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Abstract. This work investigates the outcomes of using an immersed boundary technique for the mixed finite
element formulation of tridimensional incompressible fluid flows governed by the Navier-Stokes equations with
internal fluid-body interfaces. A classical Eulerian approach is followed to describe the fluid. A Newton-
Raphson scheme is devised to solve the resulting non-linear equations within a time step. The fluid-body
interface is treated by the Nitsche’s method, which is an immersed boundary technique whereby the fluid
boundary conditions over the contact with the bodies are imposed weakly. In order to ascertain the accuracy and
efficiency of the adopted method, numerical simulations of tridimensional flows of an incompressible fluid are
analyzed and compared against reference solutions. This work refers to an intermediate stage of a PhD research
that aims to model problems of fluid-particle interaction (FPI) and particle-laden fluids.

Keywords: immersed boundary technique, Navier-Stokes equations, finite element method, 3D incompressible
fluid flows.

1 Introduction

In the fluid-body interaction realm, if we restrict only to the way how the numerical method handles the
interface between the fluid and the body phases, the most common numerical approaches currently available
may be categorized into two major groups. The first one is called coincident boundary methods, being those in
which the computational grid of the fluid ends exactly where the computational grid of the solid begins (see
Donea et al. [1]). The second one is the so-called immersed boundary method in which the fluid and body
meshes are totally independent from each other, and overlapped (see Benk, Ulbrich and Mehl [2]).

In this work, the objective is to evaluate the performance of an immersed boundary technique for 3D
computational simulations of incompressible fluid flows governed by Navier-Stokes equations. In particular, we
are interested in the Nitsche’s method (Nitsche [3]) since, among other issues, it does not increase the system’s
degrees of freedom and has a rather straightforward implementation. A Newmark scheme (Newmark [4]) is used
to time-integrate the governing equations. For the spatial discretization, a mixed finite element formulation
within a standard Galerkin framework is used with a special 3D Taylor-Hood tetrahedral element which satisfies
the LBB-condition (see e.g. Wieners [5] and Bruman and Fernandez [6]). The fluid problem is treated through an
Eulerian description, which avoids re-meshing or mesh adaptation throughout the solution. A Newton-Raphson
procedure is iteratively performed within the Newmark time integration scheme to deal with the non-linearities.
Numerical instability that may potentially arise from convective-dominated problems is handled considering low
to moderate Reynolds numbers.

We point out that this work reports only partial results from a broader research, in which we are developing
a numerical framework to deal with 3D fluid-particle interaction problems.
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2 Governing equations and finite element formulation

2.1 Fluid
Let us considerer the incompressible viscous flow formulation for the Navier-Stokes equations:
du . .
pE =divT + pb in (2, Q

divu =0 in . 2

Eq. (1) is the well-known conservation of linear momentum of a material point of the fluid and eq. (2) is the
mass conservation principle (it is equal to zero due to the incompressibility assumption). The problem domain is
referred to as {2, whereas p,u,T and b are the fluid’s density, velocity field, Cauchy stress and volumetric
force per unit mass, respectively.

Considering an Eulerian description and Newtonian material law for the fluid, the following system of
differential equations arise from eq. (1) and eq. (2):

u+ Vu u—2vdiv Viu +Vp=2> inf2

. . 3)
divu = 0 in (2,

wherein 4 = du/dt (material time derivative), » is the fluid’s kinematic viscosity, V*u is the strain rate
tensor and p the fluid’s kinematic pressure.
Boundary conditions are either of Dirichlet (essential) or Neumann (natural) types. They are defined as

=wu inl ,

v (4)

Tn=t inl,

where n is the unit outward normal vector to the boundary, and % and ¢ are the prescribed traction and velocity
vectors, respectively. The initial conditions can be written in function of the initial velocity u, as

u=1u, in2 t=0. (5)

The weak form of (3) is

— 'w,tF = w,b

t

wu , +cwwu ,+a wu - divw, p ot g,divu Yw,q, (6)

2 £ £

where w and ¢ are arbitrary test functions for the velocity and pressure fields, respectively. The trilinear and
bilinear forms of the convective and viscous terms are

c wwu = j;)'w- Vu udf2 and a w,u ) :L/;?Vw:uVudQ‘ @)

S

2.2 Time discretization and integration

t, , with the time-step size

The time variable is discretized into time instants  ¢,¢t, ...t 1, ., ... ¢

At =t, , —t, forthe integration. In the present work we used the Newmark’s method (see Newmark [4]) to
integrate the eq. (6). The fluid’s acceleration at time ¢, is given by
1 n+l _ ,n 1—
L ®)
v Al gl

where ~ is the Newmark’s integration parameter, and the notation with a superscript means the time instant at
which the corresponding variable is referred. To enforce second-order accuracy in the integration, we adopt
v = 1/2 . By introducing eq. (8) into eq. (6), we get the semi discrete weak form as follows
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wu +7At[c wwu  +a wu - divw, p o7 g, divu 0

n+1 (9)

¥ _ _ n o )
. b, = w,u ”Jr 1—~v At wu 0 Yw, q,

2.3 Spatial discretization

For spatial discretization, a standard mixed finite element scheme is applied. The velocity and pressure
fields are the primitive variables of the problem and the fluid’s domain is discretized with the Taylor-Hood
tetrahedral finite element (see Taylor and Hood [7]). Such element uses quadratic shape functions for the
velocity field and linear shape functions for the pressure field to overcome the numerical instability (LBB
compatibility condition). The finite element approximation can be written as

u~Nu, and p =~ N,p,,

(10)
w~Nw, and ¢~ Npqe7

where N, and N = are matrices that contain the element’s shape functions of the velocity and pressure fields,
respectively, and u, and p, are the vectors that collect the element’s nodal degrees of freedom. The fully
discrete weak form is obtained by introducing eg. (10) into the semi discrete weak form (9) and after some
algebra we reach the matrix form of the fluid problem as below

1 Mun+1 +C un+1 un+1 +Kun+1 +Gpn+1 :fn+1 4 1 Mu” —‘rli’yMl.ln

YAt YAt v ; (11)
GTun+1 =0

where M, C, K, G and G are the mass, convective, viscous, gradient operator and divergent operator
matrices, respectively. Still in (11), f**! is the vector that contains the field forces and boundary conditions.
The system of equations (11) is non-linear due to the convective term, and its solution is achieved using a
Newton-Raphson scheme in which complete quadratic convergence is guaranteed. For more details about the
numerical derivation and implementation, the interested reader is referred to Gomes and Pimenta [8].

3 Enforcement of interface constraints

In the realm of fixed grid methods, the Nitsche’s method (Nitsche [3]) has continually gained great
attention in the context of implicit interfaces modeled by the XFEM (Dolbow and Harari [9]), also with
imposition of constraints along non-matching surface grids (Bazilevs and Hughes [10]). In this work, the
Nitsche’s method is used to enforce the interface constraints (Dirichlet boundary conditions) for treating the
mechanical interactions of overlapping finite element meshes, as depicted in Figure 1. One of the great
advantages of this method is the fact that it does not add new degrees of freedom except from those of the
original mesh.

Q' =0"uQ and Q' A"Q =

Q7 fluid’s domain
//\\ ()™ has no physical meaning
‘ ‘ I’ fluid-body interface
ol | Hr
\\//
Qﬂ"
Q

Figure 1. Embedded fluid-body interface.
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Applying Nitsche’s method to the Navier-Stokes problem for incompressible fluid flow, the weak form is
given as

—- wu +c u;w,u o +a w,u

A — divw, p ot q,divu 0

2

,y<8nu,w>ri ~y<8nw,u>lﬂ +<pn,'w>F7. f<qn,u>ﬂ +V%<u,w>ﬂ
n+1 (12)

+%<u.n’w.n>[‘j :[ ’LU,t_ Ft + w,b 0 7V<8nw’ﬁ>[” *<qn7ﬁ>[vi
o o n+1 1 1_,y
+V;1<ﬁ’w>1“f +72<'l7-n,w'n>ﬂ +E w,u” 0 +T w, " 0 Vw,g,

where h denotes the local mesh size on the boundary r*, 0, - isthe normal derivative of - ,and «, and «,
are penalty coefficients. The interested reader is referred to Benk, Ulbrich and Mehl [2] for more details on the
Nitsche’s method applied to the Navier-Stokes equations. The fully discrete weak form of eq. (12) in matrix
form is given by

M un+1 +C un+1 un+1 +K*u71+1 +G*pn+1 — fn,+1 +Hl—ln+1 1 Mu” +177Mun

'y$t 1 VAt gl , (13)
GMru"tl =0
where

K =K+B+B"+E+FG =G, +D,G" =G] +D",andH =B" +E +F,

— T _ T
B — Ze:Ae f. -] c
[e% i N (6%

E— ;Al y#]fﬁNZNudf A, and F = ZAT[f]f [N,

inwhich A is the assembling matrix relative to the elements of the interface i .

N, e e, D~ SAT [, [ 0r, @

"[nTN, Jara,,

4 Numerical examples

The formulation above was implemented in our in-house FEM code, which is written in FORTRAN
language. In the next subsections we show two numerical examples to ascertain its validity and robustness.

4.1 3D Steady laminar flow around a fixed particle
This example consists of a three-dimensional laminar flow around a fixed particle (spherical geometry)

within a narrow channel governed by Stokes equations. The geometry, the boundary conditions and the finite
element mesh used are illustrated in Figure 2.
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Figure 2. (a) Geometry and boundary conditions for 3D steady laminar flow around a fixed particle; (b) Finite
element mesh used, 292553 tetrahedral elements and 403705 nodes.
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The fluid velocity at the entrance (inflow plane) of the channel is purely horizontal (x-direction) and flows
a parabolic distribution along the cross-section of the channel, given by
16U,,y2 H—y H—=z

U 0,y,z = 7 WV =W =0, (15)
H

where U, = 045m/s and H = 0.4lm with Re = 45 (Reynolds number). The fluid’s density is
p=10 kg/m3 and the kinematic viscosity is v = 107° mz/s. The coordinates of the center of the sphere are
C = 0.5,0.2,0.205 and its diameter is D = 0.1m. Notation for the velocity components is

u,uy,uy = U,V,W and the boundary condition at outflow plane is zero traction. The penalty coefficients
used were o = a,, = 10*. Figure 3(a) shows velocity and pressure results using a conventional simulation
(i.e., applying the Dirichlet boundary condition over the fluid-body interface in a strong way). Figure 3(b) are the
results in velocity and pressure fields using the immersed boundary technique with Nitsche’s method. As we can
see, our results are in very good agreement with the conventional simulation.
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Figure 3. (a) Velocity and pressure isocurves from conventional simulation; (b) Velocity and pressure isocurves
from Nitsche’s method.

4.2 3D Unsteady laminar flow around two fixed particles

This example consists of a three-dimensional unsteady laminar flow around two particles (also spherical
geometry) within a narrow channel governed by the Navier-Stokes equations. Figure 4 shows the geometry and
boundary conditions used in this example.
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Figure 4. (a) Geometry and boundary conditions for 3D unsteady laminar flow around two fixed particles; (b)
Finite element mesh used, 158057 tetrahedral elements and 213992 nodes.

The velocity profile used in this example is the same defined by eq. (15) with U, = l.Om/s and
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H = 0.5m. The fluid’s density, the kinematic viscosity and the penalty coefficients are the same used in the
previous example. The time interval adopted is 0 < ¢ < 4.0s with At = 0.01s and v = 1/2. The convergence
tolerance used within the Newton-Raphson interactions is TOL = 107°.

Figure 5 and Figure 6 show the results in velocity and pressure fields. It is possible to observe that the
velocity results show again very good agreement in relation to the conventional simulation. The pressure results,
in turn, are slightly different than the conventional simulation. The Nitsche’s method is a kind of penalty method
and when it is used to enforce the Dirichlet boundary conditions on I, it would trigger various artifacts in the
pressure field in the vicinity of I that may change the final results (specially for drag and lift forces). Thus, the
choice of the penalty coefficients (o, and cv,) and the mesh resolution around the I is of great importance in
such simulations.
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Figure 6. (a) Pressure isocurves from conventional simulation; (b) Pressure isocurves from Nitsche’s method.
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5 Conclusions

The main purpose of this work was to present a 3D computational simulation using an immersed boundary
technique based on the Nitsche’s method for the mixed finite element formulation of incompressible fluid flows
governed by Navier-Stokes equations with internal fluid-body interfaces. This is our first results for 3D
simulations using such technique (i.e., Nitsche’s method). Regarding only the Nitsche’s method, the results
showed a good agreement with the reference solutions, however, there is still some effort to understand how to
correctly choose the penalty coefficients and appropriate mesh refinement in the vicinity of 1" to produce better
results. This work is still in progress and the next step is to evaluate the drag and lift forces on each body’s
surface I"", with which we hope to be able to solve fluid-particle interaction problems of particle-laden fluids.

Acknowledgements. The first author acknowledges support by Federal Institute of Maranh&o, Brazil, and
Department of Civil Construction, also acknowledges scholarship funding from FAPEMA (Fundacdo de
Amparo a Pesquisa e ao Desenvolvimento Cientifico e Tecnolégico do Maranhdo) under the grant BD-02045/19.
Second author acknowledges support by CNPq (Conselho Nacional de Desenvolvimento Cientifico e
Tecnologico), Brazil, under the grant 307368/2018-1.

Authorship statement. The authors hereby confirm that they are the sole liable persons responsible for the
authorship of this work, and that all material that has been herein included as part of the present paper is either
the property (and authorship) of the authors, or has the permission of the owners to be included here.

References

[1] J. Donea, A. Huerta, J.-P. Ponthot and A. Rodriguez-Ferran, Arbitrary Lagrangian-Eulerian Methods. In: Stein E, De
Borst R, Hughes TJR (eds) Encyclopedia of computational mechanics, New York: Wiley, 2004.

[2] J. Benk, M. Ulbrich and M. Mehl, "The Nitsche method of the Navier-Stokes equations for immersed and moving
boundaries," in Seventh International Conference on Computational Fluid Dynamics, Big Island, Hawaii, 2012.

[3] J. Nitsche, "Uber ein Variationsprinzip zur Lésung von Dirichlet-problemen bei Verwendung von Teilrdumen, die
keinen Randbedingungen unterworfen sind,” Abh. Math. Sem. Univ. Hamburg, pp. 9-15, 1971.

[4] N. M. Newmark, "A method of computation for structural dynamics," Journal of the Engineering Mechanics Division,
pp. 67-94, 1959.

[5] C. Wieners, Taylor-Hood elements in 3D. In: Wendland, W.; Efendiev, M. (eds) Analysis and simulation of multifield
problems. Lecture Notes in Applied and Computational Mechanics, Berlin: Springer, 2003.

[6] E.Burmanand M. A. Fernandéz, "Stabilized finite element schemes for incompressible flow using velocity/pressure
spaces satisfying the LBB-condition,” in Proceedings of the WCCM VI, Beijing, 2004.

[7] C.Hood and P. Taylor, "A numerical solution of the Navier-Stokes equations using the finite element technique,”
Computers & Fluids, pp. 73-100, 1973.

[8] H.C. Gomes and P. M. Pimenta, "Embedded interface with discontinuous Lagrange Multipliers for fluid-structure
interaction analysis," International Journal for Computational Methods in Engineering Science and Mechanics, pp.
1177-1226, 2002.

[9] J. Harari and I. Dolbow, "An efficient finite element method for embedded interface problems.," International Journal
for Numerical Method in Engineering, pp. 229-252, 2009.

[10] Y. Hughes and T. Bazilevs, "Nurbs-based isogeometric analysis for the computation of flows about rotating
components,”" Computational Mechanics, pp. 143-150, 2008.

CILAMCE-2022
Proceedings of the joint XLIII Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
Foz do Iguagu, Brazil, November 21-25, 2022



