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Abstract. This paper model sloshing in 2D tuned liquid column damper (TLCD) using a pressure based Eulerian 

approach. The fluid domain is discretised by isoparametric quadrilateral 4-nodes (Q4) finite elements coded in 

MatLab. A TLCD was modelled with rigid contours and a free surface to study uncoupled liquid reservoir. It is 

performed free and forced (harmonic) analysis to determine dynamic parameters. The numerical results were 

validated using experimental Alkmin’s results presenting acceptable errors (inferior of 1.7% relative error) with 

less than 5k elements. The present numerical implementation presents a good agreement with analytical solution 

and experimental results. 
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1  Introduction 

A passive damper device for vibration control of tall buildings [1], [2], wind turbines[3], [4] and ships [5] is 

tuned liquid column damper (TLCD) investigated extensively by many researches [6]–[8].  

In most of bibliography references, TLCDs are modelled as a reduced 1DoF non-linear (or stochastically 

linearized) differential equation. However, several papers currently seek to modify the classic TLCD configuration 

through new geometries and/or fluids [7]–[11]. It’s recurrent, in literature, a modified TLCD geometry (rectangular 

TLCD) which reservoir is composed by the flat plates’ assembly. Altunisik Yetisken and Kahya [12] and Silva 

and Morais [13] observe a good agreement with experimental results and FE modelling of rectangular TLCD, but 

a great discrepancy by report to analytical natural frequency formula. Chaiviriyawong et al. [14] deduce a modified 

formula for natural frequency of rectangular TLCD proposing an effectively length with a good agreement with 

experimental results. 

Sloshing problems are modelled by Lagrangian, Eulerian and mixed Eulerian-Lagrangian descriptions [15]. 

However, a pressure-based Eulerian description [16] is an easy way to study sloshing and fluid-structure problems 

implemented in most of commercial platforms. This modelling approach could be applied to simulate the 

performance of TLCDs with new geometries and/or others fluid. 

This paper model sloshing in 2D tuned liquid column damper (TLCD) using a pressure based Eulerian 

approach. The fluid domain is discretised by isoparametric quadrilateral 4-nodes (Q4) finite elements coded in 

MatLab. A TLCD was modelled with rigid contours and a free surface to study uncoupled liquid reservoir. It is 

performed free and forced (harmonic) analysis to determine dynamic parameters. The numerical results were 

validated using experimental results [2] presenting acceptable errors with less than 5k elements. This comparison 

of TLCD with experimental results and Chaiviriyawong et al. [14] presents a difference with analytical solution 
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undetailed in specialized literature of passive vibration control. By this proposed numerical approach, the effect 

of fluid inertia due geometry TLCD has an influence as presented by the comparison with numerical, experimental 

and literature. 

2  Pressure based approach for sloshing modelling 

The water is discretized as linear compressible and irrotational fluid using acoustic wave equation without 

mean fluid flow[17], [18]: 

𝛻2 (𝑝 +
4

3
𝜏 𝑝̇) =

1

𝑐2

𝑑2𝑝

𝑑𝑡2
 (1) 

where, velocity of sound 𝑐 = (𝜌/𝐾)0.5, in fluid medium, is function of density 𝜌 and bulk modulus 𝐾, and 

dissipation constant 𝜏 = 𝜇/𝐾 is function of viscosity and bulk modulus 𝐾. But for this work, we suppose that 𝜏 is 

negligeable. 

The boundary conditions of fluid domain is defined as described in Figure 1 [18]: (a) rigid wall Γ𝑃𝑅 , (b) 

free surface Γ𝑆𝐿 and (c) fluid-structure interface Γ𝐹𝐸 , where fluid boundary 𝜕Ω = ΓPR ∪ Γ𝑆𝐿 ∪ Γ𝐹𝐸 . 

 

Figure 1. Fluid domain and boundary conditions of sloshing problem 

The appropriate boundary conditions for these boundaries are as follows: 

i. Free surface boundary condition (Γ𝑆𝐿):  

𝜕𝑝

𝜕𝑧
= −

1

𝑔

𝑑2𝑝

𝑑𝑡2
 (2) 

ii. Fluid-structure interface boundary conditions (Γ𝐹𝐸):  

𝜕𝑝

𝜕𝑛⃗ 
= 𝛻𝑝 ⋅ 𝑛⃗ = −𝜌𝑓𝑢̈ (3) 

iii. Rigid wall condition (supposing 𝑢̈ = 0) (Γ𝑃𝑅):  

𝜕𝑝

𝜕𝑛⃗ 
= 𝛻𝑝 ⋅ 𝑛⃗ = 0 (4) 

2.1 Galerkin finite element formulation for acoustic fluid domain 

To discretise the wave equation, we adopted approximate function p̂ that satisfy the boundary conditions. 

Substituting p̂ in Eq. (1) we have the residue function ℛ(p̂). Applying the weighted residues method, the integral 

of residue function ℛ(p̂) plus approximation function 𝑝̂ is defined as zero, as described: 
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∫ ℛ(𝑝̂) 𝑝̂ 𝑑Ω
Ω𝑓

= ∫ (𝛻2𝑝̂ −
1

c2
𝑝̈̂) 𝑝̂ 𝑑Ω
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= 0 (5) 

Applying the boundary conditions (2)-(4), we obtain the following equation: 

−∫ 𝛻𝑝̂ 𝛻𝑝̂ 𝑑Ω
Ω𝑓

+ ∮  𝑝̂  
𝜕𝑝

𝜕𝑛⃗ 
 𝑑Γ

𝜕Ω

− ∫
1

c2
𝑝̈̂ 𝑝̂ 𝑑Ω

Ω𝑓

= 0 (6) 

Eq. (6) describes the weak form of the sloshing problem in acoustic fluid with mobile boundaries Γ𝐹𝐸  . We 

have the weak form of the equation which is the starting point for discretizing the domain of the fluid by the finite 

element method. If we consider an incompressible fluid (sound velocity 𝑐 → ∞), Eq. (6) with only sloshing effect 

in ‘mass’ matrix results an ill-conditioned linear system. Then, as a penalty condition, Zienkiewicz et al. [18] 

propose compressibility inclusion to work around this difficulty. 

3  Numerical Implementation 

The weak form (6) was discretized using isoparametric finite elements. The elements adopted were: (a) 

isoparametric L2 (unidimensional element with two nodes) to discretize the free surface contour and fluid structure 

interface, and (b) isoparametric Q4 (two-dimensional four-node element) to discretize the fluid domain. 

Assuming pressure in form of 𝒑 ≈ 𝒑̂ ≃ ∑𝑁𝑖𝑝̂𝑖, where 𝑝̂𝑖  are the nodal pressure of finite element at fluid 

domain, and 𝑁𝑖 is spatial interpolating shape function, the discretized form of Eq. (6) can be written as: 

𝑲𝑓 𝒑̂ + {
1

𝑐2
𝑴𝑓 +

1

𝑔
𝑴𝑆𝐿} 𝒑̈̂ = −𝜌𝑓𝑪𝐹𝑆

𝑇  𝒖̈ (7) 

where, 𝒑̂ and 𝒖̈̂ are the nodal acoustic pressure in fluid domain Ω𝑓 and nodal solid acceleration in fluid-structure 

contour Γ𝐹𝑆  , respectively. 

The matrix 𝑲𝑓 and 𝑴𝑓 are the acoustic ‘stiffness’ matrix (first term of Eq.(7)) and acoustic ‘mass’ matrix 

(last term of Eq. (7)), respectively using isoparametric Q4 finite element, given by: 

(𝐾𝑓)𝑖𝑗
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(𝑀𝑓)𝑖𝑗
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1

c2
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where, 𝑱 is the jacobian matrix to transform global coordinate system (𝑥, 𝑦) to natural coordinate system (𝜉, 𝜂); 

|𝐽| = det 𝑱; the Q4 shape form 𝑁𝑖 = 0.25(1 ± 𝜉)(1 ± 𝜂); and 𝑖, 𝑗 ∈ [1,2,3,4]. 

The matrix 𝑴𝑆𝐿 is the free-surface boundary condition, and 𝑪𝐹𝑆
𝑇  is the fluid-structure coupling matrix using 

isoparametric L2 finite element, given by:  

(𝑀𝑆𝐿)𝑘 =
1

𝑔
∫ 𝑁𝑘 𝑁𝑘 |𝐽| 𝑑𝜉

+1

−1

 (10) 

(𝐶𝐹𝑆
𝑇 )𝑘 = 𝜌𝑓 ∫ 𝑁𝑘 ⋅ 𝒏 𝑁𝑘  |𝐽| 𝑑𝜉

+1

−1

 (11) 

where, 𝒏 is the outwardly directed normal to the element surface along the interface; and 𝑘 ∈ [1,2]. 

The shape functions are linear with continuity 𝐶𝑜 (infinitely continuous interpolation functions inside the 

elements and continuous at the element interface or first discontinuous derivative). The numerical implementation 

was developed in MATLAB (MatLab R2015b). 

4  Free Vibration of TLCD – Numerical Example 

The present study analyses the sloshing frequencies of a TLCD device. We perform modal analysis and 

subject both configuration to harmonic forced movement. The present simulations are compared to analytical 
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solution, literature and ANSYS Student 19.0 (Mechanical APDL) commercial platform. 

Finite element meshes were building using mesh generator GMSH [19]. TLCD is divided into seven distinct 

parts, as described in Figure 2b. A mesh convergence study was done using a reference water level ℎ𝑎. And 𝐵 and 

𝐿 (= 2ℎ𝑎 + 𝐵) correspond to the horizontal and total length to TLCD, respectively. With an identical aspect ratio 

for all elements, we observe a good convergence from 20 elements (counting water level ℎ𝑎 = 105𝑚𝑚). We use 

the same element aspect ratio for all meshes. Using a convergent mesh, we carry out the numerical determination 

of TLCD’s natural frequencies as function of the water height level ℎ𝑎  (mm).  

(a) (b) 

Figure 2. TLCD geometric description (in mm) (a) and FE mesh example (b). 

Table 1 and Figure 3 compare the results of free-surface fundamental frequency obtained by present 

simulation, experimental results [2], analytical formula 𝜔 = √𝑔 𝐿⁄ , and modified length 𝐿𝑒 analytical function 

[14]. The numerical solution presents a good agreement with experimental results. There was no discrepancy 

superior to 1.7%. 

Figure 4 shows the first four modal shapes of fluid contained. The fundamental modal form reproduces the 

expected U-tube behaviour. And the following three modal shapes behaves as two tanks with aspect ratio ℎ/𝐿 =

(ℎ𝑎 +  27)/50. We can also observe that the free surface modal shape (with low frequencies) is uncoupled to 

cavity modes (with higher frequencies). 

We analyse the TLCD subjected to a forced acceleration  (𝑢̈ = 𝑢̈𝑜 exp 𝑖Ω𝑡). Figure 5 shows frequency 

response function (FRF) of a node pressure on free surface of TLCD with water level height ℎ𝑎 = 105𝑚𝑚. We 

observe five peaks in frequency range Ω ∈ [0, 6]𝐻𝑧. This resonant frequency is near to the natural frequencies. 

Figure 5 shows the first four operational modal shapes of TLCD with water level height ℎ𝑎 = 105𝑚𝑚. 

Table 1. Coefficients in constitutive relations 

Column 

height 

𝒉𝒂 (mm) 
Present 

Results 
Experimental [2]  

(𝒇𝒏 − 𝒇𝒆)

 𝒇𝒆/𝟏𝟎𝟎
 Analytical 

Reference 

[14] 

35 1.39 1.38 0.72 1.31 1.34 

45 1.34 1.33 0.75 1.27 1.29 

55 1.29 1.27 1.57 1.23 1.25 

65 1.25 1.23 1.63 1.19 1.21 

75 1.21 1.20 0.83 1.16 1.18 

85 1.18 1.17 0.85 1.13 1.14 

95 1.14 1.15 0.87 1.10 1.12 

105 1.11 1.12 0.89 1.08 1.09 
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Figure 3. Evolution free-surface fundamental natural frequency (Hz) of TLCD as function of aspect ratio ℎ𝑎/𝑏 

for: present simulation ( ‘.’ dot), experimental results [2] (‘x’ cross), analytical formula 𝜔 = √𝑔/𝐿  (continuous 

red line), and effective-length formula [14] (dashed blue line). 

 

Figure 4. First four natural frequencies and modal shapes of TLCD with ℎ𝑎 = 105𝑚𝑚. 
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Figure 5. Pressure FRF on free surface node of TLCD with water level height ℎ𝑎 = 105𝑚𝑚. 

5  Conclusions 

An isoparametric 2D finite element was implemented to analyse sloshing in 2D tuned liquid column damper 

(TLCD) using a pressure based Eulerian approach. The fluid domain is discretised by isoparametric quadrilateral 

4-nodes (Q4) finite elements coded in MatLab. 

The present numerical code was applied to determine dynamic parameters of a TLCD containing liquid water 

analysing free and forced (harmonic) vibration. For free vibration analysis, the numerical solution is compared to 

analytical solution, literature (modified length solution) [14] and experimental results of TLCD’s fundamental 

frequency as a function of water column height ℎ𝑎. The numerical solution shows a good agreement (less than 

1.7% relative error) with modified length solution and experimental results with less than 5k elements. Finally, a 

harmonic analysis was done by acceleration container liquid of a TLCD with ℎ𝑎 = 105𝑚𝑚. The FRF’s resonance 

pic are remarkably close to two first natural frequency.  

As perspectives, it is important: (a) coupling structural to acoustic fluid domain to perform fluid-structure 

interaction studies, and (b) implement a viscous-fluid damping model. 

Acknowledgements. This work was supported by Brazilian Council for Scientific and Technological 

Development (CNPq), with PQ-2 fellowship (process 317383/2021-3), and Research Support Foundation of 

Federal District (FAPDF). 

Authorship statement. This section is mandatory and should be positioned immediately before the References 

section. The text should be exactly as follows: The authors hereby confirm that they are the sole liable persons 

responsible for the authorship of this work, and that all material that has been herein included as part of the present 

paper is either the property (and authorship) of the authors or has the permission of the owners to be included here.  

References 

[1] L. Rozas, R. L. Boroschek, A. Tamburrino, and M. Rojas, “A bidirectional tuned liquid column damper 

for reducing the seismic response of buildings,” Structural Control and Health Monitoring, vol. 23, no. 4, 

pp. 621–640, Apr. 2016, doi: 10.1002/stc.1784. 



F. Author, S. Author, T. Author (double-click to edit author field) 

CILAMCE-2022 

Proceedings of the joint XLIII Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC  

Foz do Iguaçu, Brazil, November 21-25, 2022 

 

[2] J. F. Martins, M. V. G. de Morais, and S. M. Avila, “Experimental study of equivalente 1DoF main 

structure coupled to TLCD: Validation of optimum parameter obtained by parametric optimization,” in 

25th ABCM International Congress of Mechanical Engineering, 2019, no. Unico, pp. 1–4. doi: 

10.26678/abcm.cobem2019.cob2019-0812. 

[3] Z. Zhang, B. Basu, and S. R. K. Nielsen, “Tuned liquid column dampers for mitigation of edgewise 

vibrations in rotating wind turbine blades,” Structural Control and Health Monitoring, vol. 22, no. 3, pp. 

500–517, Mar. 2015, doi: 10.1002/stc.1689. 

[4] M. H. Alkmim, A. T. Fabro, and M. V. G. de Morais, “Optimization of a tuned liquid column damper 

subject to an arbitrary stochastic wind,” Journal of the Brazilian Society of Mechanical Sciences and 

Engineering, vol. 40, no. 11, pp. 1–11, 2018, doi: 10.1007/s40430-018-1471-3. 

[5] R. Kandasamy et al., “A review of vibration control methods for marine offshore structures,” Ocean 

Engineering, vol. 127, pp. 279–297, Nov. 2016, doi: 10.1016/j.oceaneng.2016.10.001. 

[6] S. K. Yalla and A. Kareem, “Optimum absorber parameters for tuned liquid column dampers,” Journal of 

structural engineering New York, N.Y., vol. 126, no. 8, pp. 906–915, Aug. 2000, doi: 

10.1061/(ASCE)0733-9445(2000)126:8(906). 

[7] C. Coudurier, O. Lepreux, and N. Petit, “Modelling of a tuned liquid multi-column damper. Application 

to floating wind turbine for improved robustness against wave incidence,” Ocean Engineering, vol. 165, 

pp. 277–292, Oct. 2018, doi: 10.1016/j.oceaneng.2018.03.033. 

[8] D. K. Pandey and S. K. Mishra, “Moving orifice circular liquid column damper for controlling torsionally 

coupled vibration,” Journal of Fluids and Structures, vol. 82, pp. 357–374, Oct. 2018, doi: 

10.1016/j.jfluidstructs.2018.07.015. 

[9] V. Jaksic et al., “Dynamic response mitigation of floating wind turbine platforms using tuned liquid 

column dampers,” Philosophical Transactions of the Royal Society A: Mathematical, Physical and 

Engineering Sciences, vol. 373, no. 2035, pp. 20140079–20140079, Jan. 2015, doi: 

10.1098/rsta.2014.0079. 

[10] L. Rozas, R. L. Boroschek, A. Tamburrino, and M. Rojas, “A bidirectional tuned liquid column damper 

for reducing the seismic response of buildings,” Structural Control and Health Monitoring, vol. 23, no. 4, 

pp. 621–640, Apr. 2016, doi: 10.1002/stc.1784. 

[11] B. J. Park, Y. J. Lee, M. J. Park, and Y. K. Ju, “Vibration control of a structure by a tuned liquid column 

damper with embossments,” Engineering Structures, vol. 168, no. December 2017, pp. 290–299, 2018, 

doi: 10.1016/j.engstruct.2018.04.074. 

[12] A. C. Altunişik, A. Yetişken, and V. Kahya, “Experimental study on control performance of tuned liquid 

column dampers considering different excitation directions,” Mechanical Systems and Signal Processing, 

2018, doi: 10.1016/j.ymssp.2017.09.021. 

[13] A. A. M. T. da Silva and M. V. G. de Morais, “FE sloshing modelling in bidimensional cavity using wave 

equation,” MATEC Web of Conferences, vol. 211, p. 07001, Oct. 2018, doi: 

10.1051/matecconf/201821107001. 

[14] P. Chaiviriyawong, P. Panedpojaman, S. Limkatanyu, and T. Pinkeaw, “Simulation of control 

characteristics of liquid column vibration absorber using a quasi-elliptic flow path estimation method,” 

Engineering Structures, vol. 177, pp. 785–794, Dec. 2018, doi: 10.1016/j.engstruct.2018.09.088. 

[15] M. V. G. de Morais, R.-J. Gibert, F. Baj, and J.-P. Magnaud, “Numerical Study of a Tube Bundle 

Vibrations in Cross-Flows: ALE and Transpiration Methods,” in Volume 9: 6th FSI, AE and FIV and N 

Symposium, Jan. 2006, vol. 2006, pp. 953–962. doi: 10.1115/PVP2006-ICPVT-11-94008. 

[16] K. K. Mandal and D. Maity, “Pressure Based Eulerian Approach for Investigation of Sloshing in 

Rectangular Water Tank,” Procedia Engineering, vol. 144, pp. 1187–1194, Jan. 2016, doi: 

10.1016/j.proeng.2016.05.098. 

[17] O. Zienkiewicz and R. E. Newton, “Coupled Vibrations of a Structure Submerged in a Compressible 

Fluid,” in Symposium on Finite Element Techniques at the Institut für Statik und Dynamik der Luft-Und 

Raumfahrtkonstruktionen, 1969, no. C, p. 27. 

[18] O. Zienkiewicz, R. Taylor, and J. Z. Zhu, The Finite Element Method: its Basis and Fundamentals: Seventh 

Edition. 2013. doi: 10.1016/C2009-0-24909-9. 

[19] C. Geuzaine and J. F. Remacle, “Gmsh: A 3-D finite element mesh generator with built-in pre- and post-

processing facilities,” International Journal for Numerical Methods in Engineering, 2009, doi: 

10.1002/nme.2579. 

  


