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Abstract. Thin-walled frame structures consisted of profiles or rod members are often subject to loadings that
induce local effects on the profiles” webs and flanges. For some elements, local instability is the main design
constraint. This work aims to present the first steps towards a thin-walled kinematically-exact rod formulation with
cross-sectional local effects on its kinematical assumptions. The model’s displacement field allows for the
traditional cross-sectional rigid body motion, along with wall’s mid-line in- and out-of-plane deformations (first-
order in-plane distortion and out-of-plane warping, respectively, herein called primary deformations) and a
kinematically-exact rotation for out-of-mid-line points (herein called secondary deformation). Accordingly, rigid
body motion is parametrized as usual for geometrically exact models, whilst primary deformations are described
by means of the Generalized Beam Theory (GBT) concept. The (shell-like) rotation that defines the secondary
deformation, in turn, is obtained as a function of the walls” mid-line displacement field and is parametrized using
Kirchhoff-Love shell assumptions. This is an ongoing research, and only the kinematical description, the related
weak form (for future FEM discretization) are presented. Its linearization is only conceptually briefed by now.
Neither constitutive equations nor numerical implementation are addressed here.

Keywords: thin-walled rods, cross-sectional local effects, distortion, warping, finite element method (FEM).

1 Introduction

Usual rod models take into consideration only cross-sectional rigid body displacements, allowing at most an
additional warping deformation, for both low-order and kinematically-exact frameworks. Thin-walled rod
structures, however, are naturally prone to local deformation effects, which require additional enrichment of the
kinematical description. In this context, the Generalized Beam Theory (GBT) was introduced by Schardt [1] in the
context of geometric linear theories, describing the body transformation as a linear combination of deformation
modes (also called GBT modes) for the thin-wall mid-lines (primary distortion). The GBT approach divides the
structural analysis into two steps: 1) a cross-section analysis (to determine the GBT modes); and 2) an element or
member analysis (to solve, usually by FEM, for the mode amplitudes). In this approach, the displacements of
points located out of the wall’s midlines are obtained by imposition of usual plane-stress assumptions for plates
(secondary distortion).

The aforementioned process was devised for application in a linear elastic static context, being later expanded
to embed dynamics and second-order buckling analysis. More recently, some developments have been made to
incorporate the GBT modes into robust kinematically-exact rod models, as in Gongalves et al. [2] or in Li and Ma
[3]. Therein, first insights on how to incorporate local web/plate distortion into such models were provided. Despite
achieving satisfactory results, some theoretical limitations were yet to be treated: firstly, the secondary distortion
was parametrized in a linearized fashion. Secondly, either the constitutive equation or the strain measures were
truncated, leading to a lower order constitutive equation.

This work seeks to contribute to overcome those limitations. The proposed approach is to, given a set of
distortional modes for the primary distortion (obtained through the GBT concept), parametrize the secondary
deformation using expressions for the rotation from the kinematically-exact Kirchhoff-Love shell theory. We also
intend to allow for the use of more consistent (non-truncated) material laws. For the current formulation, the
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following notation is used: lowercase Latin or Greek letters (a, b, ...,a, [, ....) denote scalar quantities, bold
lowercase Latin or Greek letters (a, b, ..., a, B, ....) denote vectors, Bold capital Latin or Greek letters (4, B, ...)
denote second-order tensors. Implicit summation convention is used throughout.

When indices are Greek letters, they range from 1 to 2, and when they are Latin letters, from 1 to 3. Scalar,
cross and dyadic products are represented by “”, “X” and “®”, respectively. The comma in (°) , indicates partial
derivative w.r.t. g.

2 The proposed rod model

The proposed rod model is intended to be suitable for prismatic rods (i.e., with constant cross-section) and
straight initial configuration. The cross-sections are considered to be composed of thin-walled rectangular walls,
and arbitrary (closed, open, branched, different thickness for each wall, etc.) geometries.

2.1 Kinematical description

The kinematical description is divided into two parts: the primary deformation (for walls” mid-line points)
and the secondary deformation (for the remaining, out-of-mid-line points). The primary deformation is function
of a) the six usual rigid body degrees of freedom (three for the axial displacements u and three for the cross-
sectional rotations 8, the latter being calculated by the Euler-Rodrigues formula as in Yojo, Pimenta and Campello
[4]-[6]) and b) a set of n,, in-plane (¢b;) and n,,, out-of plane (;) arbitrary deformation modes. Those deformation
modes can be interpreted as a basis and, in the current work, a detailed discussion about how to generate them is
out of the scope — it suffices to say that they will be derived through the GBT cross-sectional analysis, analogously
as in [7], [8]. It is important to define now two reference systems: one for the cross-section {e], e}, e}}, with e}
aligned with the reference rod axis and one for each individual wall {e7, €3, €% }, with e7_ aligned with e3, e}_
aligned with the wall mid-line and e%_orthogonal to the two latter (see fig. 1b).

b)

Figure 1 — Cross-section a) deformation b) wall geometry c) detail of mid-line deformation

As can be seen in Fig. 1a), points in the reference configuration are given by
§{=0(+a, O]
a =a™ +h", 2
where { = (e} (with { € 27 = [0, L]) is the axis reference position and a” is the position of an arbitrary point of
the cross-section, that can be decomposed in two parts: a projection in the mid-line of the wall that it belongs to

(a™") and a position (or wall director) h” relative to this latter that is parallel to the wall thickness.
Points in the current configuration are given by
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x=x"+x"=z+y"+h, 3)

where x™ = z + y™ is the current position of the wall’s mid-line points (with z as the current position of the axis),
y™ =a™ +v™ + w™ is the current position of the mid-line points w.r.t. the axis (i.e., the primary deformation)
and x" = h is the final position (or director) of the other points w.r.t the mid-line (i.e. the secondary deformation).
Let us detail each of the components of the displacement field: the axis current position is determined by the axial
displacement u through

z=¢+u (4)
The wall midline rotation w.r.t. the axis is
a™ = Qa™, ©))

where Q is the rotation tensor of the cross-section. Note that e; = Qe} is not tangent to the rod axis, in general.
The cross-sectional in- and out-of plane distortions of the mid-line (the out-of-plane standing for the warping)
are, respectively

v™ = (¢p - 1)egand w™ = (P - ples, (6)

where ¢ and 1 are vectors that collect the in- and out-of-plane distortion modes of the mid-line and r and p are
the intensities of the associated modes. Lastly, once the primary deformation is established, the secondary
deformation can be obtained as a function of the primary distortion, by means of the Kirchhoff-Love shell
assumption. Thus, it is merely a rotation, characterized by a tensor Q", of the director h”, such that

h=Q"h". O]

This implies that the wall director remains perpendicular to the wall’s mid-line after the deformation.

It is possible to express the deformation gradient by its column-vectors and separate all the terms that contain
h" from the rest. The terms that do not contain it are grouped and named here mid-line terms (f}*) (some GBT-
related authors call them membrane terms), and the ones that contain it are grouped and named thickness terms
(f). Putting the cross-sectional rotation tensor in evidence, it is possible to write

F=x,®e/ =QF =Q(f" +f") Qel, ®)
where ()" are defined as back-rotated quantities. Using eq. (3)-(8), one gets
fo" =liei+ (dpa-1)ep+ (o p)es, 9
5 =0 +es+ 17 xy™ + (g1 )ep + (P pe, (10)
&7 = (" QT Ql — eapls@™") (—€yslp)ey. (11)
M= QTQ"hr, (12)

where " = QTp = QT (u' + e} — e3), K" = QTk (with k = axial(Q'QT) as defined in Campello and Pimenta
[9]), y™ = QTy™, h" = ||h"||,l; = cos(a;), I, = sin(a;) (a; is the inclination of the wall to which the analysed
point belongs (w.r.t. direction ej of the reference system, see Fig. 1b), and €,5 = (er, x ef;) - el

It is now convenient to define the explicit expression for the director’s Kirchhoff-Love shell rotation Q".
From Pimenta, Neto and Campello [10], expressing in terms of the cross-section local system instead of a shell
local system, one gets

— 2 —
Q" =0 {Ileaﬁlagz”ll ' (ﬁg’;r X f77 - eaﬁlalﬁg’;r> Qe+ ® eg}. (13)

Note that Q" can be re-written as Q" = QQhr, where Qhr is defined as the back-rotated shell rotation.
Now, some useful derivatives are shown below:

i, = KiQ"and (@), =Q"(Q" - KQ"), (14)
b =K Q" and (Q"'), =Q"K,,Q"", (15)
(@), =o. (16)
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and
QL = l.K>,Q". a7
with the shell curvature vectors being defined as
Ko, = axial(K, ) = Tg u} , (18)
where I'g_is defined analogously as in [10] and
u™ =x"— ({+a™). (19)

Using eqs. (14)-(18), it is possible to rewrite eq. (11) and (12) as

fi" = (lah"Q"K2,Q — eaplpl)(—€y5l5)Q" € (20)
1 = QTK,,QQ" h', Q1)

Now, the second-order derivatives u"gsas are needed. Performing the algebra, one gets
ul = Qff" +eband u?, = Ql i, (22)
uly, = KQfy" +Qfy", (23)
ulo, = QST = uFa, = KQULSZ" +QlSf7" (24)
s, = Qlelsfly, )

where the following additional auxiliary results appear:

fay = (Pp.ay - T)ep + (Way - P)eS, (26)
fi' = (ppa-1)es+ (Wo e, 27
f3y = & % [(bpe 1)ef + (Yay - P)eS] + (Ppa 7)€ + (Yo P)eS (28)
F =" =y i+ K x [(bp 1 )ep + (W pOEs] + (b1 )ef + (W p)el (29)

The displacement field x and the deformation gradient F are now fully characterized.

2.2 Equilibrium: virtual work

The Virtual Work Theorem is applied to the rod. As in previous works, (for example Yojo and Pimenta [4]
or Campello and Pimenta [5]), the internal virtual work can be expressed as function of the back-rotated first Piola-
Kirchhoff stress tensor P” = QTP = 1} ® e and the back-rotated deformation gradient F* = QT F. Accordingly,
one gets

ow = SVVint - (SWext =0, (30)
with
Wine = [or [ P:SFdA™AO™ = [, [, P":SFTdATdQ" = [, [T} - 5f7dATdQ" =
= [ [ (20 - 8FM + 17 - Sf1 )dATAO" = SWTL + SWL, (31)
Wee = [, [» b - 5xdATdQ" + [, [, - 6xdATdCT = SWh + SWE, (32)

where SW/. are the mid-line terms of the internal virtual work and §W;%, are the thickness terms. Note that the

external virtual work has terms from both surface and body external loadings (W2, and §W/,,). Expanding the

area integrals from eq. (31) one gets, for the mid-line internal work,

[ (T 8f1T)dAT = o' - Sef, (33)with
0.11117” — [an mm" pm T Bm am]T’ (34)
Sl =[6n" 6k” o6r Sp or &p']T, (35)
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" = [ (THdAT, (36)
mm™ = [ (" X Th)dAT (37)
p" = [([bp ® (k" x €f)]75 + (g0 ® €f)Ti)dA", (38)
"= [ ([ ® (k" x et + (P, @ eb)ry)dA", (39)
B = [, ((bp ® ef)5) dAT, (40)
am™ = [ (¥ @ e});)dA", 41)

and for the thickness internal work
(27 - 8F1T)dA™ = alt" - 5¢7 + o} - 8¢} (42)

with

ot =" m" pt mt g at, (43)
ot =[nf" p" g & x, (44)
b =160 on” ok or" Sp'lT, (45)
n" = [ (tay, + sy, )dAT, (46)
m" =, (t3K + Y™ X (tag, + top,) + Y X tap, + Y™ X t3f3r) dA™, (47)

ph= ((‘PV.B ® €})(tasy + tary) — (b5 @ €p)K (tag, +tsr,) + (Psy @ €5)tas,, —

(B ® B tug,, — (5 ® )K"ty ) A" @)

= [, ((‘l’,ﬁ ® e5)(tasy +tary) — W @ €DK (top, +tsp) + (W, @ €h)tys,,
_(Ip,y ® eg)KTtaf3_y - (II) 02 e‘g)Kr,t3f3’> aa’, (49)

=1, ((d’ﬁ ® ) (tay, + tap,) + (Dpy ® €f) (tapsy + tar, ) — (65 ® eE)KTt%r) dAT,  (50)

a =], ((w ® e5)(tap, + tap,) + (¥ ® €5) (tapyy + tag, ) — W ® eg)KTtgf;) dAT, (51)

ng = [, (tag + t30)dA", (52)
p"" = [, (tyy) dar, (53)

g = f, (Y x by ) dAT, (54)
8" = [, (b5 ® ef)tsyy) da”, (55)
2= fp (W ® ety dar, (56)

with t;, being the vectors that are conjugated with a given vector v w.r.t T}, when the operation 7} - § f ?r is
performed. The complete expression for each t;,, has an intricate form and the authors have chosen to omit it for
conciseness. For the external work, one gets

[,+b-6xdAT = (@™ +q,")-8d, +q," - 5d,, (57)
where
g."=m" r'mm p™ @™"andq,"=[@" r'm" gt a"’, (58)
7."=p" 7" p" 77, (59)
8d, =[6u 60 6r 6plTandédd, = [6n7 Sk &' Sp']T. (60)
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with mid-line contributions

At ="+ At = [ bdA” + [, TdCT, (61)
™ = mbm + mtm = fAr(ym % E) dA” + fcr(ym xt)dCT, (62)
B =pB""+ B = [, (¢ ®es)b dA” + [ (s ® eg)tdCT, (63)
an=am+am = [ (P ®e)bdA" + [ ,(h ® ex)EdCT, (64)
and thickness contributions
it = Abh 4 fth = o, (65)

m" = mP" + it = [ TT(FPTT, + 1,FTy ) (h x b) dA™ +

+ [ TT(FPTT, + 1,F TS )(h X ©) dCT, (66)

B"=B"" + B = [,[~(ds ® ep)KQ'TT, + (Pppa ® ;)1 QT3 ](h X b) dA” +
+ Jor[~ (D5 ® )K" QT + (Pp.0 @ €)1 Q"TE | (h x DACT, ©7)

a'=ah+ath = [ [~ QeHK QT + (P, @ e})l,Q"I7 |(h x b) dA” +

+ [~ @ eDK QT + (Y. ® €})l, Q"I |(h x D) dCT, (68)
pr=p""+p"" = [, Q"I (hxb)dA" + [, Q"I (hx DdC", (69)
7' =g +q" = [,y x (Q"T] (R x b)) dA" + [,,y™" x Q"] (h x D) dC", (70)
pr=p""+p" = [, (¢s ® €5)Q"T] (hx b)dA™ + [ (s @ ep)QIT (h x B)ACT, (71)
at=ath = [ (Y ®e))QTTT (hxb)dA" + [,( ® e5)Q'TT (h x DdCT. (72)

Note that both internal and external virtual works are composed of a mid-line and a thickness term.
Performing the calculations for the line terms, stress resultants that are energetically conjugates of ", k", r, p, r’
and p’, arise, and are completely equivalent to the generalized stress resultants from Pimenta and Campello [9]
(and later with Dasambiagio [11]) (forces (1), moments (m), generalized bi-shear (p, 1), and bi-moment (&, 8)
resultants). For the thickness terms, apart from new contributions to the already defined resultants, there are
completely new stress resultants that are energetically conjugated to 8, "', k™', ", p"'.

For the external virtual work, there are external resultants that have already appeared in the aforementioned
references ([9], [11]), conjugated to u, @, r and p, and also new ones that are conjugated ton”, k", ' and p’. Note
that, if it is assumed that the external loads act only at the mid-lines (i.e., h = 0), it follows that ﬁlh = ﬁzh = 0.
Using definitions (34)-(35), (43)-(45) and (58)-(60) in (30)-(32), the weak form of the current formulation becomes

W = [,[(o7" +6t")- 57 + of - 5ef — (@™ + ") - 6d, — G, - 8d,|d0T = 0,V 5d,,8d, (73)

2.3 Tangent operator and constitutive equation

Up to the date of submission of this full paper, the complete expression for the tangent operator is not
available. This is the most challenging part of the formulation and is the current priority of the authors. It is not
needed to enforce the model’s equilibrium, but plays a pivotal role in the numerical solution, which will be
conducted through the finite element method.

Also, no constitutive equation was enforced. Since the deformation gradient is analytically expressed by
means of its column-vectors, as done previously in Pimenta and Campello [9], Dasambiagio [11] and Kassab [12],
the constitutive equations used therein (namely, from Kirchhoff-Saint-Venant’s and Simo-Ciarlet’s hyperelastic
materials) can be readily used here to calculate the stress resultants. For the tangent operator, some partial
derivatives are material-specific.
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3 Conclusions

The formulation proposed so far is the result of approximately six months of work in a four-year duration
long PhD research. It provides insights into how the formulation will be further developed and is the result of
testing of different ways to formalize the model. Since the kinematical description does not depend on the chosen
deformation modes, and the equilibrium is written exactly in terms of the Virtual Work Theorem, a robust and
versatile description was achieved. Also, the framework enables the introduction of advanced constitutive
equations in future steps of this work. The main challenge of the current research is expected to be the obtention
of the analytical expression for the tangent operator.
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