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Abstract. Shells are one of the most important models in solid mechanics since many structures in engineering
may be associated with it: metal sheets-based products, slabs, thin-walled pressure vessels, and other objects with
one of its dimensions considerably smaller than others. Shell models may be adaptable to finite element usage, but
some particularities must be watched it, such as locking behaviours.

This work aims to study and develop a nonlinear formulation for shells models using a special simple trian-
gular shell element, which is a new displacement-based triangular shell element with 6 nodes. Moreover, the shear
locking and membrane locking behaviour are not observed at the performance of this new element.

In formulation of shell models, we consider finite strains, large displacements, and rotations. Rotation field
is re-parameterized in terms of the Rodrigues rotation vector, resulting in a simpler update of rotational variables.
The Kirchhoff-Love kinematical assumption and an initial plane reference configuration for the shell is considered
here.

A computational implementation is done with several numerical examples using the new element developed
here. Furthermore, a comparison with numerical examples using the well-known element T6-3i (Campello et al.
[1]), a six parameter (3 displacements and 3 rotations) element, is done with the aim to also illustrate the robustness
of our formulation.
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1 Introduction

In this work we present a new geometrically exact six-parameter shell formulation considering linear inter-
polation functions and incremental rotation.

Shell formulation the geometrically exact six-parameter shell formulation of Campello et al. [1] that introduce
a special triangular shell finite element for the solution of the resultant static boundary value problem. Its approach
define energetically conjugated cross sectional stresses and strains, based on the concept of shell director with a
standard Kirchhoff-Love kinematical assumption. Appealing is the fact that both the first Piola–Kirchhoff stress
tensor and the deformation gradient appear as primary variables. The resulting expressions are much similar to
those obtained for geometrically-exact spatial rods in Pimenta and Yojo [2], rendering a very convenient pattern
for the simultaneous coding of rod and shell finite elements.

We assume a plane reference configuration for the shell mid-surface and finite rotations are treated here by
the Rodrigues formula in a pure Lagrangian way, considering the Rodrigues parameter and incremental rotation.
Still in shell, a new displacement-based triangular shell element is furthermore described. The element has 6 nodes
and is flat in the reference configuration, with a nonconforming linear rotation field and a compatible quadratic
interpolation scheme for the displacements. Furthermore, a computational implementation is done using AceGen
and AceFEM in a benchmark example using the new element T3-3i and the consolidated element T6-3i (see more
in Campello et al. [1], Campello [3]) for comparison of locking behaviour.

Finally, about the notation considered in throughout the text, italic Latin or Greek lowercase letters (a, b, ..., α, β)
denote scalars quantities, bold italic Latin or Greek lowercase letters (a,b, ...,α,β) denote vectors, bold italic
Latin or Greek capital letters (A,B, ...) denote matrix and second order tensors. Summation convention over
repeated indices, with values {1, 2, 3} for latin letters and {1, 2} for greek letters.
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2 Shell Formulation

2.1 Kinematics

Source: Pimenta et al. [4]

Figure 1. Shell description and basic kinematic quantities.

It is assumed at the initial reference configuration that the middle surface of the shell is plane, as show
in Figure (1). In the current configuration an arbitrary point in the shell has its position defined by x ∈ R3,
considering the projection in shell middle surface it may be decomposed in z ∈ Ω ⊂ R3 and a ∈ R3 representing
the perpendicular vector to middle surface. In the reference configuration, this same point position is represented
by ξ ∈ R3 which is also decomposed in ζ ∈ Ωr ⊂ R3 and ar ∈ R3. As shown below:

ξ = ζ + ar , ζ = ξαe
r
α, ξα ∈ Ωr and ar = ξ3e

r
3, ξ3 ∈ Hr (1)

where

x = z+ a, z = ζ + u, a = se3, e3 = Qer3 and Q = ei ⊗ eri . (2)

Following the same assumptions developed for Sanchez et al. [5], the thickness variation of the shell is
implemented using a viable s, such that is possible to define the deformation gradient F (for more details see
Sanchez et al. [5]). Then the curvature vectors and tensor can be defined as

Kα = Q,αQ
T,

κα = axial (Kα)
and

κα = Γβu,βα,

Γ1 = (e1 · z,1)−1
[Skew (e1)− (e1 · z,2) (e2 · z,2)−1

(e1 ⊗ e3)]

Γ2 = (e2 · z,2)−1
(e1 ⊗ e3)

(3)

Previously, we have

fα = z,α + s,αQer3 + sQ,αe
r
3 = z,α + s,αe3 + κα × a and f3 = s,3Qer3 (4)

Let now the Back-rotated counterparts of F and strains be

Fr = QTF = I+ γrα ⊗ erα + γr33 ⊗ er3 and

 erα + γrα = QT(z,α + s,αe3 + κα × a)

er3 + γr33 = QT(s,3e3)
(5)

Afterwards the strains at current and reference configurations can be given by γrα = ηrα + kr
α × ar

γr33 = (s,3 − 1)er3

, where
ηrα = QT z,α + s,αe

r
3 − erα

κrα = axial
(
QTQ,α

) (6)

and  γα = ηα + kα × a

γ33 = (s,3 − 1) e3
, where

ηα = z,α + s,αe3 − eα

κα = axial(Q,αQ
T)

. (7)
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2.2 Weak form of equilibrium and constitutive equations

In this work the virtual work theorem is considered to develop the shell finite element model, as follows

δW = δWint − δWext = 0 , ∀δu and
δWint=

∫
B
P : δFdV =

∫
Ωr (σ

r
α · δεrα)dΩr

δWext=
∫
∂B

t · δxdA+
∫
B
f · δxdV

. (8)

with

σr
α =

[
nr
α mr

α

]T
and εrα =

[
ηrα κrα

]T
. (9)

The following strain energy function is considered for elastic material

ψ =
1

2
λ

(
1

2

(
J2 − 1

)
− ln (J)

)
+

1

2
µ (I1 − 3− 2 ln (J)) . (10)

where λ and µ are Lamé coefficients and Ii are the invariants of the Cauchy-Green tensor defined by

I1 = tr C = fi · fi, I2 = tr [Cof C] = gi · gi and I3 = detC = J2 = (f1 · (f2 × f3))
2
. (11)

2.3 Rotation Field

The Rodrigues parametrization is done following the works of Pimenta et al. [6] and Silva [7]. The Rodrigues
rotation parameters may be defined by

α = αe (12)

where, θ is the Rodrigues rotation vector and the scalar α is given by

α = tan
θ

2
with 0 ≤ θ < π (13)

The rotation tensor Q in terms of the tensor A is given by the so-called Cailey transform, considering geo-
metric using vector properties, renders

Q =

(
I− A

2

)−1 (
I+

A

2

)
(14)

After some mathematical manipulation (for more details, see Silva [7]), and considering another rotation
parameter α = α̂ (u′, φ), can be considered the following expression for rotation parameter

α = ∥em3 ∥−2
(er3 × e3) + φ∥em3 ∥−1

em3 . (15)

It’s necessary to consider the rotation incrementally because with the Rodrigues parameters we would have a
singularity at π and −π, so if it was done it by increments, then the increment will be sufficiently small so we can
bypass this problem. Therefore, its possible to get the updated alpha just with the last step

α∆ = ∥em3 ∥−2 (
ei3 × ei+1

3

)
+ φ∆∥em3 ∥−1

em3 (16)

and the incremental alpha vectors which is also appealing, because it makes it easy to update

αi+1 =
4

4−αi ·α∆

(
αi +α∆ − 1

2
αi ×α∆

)
. (17)

AC1 continuity between the finite elements must be assured because of the Kirchhoff–Love‘s assumption that
the deformation gradient of the shell is written in terms of first- and second-order derivatives of the displacements.
In this work, this condition is imposed considering the rotation parameter α∆ a penalty approach and by a Lagrange
multiplier, which enforces the equality at the kinking of the edge of two neighboring elements (for more details,
see Sanchez et al. [5]).

α∆ =
−2

1 + ei+1
k · eik

ei+1
j × eij and φ∆ = α∆ · emτ

∥emτ ∥
. (18)
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3 Finite Element Implementation

The shell elements in this work is inspired at the T6-3i element [1] that is a 6-node displacement-based one.
In this model, the T6-3i a standard compatible quadratic displacement field is placed on all nodes, while a linear
interpolation scheme for the rotation vector α is set only on the mid-sides. The absence of rotational degrees-of-
freedom in the corner nodes makes the T6-3i a nonconforming element with respect to the rotation field.

The first element we consider, that is object of my PhD research, is the new simplest triangular shell element
of six nodes named T3-3i. This element is plane in the reference configuration. In this element there are placed 3
nodes of displacements DOF’s and 3 nodes of rotation DOF’s as can be seen in Fig. 2 below.

In this work, it was considerations that is considered 3 integration points at mid-side nodes, linear displace-
ment Field (u), linear incremental Non-Conform Rotation Field (α∆), enforcement of Rotation continuity and
Rotation Field with no Drilling degrees-of-freedom.

Figure 2. The T3-3iKL element. Figure 3. The T6-3iKL element.

The other element considered here is the T6-3iKL element (see Fig. 3) developed in Sanchez et al. [5]. In
this element is assumed that are 3 integration points at mid-side nodes and Quadratic Displacement Field. The
linear incremental Non-Conform Rotation Field α∆ is built with considerations to φ∆ and u, the enforcement of
Rotation continuity is considered and the Rotation Field with no Drilling degrees-of-freedom.

4 Results

The finite element model developed here has been implemented in AceGen / AceFEM platform (see Korelc
[8]). Two simple and popular cases were tested the Cantiliever Beam and Pinchided Cylinder.

4.1 Cantilever Beam

The cantilever problem here is three dimensional which leads to a classical buckling problem and squared
cross-section is subjected to a large point load at the center of its free end. The simulation has been executed for
different mesh discretization and for different thicknesses in order to analyze the FEM model built in this article.
The results are compared to shell FEM model from Campello et al. [1].

The geometrical parameters adopted can be seen in Fig. 4 and material parameter considered was the anisotropic
material. The beam is subject to vertical down force up to Fy = 10000N and an horizontal perturbation force is
also introduced (Fz = Fy · 10−4) in order to induce the buckling phenomena.

Two different situations are enforced here: (i) in-plane bending with the load applied in the same plane of the
beam and (ii) out-of plane bending with the load applied in the out-of-plane direction.

With this simple example we want to show that the developed approach is capable to undergo large in-plane
and out-of plane rotations using both elements T6-3i, see Fig. 5, and T3-3i in Fig. 6, respectively.

CILAMCE-2022
Proceedings of the XLIII Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
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Figure 4. Cantilever Beam

Figure 5. T6-3iKL: Tip load versus Tip deflection

4.2 Pinched Cylinder

This example is a good benchmark to evaluate the shell model for big displacements and curvatures. It
consists of a cylinder with rigid ends and subject to a radial vertical force in its center. This simulation scenario
has been based on the articles Campello et al. [1], Pimenta and Campello [9] and Silva [7]. Here, a thin cylinder is
subject to a radial vertical force in its center, the scheme of boundary value problem and the geometrical parameters
adopted can be seen in Fig. 7.

The Figures above illustrates the vertical displacement of point A and the horizontal displacement of point B
for different load factors. Each line in the graphics represents a different Finite element model. Results from some

CILAMCE-2022
Proceedings of the XLIII Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
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Figure 6. T3-3iKL: Tip load versus Tip deflection

Figure 7. Pinched Cylinder

sources in bibliography have been plotted in the same Graph for comparison.

5 Conclusions

The research results obtained so far demonstrates the reliability of the element developed. The authors believe
that the simplicity of the kinematic in this geometrically exact nonlinear model, together with its capacity to
simulate thin structures in large displacements, large rotations and for possibly different material models, makes
this element appealing for further development. In further research yet to come, the authors are going to enhance
the element T3-3i to several examples and for dynamic simulations and for non-isotropic materials (for example
composites).
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Figure 8. Vertical force versus vertical (point A) and lateral (point B) displacement
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