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Abstract. Optimization of the dynamics of multibody systems is an active area of research with many important
applications in different fields. Among many available optimization techniques, gradient methods are very versatile
and popular; and one of its main ingredients is the computation of sensitivities. Sensitivities provides information
about how the coordinates of the system change with time when the parameters change. Since multibody sys-
tems are typically represented by systems of nonlinear differential equations (or algebraic-differential systems),
sensitivities are computed evaluating the corresponding derivatives respect the parameters around the reference
movement. These derivatives (sensitivities) depends on time and are the solutions of a system of linear differential
equations (with variable coefficients). Their computation may be performed after the solution for the dynamics, or
simultaneously with it. Sensitivity analysis of mechanisms exclusively composed by rigid bodies has been studied
in many works of the literature. However, analysis dealing with flexible mechanisms are rarer. In this work we
show the results of a sensitivity analysis of special systems, where the flexible parts are slender beams represented
by a nonlinear beam model. Their sensitivity contributions are computed analytically improving the efficiency and
accuracy of the computations. What is more, a robust and physically intuitive approach based on a finite-difference
method is presented for obtaining preliminary sensitivity results, that provide a valuable tool for developing and
validate the previously described analytical approach. Some simple numerical examples are presented showing the
performance of the proposed approach.
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1 Introduction

The sensitivity analysis of the dynamics of mechanical multibody systems is a valuable tool for improving
their design an optimization. This type of analysis is quite common for systems composed by rigid bodies, but rarer
for those incorporating flexible parts. For these flexible models, the traditional approach is to use finite-difference
schemes, due to the complexity of the formulation, compromising their computational cost. In this paper we
explore the possibilities of employing an analytical approach, taking advantage of the simplicity of the formulation
of the recently proposed beam model [1]. The following sections provide some details of this beam model, how the
sensitivity problem is stated and solved, and a first assessment about the performance of the analytical approach in
a simple example.

2 Beam model

As explained in detail in [1], the model for the beam is a collection of n identical deformable truss members
(for brevity, we will refer to them just as trusses or segments, identifying them with straight elements that only
withstand tensile or compressive forces) with regular section moving in a three-dimensional Euclidean space. Each
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Figure 1. Overlapped sets of trusses

truss is defined by two nodes, and two consecutive trusses share one node, as illustrated in Figure 1; thus, the total
number of nodes is N = n+ 1.

The motion of the beam at time t ∈ [0, T ] is determined by vectors q(t),p(t) ∈ R3N that collects the
Cartesian inertial coordinates of the position and momentum vectors of the nodes ri,pi; i = 1, ..., N . This special
rotation-free parametrization defines a linear finite-dimensional configuration space that greatly determine the
simplicity of the formulation, as will be explained next.

The axial response of the beam is represented by the deformation of the trusses, each of them being a 1D
element that can experience large movements and deformation in a 3D space. This deformation is a pure stretch
and is related with the internal forces through an hyperelastic potential. On the other hand, bending response is
represented by the misalignment of consecutive trusses and is governed by another potential. The sum of both
potentials is an approximation of the strain energy of the beam.

2.1 Axial response

We will consider a single truss labelled i where we collect the Cartesian coordinates of the two nodes in the
6 × 1 vector qi = (r1i r2i )

T. Let us denot the stretch λi = ri/r0 and ri = ||ri|| = ||r2i − r1i ||. r0 = ||r0|| and
a0 are the initial length and sectional area of the truss respectively. It can be shown that the force vector for a 1D
hyperelastic material model is:

Fi = a0Dλi
Wi

 ei

−ei

 , with the notation D□(·) =
∂(·)
∂□

(1)

Wi(E, λi) being the hyperelastic potential and ei = ri/ri. Two example of such potentials are the logarithmic
(non-linear) and linear, adequate for large and small strains respectively:

Wnonlin =
E

2
(lnλ)2 , W lin =

E

2
(λi − 1)2 (2)

the second resulting from linearizing the first for λi ≃ 1. The total force vector F results from the assembly of the

elemental vectors: Fax =

n

A
i=1

Fi. Note that if the beam is discretized in n identical segments, λi = rin/L0, being

L0 the total initial length of the beam.

2.2 Bending response

The bending response is represented by means of a calibrated potential, which is an approximation of the
bending strain energy of the beam. This potential depends on the beam coordinates and on a single paramater
α, which can be interpreted as the penalty parameter associated to a constraint imposing all segments to remain
aligned. This parameter is calculated beforehand for a given discretized beam selecting a configuration where the
approximation is exact. Details of this calculations can be found in [1]. The point of departure is the same beam
composed by n identical trusses where we define the n−1 sets that result from grouping two consecutive segments,
such that they overlap as shown in Figure 1 with grey shades. The constraint associated with the alignment of the
three-node element labelled j is ϕj = ||aj × bj || with auxiliary vectors aj = r2j − r1j and bj = r3j − r2j , and the
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9× 1 internal force vector Fj is:

Fj = −αϕjDqj
ϕTj with Dqj

ϕTj =


−bj × nj

(aj + bj)× nj

−aj × nj

 and nj = (aj × bj)/ϕj (3)

Again, the total force vector is the assembly of the elementary contributions Fbend =

n−1

A
j=1

Fj . The penalty value

α is unique for the whole beam and is computed as α/α0 = n3(n2 + 2) with α0 = EI/L5
0, E being the Young

modulus of the material, I the sectional inertia and L0 the total initial length of the beam.

3 Sensitivity analysis

Sensitivity analysis is usually the initial stage of an optimization process of a dynamical system, looking for
the extreme of an objective functional ψ, with the general expression:

ψ =

∫ tF

t0

g(q, q̇,ρ) dt (4)

ρ being a vector containing the parameters of the model. This problem is typically solved employing a gradient
method, that requires the computation of the gradient of the funcional respect the parameters; aplying the chain
rule:

Dρψ =

∫ tF

t0

[(Dqg)(Dρq) + (Dq̇g)(Dρq̇) +Dρg] dt (5)

The derivatives of g in (5) are known for a given objective funcional, but the sensitivities Dρq and Dρq̇ have to be
computed, solving a set of differential equations (called the tangent linear model) obtained through the derivation
of the original equations of motion. If the system is subjected to holonomic constraints collected in vector Φ that
are enforced by a penalty method, these original equations take the form:

Mq̈+DqΦ
TαΦ+Q = 0 (6)

M being the mass matrix, α the penalty matrix (typically diagonal), and Q(q, q̇, t) the vector of active forces. If
the motion is parametrized with cartesian coordinates of selected points of the system, M is constant and Q is free
of velocity-dependent gyroscopic terms. Thus, if the system does not contain any physical dissipative device (e.g.
dampers), Q depends only on q and t.

3.1 Tangent linear model

The tangent linear model is obtained deriving the equations of motion (6) respect to the parameters ρ. Under
the previous assumptions and denoting by (·)′ = Dρ(·) = ∂(·)/∂ρ to simplify the notation, the equations take the
following form:

Mq̈′ + K̂q′ + Q̂ = 0 (7)

q′, q̇′ and q̈′ being the position, velocity and acceleration sensitivities respectively. The terms K̂ and Q̂ are:

Q̂ = Q′ +DqΦ
T ′
αΦ+DqΦ

TαΦ′ +M′q̈ (8)

K̂ = DqQ+DT
qqαΦ+DqΦ

TαDqΦ , (9)

which is a system of linear differential equations that, complemented with the adequate initial conditions, provide
de sensitivities q′(t) and q̇′(t) provided that the motion q(t), q̇(t) and q̈(t) are known. In practice, the computation
of the sensitivities may be performed after the solution for the dynamics, or simultaneously (step-by-step) with it.

Discussion about optimization in multibody problems and details of alternative techniques for computing
sensitivities can be found in [2] and references therein.
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3.2 Analytical computation of coefficients

Each component and constraint of the model contributes to the terms in (7). Coefficients associated with
simple elements (springs, dampers, etc.) and constraints are typically amenable to an analytical deduction, while
coefficients associated with flexible elements are typically obtained with finite-difference techniques. The relevant
proposal of this paper is the analytical deduction of these terms associated with flexible parts, specifically beams.
This can be done thanks to the extremely simple formulation of the particular beam model described in the previous
section. The selected parameters of the beam are four: the Young modulusE, the initial cross section a0, the cross-
sectional inertia I and the total initial length L0. The density has not been considered here since it involves the
term M′q̈, and the acceleration is very noisy because the dynamics has been solved using a pure penalty method.

The axial response is only affected by (a0, E, L0), and the derivatives respect these parameters of the ele-
mental axial force (1) are, assuming that the beam is discretized in n identical segments, and so λi = rin/L0:

• Respect to the initial cross-section a0:

Da0
Fi = Dλi

Wi

 ei

−ei

 (10)

where DλW takes different forms depending of the type of material (nonlinear or linear):

DλW
nonlin =

E

λ
log λ , DλW

lin = E(λ− 1) (11)

• Respect to the Young modulus E:

DEFi = a0Dλi,EWi

 ei

−ei

 , with Dλ,EW
nonlin
i =

1

λ
log λ , Dλi,EW

lin
i = λ− 1 (12)

• Respect to the initial length L0:

DL0Fi = a0(Dλi,λiWi)(DL0λi)

 ei

−ei

 , with Dλ,λW
nonlin =

E

λ2
(1−log λ) , Dλ,λW

lin = E

(13)
y DL0λi = −rin/L2

0.

The bending response is only affected by (E, I, L0), and the derivatives respect these parameters of the
elemental bending force (3) are, assuming again that the beam is discretized in n identical segments, and so
λi = rin/L0:

• Respect to the Young modulus E:

DEFj = −(DEα)ϕjDqj
ϕTj with DEα =

1

E
α (14)

• Respect to the cross-sectional inertia I:

DEFj = −(DIα)ϕjDqj
ϕTj with DIα =

1

I
α (15)

• Respect to the initial total length L0:

DL0Fj = −(DL0α)ϕj(Dqjϕj)
T − α(DL0ϕj)(Dqjϕj)

T − αϕj(Dqj ,L0ϕj)
T (16)

that, taking into account:

DL0α = − 5

L0
α , DL0ϕj =

2

L0
ϕj , (Dqj ,L0ϕj)

T =
1

L0
(Dqjϕj)

T , (17)

result in:

DL0
Fj = −2α

L0
ϕj(Dqj

ϕj)
T (18)
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4 Example: five bar mechanism

Figure 2 shows the initial configuration of the example system, studied by many authors, composed by rigid
bars that are released from rest and moves under the sole action of gravity with g = 9.81 m/s2. The masses are
mA1 = m3B = 1 kg, m12 = m23 = 1.5 kg and the natural lengths of the springs coincide with their lengths
in the initial configuration. In order to test the proposed formulation, we replace the rigid bar between the points
labelled 1 and 2 by a circular-section beam of the same mass with a0 = 1.0628 · 10−4 m2, I = 9.4125 · 10−10

m4 made of a material of Young modulus E = 206.94 GPa, Poisson modulus ν = 0.288 and density ρ = 7829
kg/m3. The beam is discretized with two segments.

The direct method is most efficient when the number of param-
eters p is small or there are a large number of multiple cost func-
tions, since the TLM depends on the number of parameters but
not on the cost function.

The adjoint method is most efficient when the number of pa-
rameters p is large and the number of cost functions is small, since
the solution of the adjoint system depends on the cost function but
not on the number of parameters.

6 Validation of the Computed Sensitivities

Several numerical approaches were used to validate the sensi-
tivity equations developed in this paper. It is important to remark
that any mistake, even small, in the derivatives involved in the
direct or adjoint approaches can lead to completely different
results in the computed sensitivities.

The validation implemented here includes the following
approaches:

(1) Compare the results of direct and adjoint sensitivity
approaches. They should be equal within the truncation
error.

(2) Compare the results of different formulations of the equa-
tions of motion. They should be almost equal if the formu-
lations are accurate. The alternative formulation of the
equations of motion employed in this work to double-check
the results was the penalty formulation [5,25].

(3) Compute reference values for sensitivities using the third
party code FATODE [23]

(4) Use real finite differences to approximate whole sensitiv-
ities or individual derivatives. This approach can be very
inaccurate or even completely useless.

(5) Use complex finite differences to approximate whole sensi-
tivities or individual derivatives. This approach is much
more reliable than the previous one but more expensive to
implement.

6.1 Real and Complex Finite Differences. Although imprac-
tical from the computational point of view, the finite differences
approximation can be very useful to detect errors in the

derivatives. The first-order approximation of the derivatives with
real perturbations reads

dw
dqk
¼ w qþ dekð Þ % w qð Þ

d
(62)

The truncation error in this case is OðdÞ, cf. Eq. (62), and the
loss of significance errors are order Oðd%1Þ, where d is the pertur-
bation. This fact can make these derivatives highly inaccurate.

The first-order approximation of derivatives with complex per-
turbations is the following:

dw
dqk
¼ = w qþ idekð Þð Þ

d
(63)

where i is the imaginary unit and = is the imaginary part of a com-
plex number.

The approach is considerably more accurate than the previous
one, because there are not subtractions in the imaginary parts, and
therefore the perturbations can be chosen arbitrarily small without
loss-of-significance errors appearing in the calculation of the
approximation. The practical difficulty to apply complex finite
differences is that not all codes can be changed easily to accom-
modate complex arithmetic. Special attention should be paid to
the third-party functions (if any) involved in the code (transpose
functions, norm functions, numerical integrator chosen, etc.).

This approach was used in this study to validate all the deriva-
tives and results presented.

7 Numerical Experiments

The mechanism chosen as a case study on which to test the for-
mulations proposed is the five-bar mechanism with two degrees of
freedom shown in Fig. 1. The five bars are constrained by five rev-
olute joints located at points A, 1, 2, 3, and B. The masses of the
bars are m1 ¼ 1 kg, m2 ¼ 1:5 kg, m3 ¼ 1:5 kg, and m4 ¼ 1 kg, and
the polar moments of inertia are calculated under the assumption
of a uniform distribution of mass. The mechanism is subjected to
the action of gravity and two elastic forces coming from the
springs. The stiffness coefficients of the springs are
k1 ¼ k2 ¼ 100 N=m, and their natural lengths are initially chosen

as L01 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
22 þ 12
p

m and L02 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
22 þ 0:52
p

m, coincident with
the initial configuration shown in Fig. 1.

The following objective function is proposed to obtain its sensi-
tivity with respect to the parameters q ¼ L01 L02½ '.

w ¼
ðtF

t0

r2 % r20ð ÞT r2 % r20ð Þdt (64)

where r2 is the global position of the point 2 and r20 is the initial
position of the same point.

The gradient, rqw, was obtained by the following approaches:

(1) direct sensitivity: using Eq. (12)
(2) adjoint-1 sensitivity, explicit ODE: using Eq. (34)
(3) adjoint-2 sensitivity, first-order implicit ODE: using

Eq. (44)
(4) adjoint-3 sensitivity, second-order implicit ODE: using

Eq. (56)
(5) adjoint sensitivity with FATODE

(6) numerical sensitivity with real perturbations
(7) numerical sensitivity with complex perturbations

The results for the sensitivities with the mentioned methods are
presented in Table 1.

As can be seen in Table 1, all the approaches offer similar
results as expected. It is important to remark that, despite the
results shown here, the numerical sensitivities with real perturba-
tions are not reliable and should not be used as the only validation
method. Another important remark is that the tolerances in the

Fig. 1 Five-Bar Mechanism

Table 1 Results for the five-bar mechanism

Approach Parameters dw=dL01 dw=dL02

1: direct h ¼ 10%2s %4.2300 3.2112
2: adjoint-1 h ¼ 10%2s %4.2294 3.2092
3: adjoint-2 h ¼ 10%2s %4.2294 3.2087
4: adjoint-3 h ¼ 10%2s %4.2291 3.2087
5: FATODE Tol ¼ 10%3 %4.2254 3.2083
6: Real finite differences d ¼ 10%7m %4.2288 3.2116
7: Complex finite differences d=i ¼ 10%7m %4.2288 3.2116
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Figure 2. Five-bar mechanism, from [2]

Figure 3 shows the result obtained for the sensibility of the horizontal position of node 1 respect to the Young
modulus E of the bar. In the same plot is shown the result obtained with a finite difference scheme, where the
simulation is performed twice, one of them with the parameter E sligjtly perturbed (0.1%). With this approach,
the sensibility is approximated as the ratio between the increments of the value and the parameter. Apparently, the
analytical approach produces considerably larger sensitivities; nevertheless, observe the small values, of the order
of 10−13, which is very close to the machine precision in any case.
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Figure 3. Five-bar mechanism. Sensitivity of the horizontal position of node 1 respect the Young modulus of the
bar 12

Figure 4 shows the sensibility of of the horizontal position of node 1 respect to the initial length of the bar
12. The result is compared with the one obtained with finite differences for the flexible and rigid cases.
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Figure 4. Five-bar mechanism. Sensitivity of the horizontal position of node 1 respect the initial length of bar 12

5 Conclusions

The preliminary results obtained with the analytical approach have the same order of magnitude as the ones
obtained with finite differences. For E the sensibilities are larger but very small in any case; this result makes
sense, due to the large value of E in the reference model. Nevertheless, we have to investigate this behaviour more
deeply, e.g. computing the sensibilities with a smaller reference value for E.

The sensibility respect to the initial length of bar 12 is increasingly larger, compared to the one obtained with
finite differences, as the time goes by, and very similar to the rigid model in any case. Again, we have to deeper
investigate this effect which is, nevertheless, very small.

In general, a deeper analysis will be performed in a near future, obtaining sensibilities with all the parame-
ters, including a larger number of segments for the beam model. Once the correctness of the approach has been
validated, it will be tested with more complex models, including 3D geometries.
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