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Abstract. One of the most pressing issues that require attention is the reduction of CO2 emissions, and one
approach to mitigate this problem is by enhancing the performance of diodes used for sealing and minimizing
leakage in turbomachinery. This study focuses on the design of a labyrinth diode using the Topology Optimization
of Binary Structures (TOBS) method, which incorporates laminar flow and real gas properties. The labyrinth diode
design is obtained through TOBS, considering energy dissipation and vorticity magnitude as a multi-objective
framework within a specified volume fraction. The optimization problem takes into account the dimensions of
the test bench and the properties of real CO2 gas in a two-dimensional axisymmetric model. The labyrinth diode
design is optimized for laminar fluid flow governed by the Navier-Stokes equations, with the inclusion of the
standard Darcy term to penalize solid domain infiltration. Computational Fluid Dynamics (CFD) is employed
to numerically assess the diode’s performance and compare it with experimental measurements, evaluating its
effectiveness in reducing leakage. The optimized topology is transformed into a solid model and fabricated using
UV-photosensitive resin through 3D printing. The fabricated prototype is then tested on a test bench (TB) equipped
with a chamber capable of evaluating two seals with a middle entry, utilizing a 40 mm rotor. The TB can reach
a maximum rotational speed of 10,000 rpm and generate a pressure drop of up to 5 bar. The leakage rate is
measured in kg/s using instrumentation that adjusts the mass flow rate based on pressure/temperature analysis.
The results indicate the need for further improvements to accommodate turbulent flow and higher Mach numbers
in compressible flow during Topology Optimization. Nonetheless, the current findings offer promising insights
into reducing leakage in turbomachinery seals.
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1 Introduction

Earth’s temperature is regulated by the greenhouse effect and naturally occurring atmospheric greenhouse
gases [1]). Post-Industrial Revolution, human activities escalated CO2, CH4, N2O, and F-gas emissions, inten-
sifying warming [2]. Resulting in climate change challenges global governance [3]. Scientists stress emission
reduction [2], evident in treaties like Kyoto Protocol and Paris Agreement. Notably, methane (CH4) with an en-
ergy absorption capacity 84 to 87 times greater than CO2, is a key contributor; in the US, 40% of 2019 emissions
were from energy, 60% from natural gas systems [4], partially due to machinery leaks. Labyrinth seals help counter
leakage, preserving fluid control. The labyrinth seals constitute a type of non-contact annular seal. They typically
employ flow restrictions and cavities with the purpose of minimizing leakage or escape flow [5, 6]. The seal de-
lineates a high-pressure region from a low-pressure one, and these regions can exist either between two stages of
fluid machinery or between the internal and external regions of turbomachinery [7, 8].

When compared to other types of annular mechanical seals, labyrinth joints prevent friction between compo-
nents, thereby contributing to an enhancement in the performance of fluid machinery [9]. Additionally, owing to

CILAMCE-2023
Proceedings of the XLIV Ibero-Latin-American Congress on Computational Methods in Engineering, ABMEC

Porto, Portugal, November 13-16, 2023



Template file for CILAMCE-2023 full-length paper (enter here with the short title of your paper)

their low cost, simple assembly, and high reliability, labyrinth seals constitute the majority of mechanical seals em-
ployed in turbomachinery [10–12], such as compressors, turbines, and turbochargers. There are a few test benches
for experimental validation of Labyrinth Seals. It’s possible to list some as the Turbomachinery Laboratory at
Texas A&M University (shown in Fig.1(a) ), which uses a Laser Doppler Anemometer (LDA) to measure the
velocity field in the cavities of a Labyrinth Seal, or the Southeast University setup in China (shown in Fig. 1(b))
which measures the vibration effect duo different geometries labyrinth seals. Booth Test Benches are useful, but
in this paper, we’re interested only in leakage, pressure, and rotation conditions.

(a) Texas A&M University Labyrinth Seal Test
Bench [13]

(b) Southeast University Labyrinth Seal Test Bench
[14]

Figure 1. Labyrinth Seals Test Bench’s List

Fluid flow Topology Optimization (TO) was introduced by Borrvall and Petersson [15] pursuing the path with
minimum energy dissipation assuming a Stokes flow using continuous variables (or pseudo-densities approach).
Ever since, TO has been also performed with other strategies like: level-set method [16], topological derivatives
[17] and discrete (binary) variables [18]. Regarding the simulation complexity, fluid flow TO was employed to a
variety of flow types extending the Stokes flow to: Navier-Stokes flow [19], swirling flows [20], and turbulent flows
using κ-ϵ and κ-ω models [21]. These advances help engineers to design improved fluidic devices like: mixers,
valves, machine rotors and Tesla-type turbines [22]. This paper’s aim is to demonstrate a generic framework for
manufacturing and test prototype designs of topology optimized labyrinth seals. The efficient generic mathematical
programming of the TOBS method has shown potential for topology optimization computations for fluid flow
applications (laminar regime [18], rotating flow [23], turbulent models [21] and subsonic compressibility effects
[24]) using integer design variables. Therefore we chose this binary approach in order to obtain novel designs that
reduce leakage in turbomachinery. Finally, the reliability of the design is verified, the prototype is manufactured
using 3D printing and tested in a TB. The flow rate is compared at the same pressure and rotation conditions.

2 Fluid Flow Governing Equations for Topology Optimization

The fluid particles motion in a fluid domain Ω is modeled in the laminar regime assuming: i) constant density
ρ and dynamic viscosity µ; ii) absolute velocity v and the pressure p fields independent of time; and iii) negligible
body forces. Thus, the steady incompressible Navier-Stokes flow equations can be expressed as [25]:

ρ (v · ∇v) = −∇p+ µ∇2v, (1)

∇ · v = 0. (2)

where Eq. 1 is the conservation of momentum and Eq. 2 is the continuity equations. Usually, fluid problem
definitions include: the fluid entrance as the inlet (Γin); the exit as an outlet (Γout); and the solid frontier in inner
flows as the fluid walls (Γwall). Herein, a fully developed inlet velocity profile, zero stress outlet, and no-slip
conditions on fluid walls are adopted. The prescribed boundary conditions assumed are:

v = vin on Γin, (3)
−pI+∇v · n = 0 on Γout, (4)

v = 0 on Γwall, (5)

where vin is the average velocity on inlet, I is the identity matrix and n is the unit normal vector.
Classic fluid TO literature emulates solid regions as porous material with low permeability [15]. Therefore, a

material model expression (Darcy term) must be added to the governing equation to emulate the regions in which
the fluid is removed with resistance forces proportional to the velocity. In order to obtain the gradient data in solid
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and fluid domains on the discrete approach, the inverse permeability field κ(x) for the design variable vector x is
interpolated as the linear relation [18]:

κ(x) = κmax xj, (6)

in which xj represents a set of binary design variables that indicate the presence of solid (xj=1) or fluid (xj=0)
elements on the discretized design domain. This implies that only non-zeros design variables will have interpolated
property equal to the assumed maximum inverse permeability value κmax. Thus, the laminar flow governing
equation (Eq. 1) is rewritten as the generalized Navier-Stokes equations including the Darcy friction term:

ρ (v · ∇v) = −∇p+ µ∇2v − κ(x)v. (7)

3 Topology Optimization Problem

In order to solve the seal problem, boundary conditions were imposed on forward and backward flow direc-
tions. In these devices, the geometry can be designed to favor the flow in the desired direction while increasing
the resistance on the opposite direction, similar to a Tesla valve [26]. However, the traditional expression used to
maximize diodicity is susceptible to an undesired local minimum which closes the channel (creates a solid region
that obstructs the flow path). Therefore we achieve the diodicity maximization by combining energy dissipation
and vorticity on opposed flow directions (instead of the classical approach that uses only energy dissipation terms).

The fluid viscous energy dissipation E(x) and the vorticity Φ(x) in the 2D-axisymmetric space can be ex-
pressed related to the radial coordinate r as:

E(x) =

∫
Ω

(
µ

2
||∇v +∇vT ||2 + κ(x)||v||2

)
2πr dΩ, (8)

Φ(x) =

∫
Ω

||∇ × v|| 2πr dΩ. (9)

In this paper, we perform diodicity maximization by minimizing the forward energy dissipation Eforw while
maximizing the backward vorticity Φback subjected to a fluid volume constraint V (x). Therefore, the topology
optimization problem is given by:

Minimize
x

F = w1 · log (Eforw(x))− w2 · log (Φback(x))

Subject to V (x) ≤ V ,

xj ∈ [0, 1].

(10)

where V is the prescribed volume fraction, and w1 and w2 are weight parameters used to control the dominance of
effects. We ensure the proportion w1 + w2 = 1.

3.1 Numerical Implementation

The TOBS method [27] is a viable option to solve the binary optimization problem. This methodology
combines known ingredients in the optimization community, such as sensitivity analysis, numerical filtering, se-
quential integer linear programming (SILP) and a branch-and-bound solver. The TOBS method solves the binary
optimization problem in the linearized form given by:

Minimize
∆xk

∂f(x)

∂x

∣∣∣∣
xk

∆xk

Subject to
∂gi(x)

∂x

∣∣∣∣
xk

∆xk ≤ ḡi − gi(x
k) := ∆gki ,

∥ ∆xj ∥1≤ βNd,

∆xj ∈ {−xj , 1− xj},

(11)

where the linearized functions are obtained via the first order Taylor approximation. The term gi(x
k) is the value

of constraint gi at iteration k of optimization. The truncation error constraint parameter β is employed to restrict
the maximum flips (changes of discrete values for one state to another, e.g. 0 to 1 and vice versa) as a percentage of
Nd and to ensure that the truncation error of the linearization approximation is sufficiently small. The infeasibility
is avoided by relaxing the upper bounds constraints.
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In this work, the problem is solved via a branch-and-bound algorithm implemented in CPLEX optimization
library. The SILP solver is used to find the optimal change ∆x for the integer design variables x. After each
iteration, the design variables are updated as xk+1 = xk + ∆xk. Full details and an educational code is given
by Picelli et al. [28]. The convergence is evaluated in two steps. First, we compute the average of the objective
function F changes over 2 N consecutive iterations. After the first convergence, we update the κmax values for
the continuation approach. Then, the changes between design variables state from the current converged topology
at iteration kz and the previous converged topology at kz−1 are verified. Therefore the convergence criteria are:

error1 =

∑N
i=1(Fk−i+1 − Fk−N−i+1)∑N

i=1 Fk−i+1

≤ τ1 and error2 =

∑Nd

j=1 |x
kz
j − x

kz−1

j |
Nd

≤ τ2, (12)

where k represents the current iteration number, τ1 and τ2 are respectively the objective and design variables
tolerance errors. If this latter criterion was not satisfied until an allowed value for κmax the optimization stops.

A regular mesh of quadrilateral elements is adopted for both flow directions assuming respectively quadratic
and linear basis for velocity and pressure fields. Sensitivity computation is performed via automatic differentiation.
This procedure was implemented in COMSOL Multiphysics ® LiveLink with MATLAB®. Figure 2 illustrates the
optimization procedure adopted.
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Figure 2. General framework of TOBS for the seal problem.

4 Numerical Result

This section presents an example in which fluid flows through the axisymmetric labyrinth seal with aligned
entrances entering with a fully developed velocity profile boundary condition and exiting with reference pressure
pout = 0 Pa. It was assumed a fully fluid initial guess. The TO problem is expressed in Eq. 10 considering
V = 0.6. It is assumed Re = 150 on each flow direction and a 75 × 245 elements optimization grid is used.
The continuation scheme starts with κmax = 1 · 104 kg/m3·s and increases by 104 up to 2 · 105 kg/m3·s with
τ1 = 0.0005 and τ2 = 0.025. Figure 3 presents the analysis domain for forward (remarked in blue) and backward
(remarked in red) flow. We denote as backward the direction of the flow that comes from the compressor and exits
at the atmosphere. The length of the chamber corresponds to half of the TB size for simplicity.
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Figure 3. The seal problem boundary conditions for forward and backward flow. Units in mm.

Figure 4 presents the topology obtained after the optimization procedure and the solution of the velocity field
at the direction that was designed to impose higher resistance to the flow. In order to show only the flow at the
designed fluid path, we performed post-processing of the topology boundaries to smooth the staircase contour. Ob-
serve that the seal design favored the emergence of two recirculating regions. These interlaced vortices chambers
contribute to making a long path to dissipate more energy on the seal mechanism.

After getting this result, a full geometry for the test bench has been done, coupling two TO results in series.
With that geometry, a simulation was made using ANSYS Fluent®, with compressible and turbulent flow, using
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(a) Optimized topology for seal design chamber (b) Velocity field on backward flow

Figure 4. Solution of the topology optimization of the seal problem.

K- ωSST turbulence model, in a 2D-axisymmetric swirl flow domain, stationary (Pseudo-Transient), with real gas
properties (Soave-Redlich-Kwong air model). The Pressure and Velocity results are shown in Fig. 5.

(a) Pressure Field

(b) Velocity Field

Figure 5. Compressible Turbulent Flow CFD results

5 Prototype Manufacturing for Experimental Validation

The first step is to convert the TO result into a CAD file. For this task, it’s used the software SOLIDWORKS®

to create a sketch extracted from the design domain and then revolutionize it, generating volumetric bodies. The
stator was divided into two parts with pins for guided assembly. Utilizing Halot Box® software, the printable file
was obtained and used to produce the prototype on a Creality Halot Sky 3D printer. This printer uses UV-cured
grey resin with a 4K resolution 9.25” screen, ensuring high-quality layering at 0.05 mm height. Post-printing, parts
underwent a 10-minute external cure in two different orientations. The labyrinth diode prototype’s manufacturing
steps and final assembly are illustrated in Fig. 6.

(a) 3D Printing pro-
cess

(b) UV external
cure

(c) Labyrinth Seal Assembly

Figure 6. Manufacture Process

The printed Labyrinth Seals are tested in our Test Bench at USP. The Test Bench is equipped with a chamber
capable of evaluating two seals with a middle entry, utilizing a 40 mm rotor. The setup can reach a maximum
rotational speed of 10,000 rpm and generate a pressure drop of up to 5 bar. The leakage rate is measured in kg/s
using instrumentation that adjusts the mass flow rate based on pressure/temperature analysis, also shown in Fig 7.
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(a) Test Bench Overview (b) Measure Instrumentation

Figure 7. Labyrinth Seal Test Bench at USP

The Test Bench, along with the CFD analysis, is currently undergoing calibration. The current experimental
results for the traditional Labyrinth Seal (baseline) are shown in Fig. 8. The distance between the results is evident,
yet it remains a calibration and testing time issue. Moreover, tests will be conducted using the TO Labyrinth Seal
to compare leakage and validate the effectiveness of the TO methodology.

Figure 8. Experimental Results and CFD

6 Conclusion

This paper proposed a general framework for manufacturing prototypes with optimized designs is proposed
by using additive manufacturing equipment. The Topology optimized design was obtained considering a simplified
flow condition in the two-dimensional axisymmetric model assuming laminar incompressible CO2 in realistic test
bench dimensions. The CFD is used to guide experimental validation but is still under parameters calibration
to get closer to the experimental. The proposed framework to manufacture the Labyrinth Seal using addictive
manufacture has proven efficient. The Measuring process looks nice and efficient, but still a work in progress,
under calibration. The proposed analysis serves as a recommendation for future works on verifying and prototyping
optimized labyrinth fluid diodes. Topology Optimization for test bench pressure conditions and experimental
comparison of performance with baseline seals are future directions of this research.
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