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Abstract. In this work, it is performed a numerical analysis of a totaly discrete formulation for the transient heat
conduction problem. This formulation is constructed by using a discontinuous hybrid stabilized finite element
method in space combined with a high order finite difference approximation (Crank-Nicolson method) for the
temporal dependency. The computational methodology used to solve the formulation is a static condensation
scheme resulting in a global system related only with the Lagrange multiplier associated with the trace of the
temperature at the edges of the elements and local problems that are solved for the temperature. In doing so, the
number of the degrees of freedom of the global system is reduced. Numerical results are presented confirming the
optimal rates of convergence obtained in the numerical analysis.
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1 Introduction

Transient heat conduction problems are commonly represented by parabolic differential equations and, in the
finite element context, the standard approach is the classical Galerkin method usually defined so that the space
approximation is continuous between elements, Thomée [1], Fernandes et al. 2. However, the application of
that method together with finite difference time discretization may give rise to spurious oscillations at the initial
instants of time, as shown in Harari [3].

Based on the ideas of Arruda et al. [4] for the elliptic problem, a hybrid stabilized finite element formulation
for the space discretization combined with a Crank-Nicolson scheme is proposed here in order to eliminate the
spurious oscillations, consisting of a generalization of the discontinuous Galerkin (DG) method by adding consis-
tent stabilization terms by introducing a Lagrange multiplier defined at the interfaces of the elements to impose the
continuity at the edges.

Hybrid DG methods, Riviere [S], have been developed to improve stability and reduce computational cost
comparing with DG methods used alone, Ewing et al. [6], Cockburn et al. [7], maintaining the good properties
of the DG methods as, for example, to satisfy constraints locally and allow flexibility for parallel solvers even
in mixed formulations. Some advantages of discontinuous interpolations can be seen in Karam-Filho and Loula
[8]. The inclusion of unknowns at the interfaces compensates the interelements discontinuity, Arnold et al. [9]],
allowing the use of static condensation techniques, Lehrenfeld and Schoberl [10], simplifying the solution of the
resulting algebraic system.

Then, the method which is analysed in this work is the coupling of local problems where the solution for the
primal variable, the temperature, is obtained by a hybrid stabilized DG method, with a global problem that solves
for the Lagrange multiplier.

The implementation methodology to solve the resultant formulation uses a static condensation procedure
which consists in eliminating the primal variable resulting in a global system relating only the Lagrange multiplier
and, once obtained this variable, the temperatures are obtained by solving recovered local systems element by
element, reducing in this way the computational cost as in Brezzi et al. [11].

A theoretical numerical analysis of this method is developed in terms of stability and convergence, and
numerical results are presented confirming the theoretical results obtained.
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2 Model problem

Let 2 C R? be an open domain with boundary 052, u the temperature, ug(z,y) is the specified initial
temperature, f € L?((2) a source term, and the time ¢t € [0,7], T > 0. Considering homogeneous Dirichlet
boundary conditions, transient heat diffusion problems may be given by the following parabolic linear problem.
Problem 2.1. Find the temperature u = u(x,y,t), such that

%1; —divwu=f in  Qx][0,7], (1)

u(z,y,t) =0 on N x[0,T]; wu(z,y,0) =up(r,y) in Q. )

3 Notations and definitions

Some notations and definitions will be necessary to construct the hybrid stabilized formulation and to develop
the numerical analysis. Let L?(Q) = {v : / |v[2dQ < oo ¢, with its usual norm defined by the inner product and

Q
represented by || - [lo.o = || - llo = || - lI=] - lo,a = | - |o- We consider spaces of functions mapping the time
interval (0,7) to a normed space L?(Q2) equipped with the norm || - ||. Thus we define L? (0,75 L*(2)) =

T
{z :(0,T) = L%(Q) : / |2(t)||%dt < oo}, Riviere [3]. The finite element partition is given by 7, = {K} :=
0

{ union of all elements K}. Moreover, &}, is the set of all edges e of the elements /C, 5,? is the set of inner edges and
EP = &, N 0N is the set of border edges of Q. Let [-] and {-} be the jump and the average operators, respectively,
defined as in the DG methods, Riviére [S]]. Then, given the elements IC1, Ko € T}, that share the side e, we define
n;, Ny as the unit normal vectors at the edge e of elements /Cy, /Co, respectively, such that for a scalar function ¢:
[¢]l = o1 +@omsone €& s [p] =¢none € & and {p} = L(p1+p2)onec &) ; {p}=ponec &y
Let the broken space, Riviere [5], of finite dimension (in the spatial variable) for the temperature, be given as
ViE = {v, € L3(Q) : vplc € Qx(K),VK € Ty}, with Q(K) the space of polynomial functions of order less or
equal to k in each variable (quadrilateral elements). For the Lagrange multiplier u;, that will be introduced in the
stabilized formulation, define the space of discontinuous interpolation functions M, ,ll = {un € L*(&) : pnle =
pi(e),Ve € &, uple = 0,Ve € 7}, where p;(e) is the space of polynomial functions of order equal or greater
than [ in each edge e. Let us define the following seminorms which will be necessary to the numerical analysis
presented later:

o= [ JoPdas o= [ [VoPdes o= [ |AvPda ®
K K K
\U|(2),h = Z |U|(2),/C; M?,h = Z \”ﬁ,ic; 4)
KeTh KeTn
o = 3 [ lelPdss o= S 0 [ s )
ecly € egg}? €

as well as the following norms that have been defined in Arnold et al. [9] and Riviere [5]:

k I
[Wlibe = [0+ 1012 ollbe = lollpe + D, h2[l3 s ¥ [, 4] € ViF x Mj,. (6)
KeTh

It will be also considered the following norm, previously defined in Arruda et al. [4]:

v, ulllee = lollbe + 1= {v}%, ¥ lv,ul € Vi x Mj, . ©)

Being the finite dimensional product space V' (h) x M (h), where V(h) = V}¥ + H*(Q) C H?(T;) and
M(h) = M} + L*(&?), we will introduce here the alternative norm:
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lvn, llEe = llvns palllae + D, h2|onl3k; Vion, pa] € V(R) x M(h) ®)
KeTh

which can also be rewritten using the definitions (3)) as

lon, mlléc = Nonlbe + lun — {on} %, ¥ [on, un] € V() x M(h). ©)

Note that (7)) and (9) are equivalent since, for 0 < M; < 1 and M, < oo:

Ms||[vn, prlllae < |l[vn, palllac < Mi|[vn, palllaes ¥ [vn, pn] € Vi x My,. (10)

4 Totally discrete formulation

Based on the ideas found in Arruda et al. [4] for the eliptic problem, a semidiscrete hybrid stabilized for-
mulation for the parabolic problem was proposed and analyzed in Barreiro [12]. Here a new totally discretized
method where the hybrid stabilized formulation is used to the space variable combined with a Crank-Nicolson
scheme to the time variable will be introduced and analysed for Problem (TH2). This formulation avoid spuri-
ous oscilations that arise at small initial times during the simulations when, for example, the continuous Galerkin
method is applied in space. Here, a Lagrange multiplier, Ay, is introduced which is identified with the trace of the
primal temperature variable wy,; that is: \;, = uy|. in each edge e € &,. The boundary condition u = 0 on 92 is
weakly imposed by the Nitsche approach usually adopted in the DG methods. A residual term is added making the
formulation symmetric and adjoint consistent. It is also added a term for the stabilization of both variables: u;, and
the Lagrange multiplier \;,. The Crank-Nicolson scheme is a kind of “arithmetic mean” between the explicit and
implicit schemes, giving second-order convergence in time. Here the semidiscrete formulation of Barreiro [12] is
discretized in a symmetric fashion around the point e = (n + %) At = 22"

Letuy = up(t"),n=0,--- ,N —1, At = T/N with N being the number of iterations and T the total time,
we generate the totally discrete hybrid stabilized formulation for the Problem (TH2)

Problem 4.1. Find the pair [u] ™', A\ € VF x M}, V[vy,, pun] € ViF x M}, ¥n > 0, such that

1 1
PR VICARCANEE (A An NENTS)

KeTh
1 1
= Z E (U;LLv’Uh)]C - ia ([uzlv)\Z} ) [Uh,,u,h]) + F(U}L)v (11)
KeTn
Form=n+1orm=n,a([-,],[,]) and F () can be defined as:

a([ul’s A\, [vn, pn]) Z / Vul' - Vo, do — /5 {Vur} - [un] +{Vup'} - [vs]) ds

KeTh

- /g (VoG y = X0 + [V 1on) — pn) ds+ [ S0 o] - ] ds

h

+ [ 20 (g = M) ({en) — ) ds, (12)
En
(vn) Z / f”"‘zvh dr = Z / f"'|r1 + f") vp, dx. (13)
Keéy Ke&n

For (12)), coercivity and continuity have been obtained by Arruda et al. [4] to the elliptic problem. With the
above considerations, we will obtain, in what follows, the stability conditions and a priori error estimates.
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Lemma 4.1. (Stability). For Problem there is a constant C independent of the mesh parameter h and of At,
such that, Vm > 0,

m
i |13 5+ AC Y [ui, AT IEe

n=1

C2 & el \n M? n
fZHI [up 0 Ee + =5 lef + /"G R A+ CMEuollf g (14)

n=1

< AtC

Proof. Taking v, = u}™, pup = AT and multiplying by At the equation ; using the Cauchy-Schwarz
inequality, the coercivity and continuity of a([-, -], [, ]), using the equivalence of the norms (10}, applying Young’s
inequality, adding all the elements from n = 0 to n = m — 1 and knowing that u% = ug, we have , Vm>1,

with C = %, C, = min{ (1 — 5[3%2) % — & , Bo }, where C' is the constant of the trace inequality, with

Cy = maz {1, C, 2B}, v = C, || f]| and C}, is the Poincaré inequality constant. O
Theorem 4.1. (Error Estimates). Considering that the exact solution u(t) of Problem satisfies u(t) €

1/2 1/2 1/2
HY (Th), 8;125,’&) € L?(Q) Vt € [0,T), there are constants Cy = (24105> , Oy = (@) , O3 = (3(%) .

Ca = (12(}10 )1/2’ Cs = (C% )1/2, Cs = (%)1/2, Cr = (g% v and Cy = M,yCy, with Cy the

coercivity constant and CY, the continuity constant, independents of h and At, Ym > 0, such that

tm 2 % 1 +m 2 %
lemllon < At*Cy </ dt) + Csh™ (At/ dt)
0 0,h k+1,Q

m—1 %
-G (Z Il e, ex] |||%vc> +C7 (Z I fen™", |||<;c> ; (15)

n=1 n=2
m ) 1/2 1 B |2 1/2
(0.3 -t ) < nae (/0 R

m 1 1 2
1 (L [0 |0u” ’ a -1 /
+ CQh E o W dt + CS Z H| mGC ) (16)

k41,0
with e, = up(t) — Up(t) and ex = \p(t) — An(t) where @ and X the elliptic projections of u and )\, respectively,
which define Uy, (t) and Ay (t) as u(t) —up(t) = u(t) — Up(t) +Un(t) —un(t) = pu(t) —eu(t) and A(t) — Ay (t) =
A) = M (t) + An(8) = An(t) = pa(t) — ex(t). Itis used u™ = u(t™), A\™ = A(t"), @™ = a(t"™) and A" = \(t").

83un

i it
ot3

ot

Proof. From the consistecy of (#.1)) and using the elliptic projection defined, we arrive at

€Z+lieﬁ 1 n+1l n+1 1 n _n
S (S un) +go (e e o l) + 3 (ebef) on, )
K

KeT:
8un+% u7l+1 n n+1 _
=3 _ o]+ Y p“ o) (17)
ot At K
KeTh K KeTn
Taking vy, = e*1 and py;, = €3 and by using the coercivity and the continuity of a ([, -], [-, -]), defining orts =
a n+1 n+1 _n
u — (u u") , using Cauchy-Schwarz inequality, knowing that He”“”o p S ||[ ntl "+1] ||GC and

ot
applying the equivalence of the norms (I0) we obtain
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1 n n C n 7l
ox (1 13— eR30) + 2 e o] M
3 2 anrl pn 2 301;
< 9n+2 2 u U 18
<2 (n o+ | B )+ e e a9
Performing Taylor expansion for 673 and for p*1, using Cauchy-Schwarz inequality, adding all the terms from
n = 0 until n = m — 1, knowing that ||€ || = 0, since u)} = @ = u, and using the result for the error estimate
|u — upllo.o < ChF T ulg41,0, we obtain
1 s O & ) Attt 0% ||
- m ~s n .n < dt
Al B+ 5 N eletlEe < 5o |||
6 " gun |? 3C) =
+ e Y / T e X ] e (19)
AtC, 0 O |pi10 Cs —~

From the above results, in what follows, the estimates of Theorem 4.1 will be obtained.

) Obtalnlng Estlmate . ) (L?(©2)-norm): From , the norms equivalence, being || [eg, eg] llecc =0,
since u) = @) = ug and A} = A} = Ay, we obtain
At4 tnz 83 n 2 6 tnz a n 2
||em||0 ) < o a4 om0 / @
2C, o ||y AtC, I
m—1
C SCb n— n—
- Z et ex e + c Z I e ex ™ ae- (20)
S n=2
Taking the square root, we obtain (T3).
(ii) Obtaining Estimate (16) (Energy norm): From the definition of | - || ¢, since || [p2 ™, pi ]|, = 0.
adding from n = 0 to n = m — 1, using the equivalence of norms (I0) and substituting (19), we get
% n n n n 2 G n n
Co D> |+t =gt A = A5 < GO et ed T Ige < 50 Z Il [, eR] I
n=1
At 9P || 6 " oun |7 3cb
< dt+ e [5E Hew " ea T lige: @D
240, ot || AtC, T Z
Taking the quare root of (1)), we obtain (16).
O

5 Hybrid Solver

Since vy, € V}¥ is independently defined in each element K € T}, and considering discontinuous interpolation,
we can eliminate the degrees of freedom relative to the primal variable and the totaly discrete formulation can be
solved by using a Static Condensation technique which consists, in this case, of solving the problem in two steps:
one that solves a global system defined in &, obtaining the Lagrange multipliers, by eliminating the temperature
variable, and the other one by solving for the temperature in each element K through local problems, once known
the Lagrange multipliers by the previous step. This is done as below where the local and the global systems have
been written in a form without the jumps and averages. Then, foralln = 1, ..., N with At = T/N:

Local Problems: Find uy,(t) € V;F(K) = V}F| ., such that, V vy, | . € VIF(K),
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(VuZJr1 + Vu’g) - ng vy, ds

DO =

n+l _ . n 1
/ (uhuh) vy, dx +/ - (VuZ+1 + VuZ) - Vo dx — /
K At K2 oK

n+1 n An+1 )\n
+ € VUh R Ve Yn +uh —h + h ds
oK 2 2

n+1 n )\n+1 AP n+1 n
+/ 5}?<uh 2—|—uh_ " 2+ h)vhds :/<f2+f> on dz. 22)
oK K

Global Problem: Find )\, (t) € M}, such that, Yy, € M!,

1 un+1 +un >\n+1 +)\n
Z{/ 5(Vu§j“+VuZ) ©ong g ds — / %(h 5 h_ Zh 5 h),%ds]:o. (23)
KeTh oK oK

It can be noticed that one may adopt any order [ of interpolation functions (continuous or discontinuous) for the
multiplier )\Z“ independently of the order k adopted to uZ“. Here, only discontinuous interpolation functions
will be considered for the multiplier.

6 Numerical Results

In this section, it will be presented a study of h-convergence as well as of At-convergence in the L?(2)-
norm for the hybrid stabilized parabolic method presented. The experiments have been performed for uniform
quadrilateral meshes defined in a bi-dimensional domain (2D) = [0,1] x [0,1]. It was considered the initial
condition ug = 0 and the source term has been defined as f(z,y) = sen(wz)sen(mwy), such that u(x,y,t) =

7oz — #e‘zﬂﬂ sen(mz)sen(my) is the exact solution for the problem. Same order interpolations have been
used for the temperature and the multiplier, considering ()1 — p1, linear, Q2 — p2, quadratic and Q)3 — ps, cubic
elements. For all the cases it was considered e = —1, giving a symmetric formulation. It has been set 5y = 10, 16

and 24 for the cases Q1 — p1, @2 — p2 and Q3 — ps3, respectively.

S ST T TN TN TV TR T T T TP TO TO TR
002 040608 1 12 14 16 18 2 002 04 06 08 1 12 14 L6 Ls 2 0020406 08 1 12 LA 16 18 2
~log(h) ~log(h) —log(h)

(@) up (b) Vuy ©) An

Figure 1. h-convergence for uy,, Vuy, and Ay, in L?()-norm, for elements Q1 — p1, Q2 — pa, Q3 —p3, At = 1074,

Figure 1 presents the results of the h-convergece study performed, for uf, Vuy and A7, in the L*(§2)-norm
considering At = 10~* and T = 0.2. It can be observed that in all the cases optimal convergence rates have been
obtained, that is: order O(h**1) for uy, order O(h*) for Vuy, and order O(h*+0-5) for the multiplier (\,). A
At-convergence study can be seen in Figure 2, to which it has been fixed a 64 x 64 mesh. Optimal convergence
orders of O(At?) have been obtained.
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T T T
== (@ =) ]
—o— (@2 — p2)
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3.8 |
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1.4 1.6 18 2 2.2 14 1.6 1.8 2 22
— log(At) —log(At)

(@) up () \p,

Figure 2. At-convergence for uy, \j, in L? (Q)-norm, for elements Q1 — p1, Q2 — p2, Q3 — ps3.

7 Conclusions

In this work, it has been done a numerical analysis for a hybrid stabilized finite element method, applied to
transient heat conduction problems combined with a Crank-Nicolson scheme dealing with the time dependency.
Stability and convergence estimates have been obtained independently of the mesh parameter h. Since discontinu-
ous interpolations used, it was possible to use a computational technique based on static condensation, reducing the
computational cost by the reduction in the number of degrees of freedom. The numerical experiments confirmed
the orders of convergence obtained by the analysis and it was evidenced the role of the stabilization 3, parameter,
since the solutions have been obtained here free of spurious oscillations even for very small A¢’s.

Acknowledgements. The first author thanks to CAPES and the authors to CNPq and FAPERJ for financial support.

Authorship statement. The authors hereby confirm that they are the sole liable persons responsible for the au-
thorship of this work, and that all material that has been herein included as part of the present paper is either the
property (and authorship) of the authors, or has the permission of the owners to be included here.

References

[1] V. Thomée. Galerkin finite element methods for parabolic problems. Springer-Verlag, Germany, 1997.

[2] K. P. Fernandes, A. F. D. Loula, and S. C. M. Malta. Uma formulacdo hibridizada de elementos finitos para
problemas parabdlicos. TEMA-Tendéncias em Matemdtica Aplicada e Computacional, vol. 14, pp. 333-346, 2013.
[3] I Harari. Stability of semidiscrete formulations for parabolic problems at small time steps. Comput. Methods
Appl. Mech. Engrg, vol. 193, pp. 1491-1516, 2004.

[4] N. C. B. Arruda, A. F. D. Loula, and R. C. Almeida. Locally discontinuous but globally continuous galerkin
methods for elliptic problems. Comput. Methods Appl. Mech. Engrg., vol. 255, pp. 104-120, 2013.

[5] B. Riviere. Discontinuous Galerkin methods for solving elliptic and parabolic equations: Theory and imple-
mentation. SIAM-Society for Industrial and Applied Mathematics, Houston, Texas, 2008.

[6] R. E. Ewing, J. Wang, and Y. Yang. A stabilized discontinuous finite element method for elliptic problems.
Numer. Linear Algebra Appl., vol. 10, pp. 83—104, 2003.

[7]1 B. Cockburn, J. Gopalakrishnan, and F. J. Sayas. A projection-based error analysis of HDG methods. Math.
Comput., vol. 79, pp. 1351-1367, 2010.

[8] J. Karam-Filho and A. F. D. Loula. On stable equal-order finite element formulations for incompressible flow
problems. Int. J. Numer. Method. Eng., vol. 34, pp. 655-665, 1992.

[9] D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini. Unified analysis of discontinuous Galerkin methods
for elliptic problems. SIAM-Journal on Numerical Analysis, vol. 39, pp. 1749-1779, 2002.

[10] C. Lehrenfeld and J. Schoberl. High order exactly divergence-free hybrid discontinuous Galerkin methods
for unsteady incompressible flows. Comput. Methods Appl. Mech. Engrg., vol. 307, pp. 339-361, 2016.

[11] F. Brezzi, D. Boffi, L. Demkowicz, R. Falk, R. G. Durdn, and M. Fortin. Mixed finite elements, compatibility
conditions, and applications. Springer, Italy, 2006.

[12] D. S. Barreiro. Andlise numérica de uma formulacdo primal hibrida estabilizada aplicada ao problema de
condugdo de calor. Dissertation, LNCC-Laboratério Nacional de Computacio Cientifica, 2017.

CILAMCE-2022
Proceedings of the XLIII Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
Foz do Iguagu, Brazil, November 21-25, 2022



	Introduction
	Model problem
	Notations and definitions
	Totally discrete formulation
	Hybrid Solver
	Numerical Results
	Conclusions

