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Abstract. This paper addresses the electromechanical coupled response of interconnected foundations of non-
ideal motors, identifying the relevant parameters for the phenomenon of machine synchronization. DC electric
motors are considered in the model, using a linear approximation of the characteristic curve (angular velocity x
torque), delineating the electromechanical coupling. To obtain the 2D projections of the basins of attractions of
stable solutions, the (ψ2 − ψ1) x (ψ′

2 − ψ′
1) plane was chosen at different voltages. These planes were divided

into several square cells and, for each one of them being obtained the self-synchronization attractor. To obtain the
projections of the basins of attraction, the electrical voltage was kept constant over time.

It was identified that synchronizations occur for unbalanced rotors angle differences of zero or π radians. It
was observed that there is a gradual change of attractors between dimensionless voltages 0.66 and 0.74 (6.70 V
and 7.50 V), in addition to another change of attractors between dimensionless voltages 1.25 and 1.39 (12.7 V and
14.5 V).
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1 Introduction

The object of this research is to study the self-synchronization of non-ideal motors supported on separate
foundations elastically connected, continuing the studies done in [1], identifying the relevance of motor voltage
for this phenomenon and the types of synchronization of the machines, studying the basins of attraction.

2 Torque of electric motors

In this article, non-ideal motors are considered and their synchronization observed. DC electric motors will
be addressed in the model for the sake of an illustration.

Kononenko [2] studied the characteristic curves of the motors and the Somerfeld effect [3] of motors sup-
ported by a cantilever. Say and Taylor [4] studied the steady-state operating point of the engines. Lobosto and Dias
[5] deepened these studies, commenting that the characteristic curve of the engines present a decrease in torque
for increasing angular velocity. In the present research, an approximation of the characteristic curve of DC motors
will be used (see Fig. 1 and Fig. 2).

To obtain the approximate characteristic curve function, the control equation shown below will be used.

u− ecemf = Raia + Lai̇a (1)

The counter-electromotive force can be expressed in proportion to the angular velocity of the motor (ecemf =

kEψ̇), just as the motor torque can be expressed in proportion to the electrical current of the circuit (Mi = kM ia).
In this way eq. (2) can be written:
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Figure 1. characteristic curves of the motors from Lobosco, O. S., and Dias, J., 1988

u− kEψ̇i =
Ra

kM
Mi +

La

kM
Ṁi (2)

In a stable regime, for which Ṁi = 0, the largest possible torque on the motor is M0 = kM

Ra
umax and the

largest possible angular velocity is Ω0 = umax

kE
.

Figure 2. approximate characteristic curves of the DC motors

3 Two motors on connected foundations

The mathematical model to represent this case is shown in Fig. 3.

By calculating the kinetic and potential energy of the system, using the Euler-Lagrange equation, it is possible
to find the equations of motion of the system.

(m+m0)ẍ1 + cẋ1 + (k + kf )x1 = kfx2 −ma(ψ̈1senψ1 + ψ̇2
1cosψ1) (3)

CILAMCE-2023
Proceedings of the XLIV Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC
Porto, Portugal, November 13-16, 2023



Henrique Z. D. S. Vieira, Carlos E. N. Mazzilli

Figure 3. Mathematical model of two motors on connected foundations

(m+m0)ẍ2 + cẋ2 + (k + kf )x2 = kfx1 −ma(ψ̈2senψ2 + ψ̇2
2cosψ2) (4)

(ma2 + I)ψ̈i +maẍisenψi =Mi ∀i ∈ {1, 2} (5)

It is of interest to write the equations of motion using dimensionless variables. For this, new variables will be
introduced.

Table 1. New constants

Nomenclature calculation formula

umax maximum voltage to which the motor is subjected in the experiment.
α m/(mo +m)

β kf/(k + kf )

2ξ cω/(k + kf )

ω
√
(k + kf )/(mo +m)

η ma2/(ma2 + I)

δ Ra/(Laω)

γ ηMo/(ma
2ω2)

φ umax/kEω

Table 2. Dimensionless new variables

Nomenclature calculation formula

τ ωt

qi xi/a

Fi Mi/M0

v u/umax

The derivative with respect to the dimensionless time is indicated by an apostrophe, for example, q̇ = q′ω.
From eq. (3), eq. (4) and eq. (5) with dimensionless variables, the following equations are obtained:

q′′1 = −2ξq′1 + q1 − βq2 + α(γF1senψ1 + ψ′2
1 cosψ1)

1− ηαsen2ψ1
(6)
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q′′2 = −2ξq′2 + q2 − βq1 + α(γF2senψ2 + ψ′2
2 cosψ2)

1− ηαsen2ψ2
(7)

ψ′′
1 =

γF1 + ηsenψ1[2ξq
′
1 + q1 − βq2 + αψ′2

1 cosψ1]

1− ηαsen2ψ1
(8)

ψ′′
2 =

γF2 + ηsenψ2[2ξq
′
2 + q2 − βq1 + αψ′2

2 cosψ2]

1− ηαsen2ψ2
(9)

Using eq. (2), the dimensionless motor equation can be written as below.

F ′
i = δ(v − ψ′

i

φ
− Fi) ∀i ∈ {1, 2}. (10)

4 Numerical model

The computational code used for data collection was programmed in Python. The fourth order Runge-Kutta
method was used to obtain the model results over time. To obtain the sections (planes) of the basins of attraction,
the (ψ2 − ψ1) x (ψ′

2 − ψ′
1) plane was chosen at different voltages. This plane was divided into several square

segments and, for each segment, the attractor to which the model converged was obtained. Specifically to obtain
the sections of the basins of attraction, the electrical voltage was considered constant over time (v(t) = 1), in order
that its increase does not influence the attractor.

5 Results and discussion

In this study it was identified that synchronizations occur for unbalanced rotors angle differences of zero and
π radians. Synchronization occurs faster the higher is the voltage of the motors. Figure 4 and Fig. 5 show ψ1 −ψ2

over time until the system converges.

Figure 4. ψ2 − ψ1 x τ graphic for convergence where ψ2 − ψ1 = 0

To verify the change of the attractors with the increase of the voltage, the sections of the basins of attraction
in the (ψ2 − ψ1) x (ψ′

2 − ψ′
1) planes with different φ (dimensionless voltages) were obtained. It was observed

that there is a gradual change of attractors between 0.66 and 0.74 (6, 7 V and 7, 5 V), in addition to a change of
attractors between 1.25 and 1.39 (12, 7 V and 14, 1 V).
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Figure 5. ψ2 − ψ1 x τ graphic for convergence where ψ2 − ψ1 = π

Figure 6. basin of attraction section when φ = 0.66

Figure 7. basin of attraction section when φ = 0.70
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Figure 8. basin of attraction section when φ = 0.74

Figure 9. basin of attraction section when φ = 1.25

Figure 10. basin of attraction section when φ = 1.32
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Figure 11. basin of attraction section when φ = 1.39

6 Conclusions

The research fulfilled the objectives to study the case of motors on different foundations. It was seen that the
type of convergence is related to the electrical voltages applied to the motors. The values of these factors that cause
the change of attractors were studied.
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