessed in terms of the elastic energy developed for some plane and spatial
configurations and measured in terms of some key eigenvalues. We also display some dynamic results for a four-
cell assemblage, where a cell is itself the assemblage of four triangle elements. It is worth remarking that, although
not implemented by Carvalho, we might carry out the dynamic condensation (more consistently than a static
condensation — Guyan reduction) of the 7 internal dofs of a cell made up of four triangle elements, thus reducing
the initial number of 23 dofs to 16 dofs, just one more than the 15 dofs of the bar and hinge model —while preserving
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the internal stiffness and inertia properties of the hybrid finite elements.

4.1 Geometric analysis for a cell

Figure 5 displays on the left the eigenvalue A corresponding to the static, torsion eigenmode of square cells
of varying length starting from L =1m (elasticity modulus E =1 GPa, Poisson’s ratio »=1/3 and

thickness ¢t = 0.01 m). The expedite bar and hinge model featured in Section 2 is assessed for either half the

stiffness for each rotational constraint, bar (k, /2), or its integral value, bar (k,). The solid (red) line in this

figure shows the results obtained with our approach, which is entirely consistent and does not resort to the empirical
values of Eg. (1). On the right of Fig. 5 are the torsional eigenvalue results for a cell of unity edge length but with

the indicated angle a varying from 15° to 45°.
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Figure 5. Torsional eigenvalue for square cells with varying length, and for distorted cells of unit edge length.
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Figure 6 shows on the left the configuration for a cell folded [1]. The eigenvalue results for the eigenmode
representing relative rotation of the cells are shown on the right for relative folded positions varying from 0° to
15" and plate thicknesses 8, 10 and 12 mm. The bar and hinge model results are for bar (k,,).
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Figure 6. Folding a cell and graph with spatial configuration for angle & = 0° to 15° showing the
eigenvalue results for plate thicknesses 8, 10 and 12 mm.

4.2 Displacement time analysis for four cells

Owing to space restrictions, we jump for the analysis of a transient problem (several other interesting
comparisons are given by Carvalho [19]). Figure 7 shows on the top a four-cell panel comprising 16 triangles. The
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initial configuration has the indicated out-of-plane inclination @ = 60° of the panels. Nodes 6 and 7 are fully
constrained. Constant (step-function) unit forces F are applied in the x direction of nodes 1, 2, 12, 13 and, since
the structure is symmetric, x-displacements at nodes 1 (as the same for node 2) and 3 (as the same for node 4) are
evaluated in the direction x, while z-displacements are evaluated at node 3 (as the same for node 4). The subsequent
graphs show the x and y displacements along time obtained by Carvalho [19] in the frame of a modal analysis for
all implemented simulations. The second mass distribution for the expedite bar model 1, according to Section 2,
shows a bad time response to the applied load excitation. On the other hand, the bar model 2 leads to relatively
good results when compared to our consistent developments.
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Figure 7. Four-cell structure on the top, and horizontal and vertical displacement comparisons of our proposed
shell model with the expedite bar and hinge approaches of Section 2.

5 Conclusions

The implemented hybrid finite plate and shell elements have shown to be a robust, reliable solution to
simulate an origami structure and as economical as the proposed bar and hinge models of the literature. Moreover,
the hybrid elements do not need any artificialities to resort to as they are directly derived from a consistent energy
approach. Since we are dealing with very simple structures, no dynamic condensation of a cell’s internal dofs has
been carried out in the finite element simulations of the numerical illustrations. With the consistent, dynamic
condensation, the initial numbers of 23, 39 and 71 dofs for one, two and four cells would be reduced to 16, 25 and
43, which are just one dof more as compared with the respective bar and hinge structures (15, 24 and 42).

The linear dynamic analysis showed that the bar and hinge models perform just satisfactorily for the bar
model 2. We should expect large deviations from our consistent model if large panels are considered, although the
faulty mass distribution of a single cell might get smeared. This remains to be investigated, as we are proposing
that our model should in fact replace the expedite bar and hinge system in any computer simulations of origami
structures.

We are planning as a future work the implementation of our model for panels undergoing large displacements
in the frame of a co-rotational approach —a technique that seems well consolidated in the technical literature since
some pioneering works as the one by Shabana and Wehage [27].
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